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To the Right Honourable the 

■ •lFJCMJlfiq 2IflJ 3VJi£l UOV f i; fiSOtlbt'- JiJQ 5. Vd ‘j 1 ■'. \:if 

Lord CARP ENTER.* 



lo -O/tLlqoooA aldjBihovin l TfR** ^Krf§r‘^4ff^ I® 
oJ L^iiradul ^ormibQ fbJLoig orb rbiw ( w; 

my lord, 


HERE are many People in the World 
who arc prepoffeffed with an Opinion, 
that the Do&rine of Chances has a Ten¬ 
dency to promote Play; but they foon 
will be undeceived, if they think fit to 
look into,, the general Defign of this 
Book: in the mean time it will not be improper to in¬ 
form them, that your Lordfhip is pleafed to efpoufe the 
Patronage of this fecond Edition; which your ft;i£t Pro¬ 
bity, and ; the r diffinguifhed Character you bear in the 
World, would not have permitted, were not their Ap- 
prehenfions altogether groundlefs. 

* This Dedication was prefixed to the 2d Edition. 



Your 






DEDICATION. 

Your Lordfhip does eafily perceive, that this Do&rine 
is fo far from encouraging Play, that it is rather a Guard 
againft it, by fetting in a clear Light, the Advantages and 
Difad vantages of thofe Games wherein Chance is concerned. 

Befides the Endowments of the Mind which you have 
in common with Thofe whole natural Talents have been 
cultivated by the beft Education, you have this particular 
Happinefs, that you underftand, in an eminent Degree, the 
Principles of Political Arithmetic, the Nature of our Funds, 
the National Credit, and its Influence on public Affairs. 

As one Branch of this ufeful Knowledge extends to the 
Valuation of Annuities founded on the Contingencies of 
Life, and that 1 have made it my particular Care to facili¬ 
tate and improve the Rules I have formerly given on that 
Subject; I flatter myfelf with a favourable Acceptance of 
what is now, with the greateft Deference, fubmitted to 
your Judgment, by, 


Mv Lord, 

• 7/ f/iiEmon-iq o*ii* criw 

^narfD !c arhhoCI *J£ffJ ™ 

Your Lordfhip's 

Moji Obedient and 
Moji Obliged , 

Humble Servant , 


A. de Moivre. 
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PREFACE'. 


5f | ^ ^ 5 now about Seven Tears, Jince I gave a Specimen in the 
Philofophical Traniadtions, of what I now more largely 
■ treat of in this Book, The occafion of my then undertaking 

“*" this Subject was chiefly owing to the Deflre and Encourage¬ 

ment of the Honourable ^ Francis Robartes EJ'q-, who, upon occafion of a 
French TraCl, called', L’Analyfe des Jcux de Hazard, which had lately 
been publijhed, was pleafed to propofe to me fome Problems oj much greater 
difficulty than any he had found in that Book j which having folved to 
his Satisfaction, he engaged me to methodize thofe Problems, and to lay 
down the Rules which had led me to their Solution. After I had pro¬ 
ceeded thus far, it was enjoined me by the Royal Society, to communicate 
to them what 1 had difcovered on this SubjeCl: and thereupon it was or¬ 
dered to be publifhed in the FranjaCtions, not Jo much as a matter relating 
to Play, but as containing fome general Speculations not unworthy to be 
confidered by the Lovers of Truth. 

I had not at that time read any thing concerning this SubjeCl, but 
Mr. Huygen’r Book de Ratiociniis in Ludo Aleae, and a little Englifh 
Piece (which was properly a Tranflation of it) done by a very ingenious 
Gentleman, who, tho ’ capable of carrying the matter a great deal far¬ 
ther, was contented to folltw his Original; adding only to it the com¬ 
putation of the Advantage of the Setter in the Play called Hazard, and 
fome few things more. As for the French Book, I had run it over but 
curfonly > by reafon I had obferved that the Author chiefly inflfled Gti 

* This Preface was written in 1717 . f Now Earl of Radnor. 

the 
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the Method of Huygens, which I was abfolutely refolved to rejeft, as 
not feeming to me to be the genuine and natural way of coming at the So¬ 
lution of Problems of this kind. 

/ had faid in my Specimen, that Mr. Hfcygens was the frfl who 
had pubhjhed the Rules of this Calculation, intending thereby to dojuftice 
to a Man who had well deferved of the Public ; but what I then faid 
was mifinterpreted, as if I had defigned to wrong fome Perfons who 
had confidered this matter before him: and a PaJJage was cited againjl 
me out of Huygen’j Preface, in which he faith, Sciendum vero quod 
jam pridem, inter Praeftantiffimos tota Gallia Geometras, Calculus 
hie fuerit agitatus; ne quis indebitam mihi primae Inventionis glo- 
riam hac in re tribuat. But what follows immediately after , had it 
been minded , might have cleared me from any Sufpicion of injuflice . 
The words are theft , Caeterum illi difficillimis quibufque Quaeftionibus 
fe invicem exercere foliti, methodum fuam quifque occultam reti- 
nuere, adeo ut a primis elementis hanc materiam evolvere mihi 
necefle fuerit. By which it appears, that tho y Mr. Huygens was not 
the f ft who had applied himfelf to thofe forts of ^ueftions, he was ne- 
vcrthelefs the firjl who bad pub Ufa d Rules for their Solution ; •which is 

all that I a famed. } r n 

Such a hr aft as this is may be ufeful to feveral ends ; the firjl of 
which is, that there being in the World feveral inquifitive Perfons, 
who are defrous to know what foundation they go upon, when they 
engage in Play, whether from a motive of Gain, or barely Diver- 
fton, they may, by the help of this or the like 'Traft , gratify their cu- 
' r lofty, either by taking the pains to underfland what is here Demon- 
flrated, or elfe making ife of the Condufions, and taking it for granted 
that the Demonfrations are right. 

Another ufe to be made of this Doftrine of Chances is, that it 
™ay ferve in Conjunftion with the other parts of the Mathematicks, 
as a ft Introduction to the Art of Rcafoning ; it being known by 
experience that nothing can contribute more to the attaining of that 
Art , than the confederation of a long Train of Confequences, rightly 
deduced from undoubted Principles, of which this Book affords many 
Examples. To this may be added, that fome of the Problems about 
Chance having a great appearance of Simplicity , the Mind is eaftly drawn 
into a belief , that their Solution may be attained by the nicer Strength 
of natural good Serf', which generally proving otherwife, and the Mif- 
takes occafioned thereby being not unfrequent, ’tis prefumed that a Book 
of this Kind, which teaches to dfinguiff Truth from what feems 
fo nearly to re fen fie it, will be looked upon as a help to good Rea- 
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Among the federal Mijlakes that are committed about Chance, one 
of the moji common and leaft JufpeCled, is that which relates to Lotteries. 
Thus, fuppojing a Lottery wherein the proportion of the Blanks to the 
Prizes is as five to one ; ’tis very natural to conclude, that therefore Jive 
Tickets are requifite for the Chance of a Prize; and yet it may be proved > 
Hemonftratively, that Jour Tickets are more than Jujpcient for that pur - 
poj'e, which will be confirmed by often repeated Experience. In the like 
manner, fuppojing a Lottery wherein the proportion of the Blanks to the 
Prizes is as Thirty‘nine to One, (fuch as was the Lottery of iyio) 
it may be proved, that in twenty eight Tickets, a Prize is as likely to 
be taken as not ; which tho ’ it may feem to contradict the common Not ions, 
is neverthelefs grounded upon infallible Demonft ration. 

When the Play of the Royal Oak was in ufe, feme Perjons who loft 
confiderably by it, had their LoJJes chiefly occasioned by an Argument of 
which they could not perceive the Fallacy. The Odds againft any par¬ 
ticular Point of the Ball were One and Thirty to One, which intitled 
the Adventurers, in cafe they were winners, to have thirty two Stakes 
returned, including their own, infiead of which they having but Eig.t 
and Twenty, it was very plain that on the fingle account of the dijad¬ 
vantage of the Play, they loft one eighth part of all the Money they clayed 
for. But the Mafter of the Ball maintained that they had no reafon to 
complain ; fince he would undertake that any particular point oj the Ball 
Jhould come up in Two and Twenty Throws ; oj this he would offer to lay 
a Wager, and actually laid it when required. The feeming contradiction 
between the Odds of One and Thirty to One, and Twenty-two Throws for 
any Chance to come up, fo perplexed the Adventurers, that they begun to 
think the Advantage was on their fide; for which reafon they played on 
and continued to Ife. 

The Doctrine of Chances may like wife be a help to cure a Kind of 
Superfiition, which has been of long (landing in the World, viz. that there 
is in Play fuch a thing as Luck, good or bad. I own there are a great 
many judicious people, who without any other AJfiftance than that of their 
own reafon, are Jatisfied, that the Notion of Luck is meerly Chimerical ; 
yet 1 conceive that the ground they have to look upon it as fuch, may fill 
befarther inforced from feme of the following Confiderafions. 

If by faying that a Man has had good Luck, nothing more was meant 
than that he has been generally a Gainer at play, the Expreffon might 
be allowed as very proper in a fhort way of Jpeaking : But if 'the Word 
Good Luck be underftood to fignify a certain predominant quality, fo in¬ 
herent in a Man, that he mu ft win whenever he Plays, or at leaft win 
oftner than lofe, it may be denied that there is any fuch thing in nature . 
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Jhe Ajj'erters of Luck are very Jure from their own Experience* 
that at Jbme times they have been very Lucky , and that at other times 
they have had a prodigious Run of ill Luck againji them, which whilji 
it continued obliged them to be very cautious in engaging with the For¬ 
tunate ; but Low Chance jhould produce thofe extroar dinary Events, is 
what they cannot conceive: They would be glad, for Infance, to be Sa¬ 
tisfied, how they could lofe Fifteen Games together at Piquet, if ill 
Luck had not flrangely prevailed againji them . But if they will be 
pie a fed to confider tie’ Rules delivered in this Book, they will fee y 
ti at though the Odds againji their lofing fo many times together be very 
great , viz. 32767 to 1 , yet that the Pojfibility of it is not deftroyed by 
the greatnefs of the Odds , there being One Chance in 32768 that it may 
fo happen j from whence it follows, that it was ftill pojjible to come to pafs 
*without the Intervention of what they call Ill Luck. 

Bejides , This Accident of lofing Fifteen times together at Piquet, is 
no more to be imputed to ill Luck, than the Winning with one fingle 
Ticket the higbefi Prize , in a Lottery of 32768 Tickets , is to be im¬ 
puted to good Luck , fince the Chances in both Cafes are perfectly equal 
But if it be faid that Luck has been concerned in this latter Cafe, 
the Anfwer will be eafy for let us fuppofe Luck not exifing, or at leaf 
let us fuppofe its Influence to be JuJpended, yet the highefi Prize muftjall 
into J’ome Hand or other, not by Luck , (for by the Hypothefis that has 
been laid afide) but from the meer nccefjity of its falling fomewhere. 

Thofe who contendjor Luck „ may, if they pleaje, a Hedge other Cafes 
at Plav, much more unlikely to happen than the Winning or Lofing 
fifteen Games together, yet fill their Opinion will never receive any 
Addition of StrengthJromfuch Suppofitions: For, by the Rules of Chance, 
a time may be computed, in which thofe Cafes may as probably happen as 
not ; nay , not only fo, but a time may be computed in which there may be 
any proportion of Odds for their fo happening. 

But fuppofing that Gain and Lofs were Jo jluftuating, as always to be 
dijlributed equally, whereby Luck would certainly be annihilated j would 
it be reasonable in this Cafe to attribute the Events of Play to Chance 
alone ? 1 think, on the contrary, it would be quite otherwife, for then there 
would be more reafon to fufpett that fome. unaccountable Fatality did rule 
in it: Thus , if two Perfons play at Crofs and Pile, and Chance alone 
be fuppojed to be concerned in regulating the fall of the Piece, is it pro¬ 
bable that there Jhould be an Equality of Heads and Crojfes f It is Five 
to Three that in four times there will be an inequality ; *tis Eleven to 
Five infix, 93 ft? 35 in Eight, and about 12 to 1 in a hundred times: 
Wherefore Chance alone by its Nature confiitutes the Inequalities of Play, 
and there is no need to have recourfe to Luck to explain them . 

Further, 
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Further, the fame Arguments •which explode the Notion oJLuck » 
may, on the other fide, be ujeful in fome Cafes to eflablifh a due corn- 
par ifon between Chance and befign: We may imagine Chance and De- 
fign to be, as it were, in Competition with each other, for the production 
of fome forts of Events, and may calculate what Probability there is, 
that thofe Events Jhould be rather owing to one than to the other . To give 
a familiar Inflance of this, Let us J'uppofe that two Packs of Piquet- 
Cards being fent for, it Jhould be perceived that there is, from Top to 
Bottom, the fame Difpoftion of the Cards in both Packs ; let us like- 
wife fuppofe that , J'ome doubt arifing about this Difpoftion of the Cards, 
it Jhould be quefioned whether it ought to be attributed to Chance, or 
to the Maker's Dejign: In this Cafe the Doftrine of Combinations de¬ 
cides the Queftion } fince it may be proved by its Rules, that there are 
the Odds of above 263130830000 Millions of Millions of Millions of 
Millions to One, that the Cards were defignedly fet in the Order in which 
they were found. 

From this laf Confderation we may learn, in may Cafes, how to 
diflinguifh the Events which are the effeB of Chance, from thofe which 
are produced by Defgn : The very DoStrine that finds Chance where it 
really is, being able to prove by a gradual Increafe of Probability, till 
it arrive at Demonflration, that where Uniformity, Order and Con- 
fancy refide, there alfo refide Choice and Dejign. 

Laftly, One of the principal Ufes to which this Do< 5 trine of Chances 
may be applied, is the difeovering of fome Truths, which cannot fail of 
pleafing the Mind, by their Generality and Simplicity ; the admirable 
Connexion of its Confequences will increafe the Pleafure of the Difcovery ; 
and the Jeeming Paradoxes wherewith it abounds, will afford very great 
matter of Surprize and Entertainment to the Inquifitive. A very re¬ 
markable Infiance of this nature may be feen in the prodigious Adrjan- 
tage which the repetition of Odds will amount to ; Thus, Suppcfing I play 
with an Jldverfary who allows me the Odds of 43 to 40, and agrees 
with me to play till 100 Stakes are won or lofi on either fide, on condi¬ 
tion that 1 give him an Equivalent for the Gain I am intitled to by 
the Advantage of my Odds ; the Quefiion is, what I am to give him, 
on fuppofing we play a Guinea a Stake: The Anfwer is 99 Guineas and 
above 18 Shillings *, which will feem almoft incredible, confidering the 
fmallnefs of the Odds of 43 to 40. Now let the Odds be in any Propor¬ 
tion given, and let the Number of Stakes be played for be never fo great, 
yet one general Conclufion will include all the pofjible Cafes, and the ap¬ 
plication of it to Numbers may be wrought in lefi than a Minute's time. 

* Guineas were then at 2 iA 6 
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1 have explained, in my Introduction to the following Treatife, the 
chief Rules on which the whole A>'t of Chances depends ; I have done it 
in the plainejl manner that I could think of to the end it might be (as 
much as pofjible) of general life. I flatter my felf that tbofe who are 
acquainted with Arithmetical Operations, will, by the help of the In¬ 
troduction alone, be able to folve a great Variety of Quejlions depetiding 
on Chance: I wifh, for the fake of jome Gentlemen who have been pleajed 
to fubjcribe to the printing of my Book, that I could every where have been 
as plain as in the Introduction; but this was hardly practicable, the In¬ 
vention of the great eft part of the Rules beijjg intire ly owing to Algebra ; 
yet 1 have, as much as pofjible, endeavoured to deduce from the Algebraical 
Calculation feveral practical Rules, the "Truth of which may be depend¬ 
ed upon, and which may be very ufeful to thofe who have contented them- 
jelves to learn only common Arithmetick. 

On this occafion , I muft take notice to fuch of my Readers as are 
well verfed in Vulgar Arithmetick, that it would not be difficult for 
them to make themfelves Maflers , not only of all the practical Rules in 
this Book, but alfo of more ufeful Difcoveries, if they would take the 
fmall Pains of being acquainted with the bare Notation of Algebra, 
which might be done in the hundredth part of the ‘time that is /pent in 
learning to write Short-band. 

One of the principal Methods I have made ufe of in the following 
« Treatife, has been the DoCtrine of Combinations, taken in a Sen/e 
fomewhat more extenfrve, than as it is commonly underflood. "The No¬ 
tion of Combinations being fo well fitted to the Calculation of Chance, 
that it naturally enters the Mind whenever an Attempt is made to¬ 
wards the Solution of any Problem of that kind. It was this that led 
me in courfe to the Confederation of the Degrees of Skill in the Adven¬ 
turers at Play, and I have made ufe of it in moft parts of this Book, 
as one of the Data that enter the Queftion ; it being fo far from per¬ 
plexing the Calculation, that on the contrary it is rather a Help and an 
Ornament to it: It is true, that this Degree of Skill is not to be known 
any other way than from Obfervation ; but if the fame Obfervation 
coTiflantly recur, ’tis ftrongly to be prefumed that a near Eftimation of 
it may be made: However, to make the Calculation more precife, and 
to avoid cauflng any necdlefs Scruples to thofe who love Geometrical 
ExaClneJs, it will be eafy, in the room of the word Skill, to fubftitute 
a Greater or Lefs Proportion of Chances among the Adventurers, fo as 
each of them may be faid to have a certain Number of Chances to win one 
jingle Game. 

The general Theorem invented by Sir Ifaac Newton, for raifing a Bino¬ 
mial to any Power given, facilitates infinitely the Method ^'Combinations, 

reprejenting 
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reprefenting in one View the Combination of all the Chances , that can 
happen tn any given Number of Times. ’Tis by the kelp of that Theorem , 
joined with fome other Methods, that 1 have been able to find practical 
Rules for the Jolving a great Variety of difficult Quefiions, and to re¬ 
duce the Difficulty to a Jingle Arithmetical Multiplication, whereof feveral 
Injlances may be feen in the 46 tb Page of this Book . 

Another Method I have made ufe of is that of Infinite Series, which 
in many cafes will folve the Problems of Chance more naturally than 
Combinations. To give the Reader a Notion of this , we may Juppoje 
two Men at Play throwing a Die , each in their Turns, and that he 
is to be reputed the IVinner who Jhall firfi throw an Ace: It is plain , 
that the Solution of this Problem cannot fo properly be reduced to Com¬ 
binations , which ferve chiefly to determine the proportion of Chances be¬ 
tween the Gamefiers, without any regard to the Priority of Play. y Tis 

convenient therefore to have recourfe to fome other Method , fuch as the 
following ; Let us fuppofe that the firfi Man, being willing to compound 
with his Adverfary for the Advantage he is inti tied to from his firfi 
Throw , Jhould afk him what Conjideration he would allow to yield it to 
him ; it may naturally be fuppofed that the AnJ'wer would be one Sixth 
part of the Stake , there being but Five to One again ft him, and that 
this Allowance would be thought a jufi Equivalent for yielding his Throw. 
Let us likewife fuppofe the J'econd Man to require in his Turn to have 
one fixth part of the remaining Stake for the Conjideration of his Throw; 
which being granted, and the firfl Man s Right returning in courj'e, he 
may claim again one fixth part of the Remainder, and fo on alter¬ 
nately, till the whole Stake be exhaufied: But this not being to be done 
till after an infinite number of Shares be thus taken on both Sides, it 
belongs to the Method of Infinite Series to afjign to each Man what pro¬ 
portion of the Stake he ought to take at firfi, fo as to anfwer exactly 
that fictitious Divifion of the Stake in infinitum ; by means of which 
it will be found, that the Stake ought to be divided between the contend¬ 
ing Parties into two parts , reffectively proportional to the two Numbers 
6 and 5. By the like Method it would be found that if there were 
Three or more Adventurers playing on the conditions above deferibed, 
each Man, according to the Situation he is in with reffcCt to Priority of 
Play, might take as his due fucb part of the Stake, as is cxprefjible by 
the correfponding Term of the proportion of 6 to 5, continued to Jo many 
Terms as there are Gamefiers, which in the cafe of Three Gamefiers, 
for Infiance, would be the Numbers 6, 5, and 4-^, cr their Pro¬ 
portionals 36, 30, and 25. 

Another Advantage oj the Method of Infinite Series is, that every 
Term of the Series includes fome particular Circumftance wherein the 

a 2 Gamefiers 


viii PREFACE. 

Gamefters may be found , which the other Methods do not ; and that a 
Jew of its Steps are fufficient to difcover the Law of its Procefs. The 
only Difficulty which attends this Method', being that of fumming up 
fo many of its Terms as are require for the Solution of the Problem 
propofed: But it will be found by Experience, that in the Series refult- 
ing from the Confideration of mojl Cafes relating to Chance, the Terms 
of it will either conjlitute a Geometric Progreffion, which by the known 
Methods is eafly fummable; or elfe fome other fort of Progreffion, t whofe 
nature confifs in this, that every Term of it has to a determinate num¬ 
ber of the preceding Terms, each being taken in order, fame con ft ant re¬ 
lation ; in which cafe I have contrived fome eafy Theorems, not only for 
fading the Law of that Relation, but alfo for finding the Sums re¬ 
quired \, as may be feen in feveral places of this Book, but particu- 
larly from page 220 to page 230. 

A Third Advantage of the Method of Infinite Series is, that the So¬ 
lutions derived from it have a certain Generality and Elegance, which 
fcarce any other Method can attain to-, thofe Methods being always 
perplexed with various unknown Quantities, and the Solutions obtained 
by them terminating commonly in particular Cafes. 

There are other Sorts of Scries, which tho' not properly infinite, yet 
are called Series, from the Regularity of the Terms whereof they are 
compofed-, thofe Terms following one another with a certain uniformity, 
which is always to be defined. Of this nature is the Theorem given 
by Sir Ifaac Newton, in the fifth Lemma of the third Book of his 
Principles, for drawing a Curve through any given number of Points ; 
of which the Demonfiration, as well as of other things belonging to the 
fame Subjell, may be deduced from the firfi Propoption of his Methodus 
Differentialis, printed with fome other of his Trails, by the care of my in¬ 
timate Friend, and very fkilful Mathematician, Mr. W. Jones. The 
abovementioned Theorem being very ufeful in fumming up any number of 
Terms whofe laft Differences are equal, (fuch as are the Numbers called 
Triangular , Pyramidal, &c. the Squares, the Cubes, or other Powers 
of Numbers in Arithmetic Progreffion) 1 have fhewn in many places of 
this Book how it might be applicable to thefe Cafes. 

After having dwelt fome time upon various Queflions depending on the 
general Principle of Combinations, as laid down in my Introduction, 
and upon fome others depending on the Method of Infinite Series, 1 pro¬ 
ceed to treat of the Method of Combinations properly fo called, which 
I Jhew to be eafily deducible from that more general Principle which 
had been before explained: Where it may be obferved, that although the 
Cafes it is applied to are particular, yet the Way of Reafoning, 
and the Confluences derived from it, are general 3 that Method of 
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Arguing about generals by particular Examples, being in my opinion 
very convenient Jor eafing the Reader s Imagination. 

Having explained the common Rules of Combinations, and given a 'The¬ 
orem which may be of ufe for the Solution of fome Problems relating to that 
Subjeft, I lay down a new Theorem , which is properly a contraction of 
the former, whereby feveral Queftions of Chance are refolved with won¬ 
derful eafe, tho the Solution might feetn at firf fight to be of infuperable 
difficulty. 

It is by the Help of that Theorem fo contracted', that I have been able 
to give a compleat Solution of the Problems o/'Pharaon and Bafiette, which 
was never done before me: I own that fome great Mathematicians had 
already taken the pains of calculating the advantage of the Banker, 
in any circumftance either of Cards remaining in his Hands, or of any 
number of times that the Card of the Ponte is contained in the Stock: 
But fill the curiofity of the Inquifitive remained unfatisfied ; The Chief 
Qyeftion, and by much the mofl difficult, concerning Pharaon or BafTette* 
being, What it is that the Banker gets per Cent, of all the Moriey adven¬ 
tured at thofe Games ? which now I can certainly anfwer is very near 
Three per Cent, at Pharaon, and three fourths per Cent, at Baflette, 
as may be feen in my 33^ Problem, where the precife Advantage is 
calculated . 

In the 3 $th and ^hth Problems, I explain a new fort of Algebra, 
whereby Jome Queflions relating to Combinations are Jolved by fo eafy a 
Procefs, that their Solution is made in fome meafure an immediate con- 
fequence of the Method of Notation . I will not pretend to fay that this 
new Algebra is abfolutely necejjary to the Solving of thofe Quefiions which 
I make to depend on it, jince it appears that Mr. Monmort, Author of 
the Analyfe des Jeux de Hazard, and Mr. Nicholas Bernoulli filved, 
by another Method, many of the cafes therein propofed: But I hope I /hall 
not be thought guilty of too much Confidence, if I affure the Reader, that 
the Method I have followed has a degree of Simplicity, not to fay of 
Generality, which will hardly be attained by any other Steps than by 
thofe I have taken. 

The 29th Problem, propofed to me, amongfi fome others, by the Ho¬ 
nourable Mr. Francis Robartes, I had folved in my tratt De menfura 
Sortis ; It relates, as well as the 3 $th and 36 th, to the Method of Com¬ 
binations, as is made to depend on the fame Principle. When I began 
jor the firft time to attempt its Solution, I had nothing elfe to guide me 
but the common Rules of Combinations, fuch as they had been delivered by 
Dr. Wallis and others ; which when 1 endeavoured to apply, I was fur- 
prized to find that my Calculation fwelledby degrees to an intolerable Bulk: 
For this reafon / was forced to turn my Views another way, and to try 

whether 
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whether the Solution I was feeking for might not be deduced from fome ea- 
fier confiderations ; whereupon I happily Jell upon the Method I have been 
mentioning , which as it led me to a very great Simplicity in the Solution , 
fo I look upon it to be an Improvement made to the Method of Combinations. 

The 40 tb Problem is the reverfe of the preceding ; It contains a very 
remarkable Method of Solution , the Artifice of which confijls in changing 
an Arithmetic Progreffion of Numbers into a Geometric one ; this being 
always to be done when the Numbers are large , and their Intervals fmall. 
Ifreely acknowledge that I have been indebted long ago for this ufeful Idea, 
to my much refpeBed Friend , That Excellent Mathematician Dr. Hal¬ 
ley, Secretary to the Royal Society, whom I have feen praftife the thing 
on another occafion: For this and other Inflruttive Notions readily im¬ 
parted to me ) during an uninterrupted Friendfhip of five and Twenty years , 
I return him my very hearty Thanks. 

The 44 tb and^th Problems , having in them a Mixture of the two Methods 
of Combinations and Infinite Series, may be propofedfor a pattern oj Solution , 
in fome of the mofl difficult cafes that may occur in the Subjett of Chance , 
and on this occaficn I mufl do that Jufiice to Mr. Nicholas Bernoulli, 
to own he had fent me the Solution of thofe Problems before mine was Pub- 
lijhed ; which I had no fooner received , but I communicated it to the 
Royal Society, andreprefented it as a Performance highly to be commend¬ 
ed: Whereupon the Society order'd that his Solution Jhould be Printed ; 
which was accordingly done fome time after in the Philofophical Tranf- 
aftions, Numb . 341, where mine was alfo infer ted. 

The Problems which follow relate chiefly to the Duration of Play , or 
to the Method of determining what number of' Games may probably be played 
out by two Adverfaries , before a certain number of Stakes agreed on be¬ 
tween them be won or lofl on either fide. This Subjett affording a very 
great Variety of Curious gue/licns, of which every one has a degree of 
Difficulty peculiar to it felf , I thought it neceffary to divide it into feveral 
dijtinft Problems , and to illujlrate their Solution with proper Examples. 

Tho ’ tbefe Queflions may at firfl fight Jeem to have a very great degree 
of difficulty , yet I have fome reafon to believe , that the Steps I have taken 
to come at their Solution , will ea/ily be followed by thofe who have a com¬ 
petent Jkill in Algebra, and that the chief Method of proceeding therein 
will be underficod by thofe who are barely acquainted with the Elements of 
that Art. 

When Ifirfl began to attempt the general Solution of the Problem con 
cerning the Duration of Play , there was nothing extant that could give 
me any light into that Subjell; for altho' Mr. de Monmort, in thefirfi 
Edition of his Book , gives the Solution of this Problem , as limited to three 
Stakes to be won or lofl, and farther limited by the Suppofition of an E- 

quality 
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quality of Skill between the Adventurers ; yet he having given no 2 >- 
monflration of his Solution , and the Demonfir ation when difcovered 
being oj very little ufe towards obtaining the general Solution of the 
Problem , 1 was forced to try what my own Enquiry would lead me to 
which having been attended with Succefs , the refult of what I found was 
afterwards publifhed in my Specimen before mentioned . 

All the Problems which in my Specimen related to the Duration of 
Play , have been kept entire in thefollowing Treatife ; but the Method of 
Solution has received fome Improvements by the new Difcoveries I have 
made concerning the Nature of thofe Series which refult from the Con/i- 
deration of the Subject ; however , the Principles of that Method having 
been laid down in my Specimen, I had nothing now to do , but to draw 
the Confequences that were naturally deducible from them. 


advertisement. 

T H E Author of this Work, by the failure of his Eye-fight in ex¬ 
treme old age, was obliged to entruft the Care of a new Edi¬ 
tion of it to one of his Friends; to whom he gave a Copy of the for¬ 
mer, with fome marginal Corrections and Additions, in his own hand 
writing. To thefe the Editor has added a few more, where they 
were thought neceffary: and has difpofed the whole in better Order; 
by reftoring to their proper places fome things that had been acciden¬ 
tally mifplaced y and by putting all the Problems concerning Annuities 
together; as they ftand in the late improved Edition of the Treatife on 
that SubjeCt. An Appendix of feveral ufeful Articles is likewife fub- 
joined: the whole according to a Plan concerted with the Author, 
above a year before his death. 
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CHANCES. 


The INTRODUCTION. 


H E Probability of an Event is greater or lefs, 
according to the number of Chances by which 
it may happen, compared with the whole num¬ 
ber of Chances by which it may either happen 
! or fail. 

2. Wherefore, if we constitute a Fra&ion 
whereof the Numerator be the number of 
Chances whereby an Event may happen, and the Denominator 
the number of all the Chances whereby it may either happen 
or tail, that Fraction will be a proper defignation of the Pro- 
B bability 
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bability of happening. Thus if an Event has 3 Chances to happen, 

and 2 to fail, the Fradion j will fitly reprefent the Probability of 

its happening, and may be taken to be the meafure of it. 

The fame thing may be faid of the Probability of failing, which 
will likewife be meafured by a Fradion whofe Numerator is the 
number of Chances whereby it may fail, and the Denominator the 
whole number of Chances, both for its happening and failing; thus 
the Probability of the failing of that Event which has 2 Chances to 
fail and 3 to happen will be meafured by the Fradion — 

3. The Fradions which reprefent the Probabilities of happening 
and failing, being added together, their Sum will always be equal 
to Unity, fince the Sum of their Numerators will be equal to their 
common Denominator : now it being a certainty that an Event will 
either happen or fail, it follows that Certainty, which may be con¬ 
ceived under the notion of an infinitely great degree of Probability, 
is fitly reprefented by Unity. 

Thefe things will eafily be apprehended, if it be confidered, that 
the word Probability includes a double Idea; firft, of the number of 
Chances whereby an Event may happen; fecondly, of the number 
of Chances whereby it may either happen or fail. 

If I fay that I have three Chances to win any Sum of Money, it 
is impoffible from that bare affertion to judge whether I am like to 
obtain it j but if I add that the number of Chances either to obtain 
it or to mifs it, is five in all, from hence will enfue a comparifon 
between the Chances that favour me, and the whole number of 
Chances that are for or againft me, whereby a true judgment will be 
formed of my Probability of fuccefs : from whence it neceffariiy 
follows, that it is the comparative magnitude of the number of 
Chances to happen, in refped to the whole number of Chances 
either to happen or to fail, which is the true meafure of Proba- 

7 if upon the happening of an Event, I be intitled* to a Sum of 
Money, my Expedation of obtaining that Sum has a determinate 
value before the happening of the Event. # 

Thus, if I am to have 10 1 in cafe of the happening of an Event 
which has an equal Probability of happening and failing, my Ex¬ 
pedation before the happening of the Event is worth 5 L : for I am 
precifely in the fame circumftances as he who at an equal Play ven¬ 
tures c L either to have 10, or to lofe his 5. Now he who ventures 
e l. at an equal Play, is poffeffor of 5 L • before the decifion of the 
^ Plav ^ 
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Flay; therefore my Expectation in the cafe above-mentioned muft 
alfo be worth 5 L - 

5. In all cafes, the Expectation of obtaining any Sum is eftimated 
by multiplying the value of the Sum expeCted by the Fraction which 
reprefents the Probability of obtaining it. 

Thus, if I have 3 Chances in 5 to obtain ioo^- I fay that the 
prefent value of my Expectation is the produCt of 100 by the frac¬ 
tion ~y , and confequently that my expectation is worth 60 L - 

For fuppofing that an Event may equally happen to any one of 
5 different Perfons, and that the Perfon to whom it happens fhould 
in confequence of it obtain the Sum of 100 L - it is plain that the 
right which each of them in particular has upon the Sum expeCted 

is ~ of 100 l ' which right is founded in this, that if the five Per¬ 
fons concerned in the happening of the Event, fhould agree not' to 
ftand the Chance of it, but to divide the Sum expeCted among them- 
felves, then each of them muft have of i oo L - for his preten- 
fion. Now whether they agree to divide that fum equally among 
themfelves, or rather chufe to ftand the Chance of the Event, no 
one has thereby any advantage or difadvantage, fince they are all 
upon an equal foot, and confequently each Perfon’s expectation is 

worth — of ioo 1 - Let us fuppofe farther, that two of the five 
Perfons concerned in the happening of the Event, fhould be willing 
to refign their Chance to one of the other three j then the Perfon to 
whom thofe two Chances are thus refigned has now three Chances 
that favour him, and confequently has now a right triple of that 
which he had before, and therefore his expectation is now worth 
of 100 l. 


Now if we confider that the fraction -j- expreffes the Probability 
of obtaining the Sum of 100 L , and that -j- of 100, is the fame 
thing as-y-multiplied by 100, wemuft naturally fall into this con- 
clufion, which has been laid down as a principle, that the value of 
the Expectation of any Sum, is determined by multiplying the Sum 
expeCted by the Probability of obtaining it. 

' .J his r , manner of reafoning, tho’ deduced from a particular cafe, 
win eafily be perceived to be general, and applicable to any other 


B 2 


CoROL- 


4 


The Doctrine of Chances. 

Corollary. 

From what precedes, it neceflarily follows that if the Value of 
an Expedation be given, as alfo the Value of the thing expeded, 
then dividing the firfl: value by the fecond, the quotient will exprefs 
the Probability of obtaining the Sum expeded : thus if I have an 
Expedation worth 60 z - and that the Sum which I may obtain be 
worth ioo z - the Probability of obtaining it will be expreft by the 
quotient of 60 divided by ioo, that is by the fradion or 

6. The Rifle of loflng any Sum is the reverfe of Expedation ; and 
the true meafure of it is, the produd of the Sum adventured multi¬ 
plied by the Probability of the Lofs. 

7. Advantage or Difad vantage in Play, refults from the combi¬ 
nation of the feveral Expedations of the Gamefters, and of their fe- 
veral Rifles. 

Thus fuppofing that A and B play together, that A has depofited 
$ L and B 3 z - that the number of Chances which A has to win 
is 4, and the number of Chances which B has to win is 2, and that 
it were required in this circumftance to determine the advantage or 
difadvantage of the Adventurers, we may reafon in this manner: 
Since the whole Sum depofited is 8, and that the Probability which 

A has of getting it is , it follows that the Expedation of A upon 
the whole Sum depofited is 8 x = 5 , and for the fame reafon 

the Expedation of B upon that whole Sum depofited is 8 x — 2 -f. 

Now, if from the refpedive Expedations which the Adventurers 
have upon the whole fum depofited, be fubtraded the particular 
Sums which they depofit, that is their own Stakes, there will remain 
the Advantage or Difadvantage of either, according as the difference 
is pofitive or negative. 

And therefore if from 5 ~j-> which is the Expedation of A upon 
the whole Sum depofited, 5 which is his own Stake, be fubtraded, 
there will remain for his advantage ; likewife if from 2 j which 
is the Expedation of B f 3 which is his own Stake be fubtraded, 
there will remain-, which being negative fhews that his Dis¬ 
advantage is-^-. , 

Thefe conclufiors may alfo be derived from another confideration; 
for if from the Expedation which either Adventurer has upon the 

Sum 
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Sum depofited by his Adverfary, be Subtracted the Rifk of what he 
himfelf depofits, there will likewife remain his Advantage or Dis¬ 
advantage, according as the difference is pofitive or negative. 

Thus in the preceding cafe, the Stake of B being 3, and the Pro¬ 
bability which A has of winning it, being , the Expectation of 
A upon that Stake is 3 x~- = 2 ; moreover the Stake of A be^ 
ing 5, and the Probability of lofing it, being ~ , his Rifk ought to 
be eftimated by c x — — 1 — ; wherefore, if from the ExpeCta- 

J 6 3 

tion 2, the Rifle 1 — be Subtracted, there will remain — as before* 

3 ' 3 

for the Advantage of A: -and by the fame way of proceeding, the 
Disadvantage of B will be Sound to be - 1 - . 

It is very carefully to be obferved, that what is here called Advan¬ 
tage or Disadvantage, and which may properly be called Gain or 
Lofs, is always eftimated before the Event is come to pafs j and altho’ 
it be not cuftomary to call that Gain or Lofs which is to be derived 
from an Event not yet determined, neverthelefs in the DoCtrine of 
Chances, that appellation is equivalent to what in common diScourfe 
is called Gain or Lofs.. 

For in the Same manner as he who ventures a Guinea in an 
equal Game may, before the determination of the Play, be Said to be 
pofleflbr of that Guinea, and may, in consideration of that Sum, 
refign his place to another; So he may be Said to be a Gainer or 
LoSer, who would get Some Profit, or Suffer Some Lofs, if he would 
fell his Expectation upon equitable terms, and Secure his own Stake 
for a Sum equal to the Rifk of lofing it. 

8. If the obtaining of any Sum requires the happening of Several 
Events that are independent on each other, then the Value of the 
Expectation of that Sum is found by multiplying together the Several 
Probabilities of happening, and again multiplying the product by the 
Value of the Sum expeCted. 

Thus fuppofing that in order to obtain 90 1 two Events muft 
happen; the firft whereof has 3 Chances to happen, and 2 to fail, 
the Second has 4 Chances to happen, and 5 to fail, and 1 would 
know the value of that Expectation ; I fay, 

The Probability of the firft’s happening is -y- , the Probability of 
the Second’s happening is -y-; now multiplying thefe two Probabili¬ 
ties together, the.produCf will be or -A-; and this produCt being 

45 1 5 

again. 
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again multiplied by 90, the new product will be~y- or 24, there¬ 
fore that Expectation is worth 24 L - 

The Demonftration of this will be very eafy, if it be confider’d, 
that fuppofing the firft Event had happened, then that Expectation 
depending now intirely upon the fecond, would, before the determi¬ 
nation of the fecond, be found to be exaCtly worth x 90 L - or 
40 (by Art. 5 th ) We may therefore look upon the happening of the 
firft, as a condition of obtaining an Expectation worth 40but 

the Probability of the firft’s happening has been fuppofed -y, where¬ 
fore the Expectation fought for is to be eftimated by y- x 40, or 
by - 1 - x — X 90 ; that is, by the product of the two Probabilities 

of happening multiplied by the Sum expeCted. 

And likewife, if an Expectation depends on the happening of one 
Event, and the failing of another, then its Value will be the product 
of the Probability of the firft’s happening by the Probability of the 
fecond’s failing, and of that again by the Value of the Sum ex¬ 
peCted. 

And again, if an Expectation depends on the failing of two Events, 
the Rule will be the fame; for that Expectation will be found by 
multiplying together the two Probabilities of failing, and multiplying 
that again by the Value of the Sum expeCted. 

And the fame Rule is applicable to the happening or failing of as 
many Events as may be afligned. 

Co R OL L A R Y. 

If we make abftraCtion of the Value of the Sum to be obtained, 
the bare Probability of obtaining it, will be the produCt of the feveral 
Probabilities of happening, which evidently appears from this 8 th Art. 
and from the Corollary to the 5 th . 

Hitherto, I have confined myfelf to the confideration of Events 
independent ; but for fear that, in what is to be faid afterwards, the 
terms independent or dependent might occafion fome obfcurity, it 
will be neceflary, before I proceed any farther, to fettle intirely the 
notion of thofe terms. 

Two Events are independent, when they have no connexion one 
with the other, and that the happening of one neither forwards nor 
obftruCts the happening of the other. 

Two Events are dependent, when they are fo connected together as 
that the Probability of either’s happening is altered by the happening 
of the other. 
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In order to illuftrate this, it will not be amifs to propofe the two 
following eafy Problems. 

i°. Suppofe there is a heap of 13 Cards of one colour, and an¬ 
other heap of 13 Cards of another colour, what is the Probability 
that taking a Card at a venture out of each heap, I fhall take the 
two Aces ? 

The Probability of taking the Ace out of the firft heap is — : 

now it being very plain that the taking or not taking the Ace out of 
the firft heap has no influence in the taking or not taking the Ace 
out of the fecond j it follows, that fuppoling that Ace taken out, 

the Probability of taking the Ace out of the fecond will alfo be ~ ; 
and therefore, thofe two Events being independent, the Probability 
of their both happening will be x ~~ 

2°. Suppofe that out of one Angle heap of 13 Cards of one colour, 
it ftiould be undertaken to take out the Ace in the firft place, and 
then the Deux, and that it were required to aflign the Probability 
of doing it j we are to confider that altho’ the Probability of the Ace’s 

being in the firft place be , and that the Probability of the Deux’s 
being in the fecond place, would alfo be -pr, if that fecond Event 

were confidered in itfelf without any relation to the firft ; yet that 
the Ace being fuppofed as taken out at firft, there will remain but 
12 Cards in the heap, and therefore that upon the fuppofition of the 
Ace being taken out at firft, the Probability of the Deux’s being next 

taken will be alter’d, and become j and therefore, we may con¬ 
clude that thofe two Events are dependent, and that the Probability 

of their both happening will be —k- * —--L 

From whence it may be inferred, that the Probability of the hap¬ 
pening of two Events dependent, is the product of the Probability 
of the happening of one of them, by the Probability which the 
other will have of happening, when the firft is confidered as having 
happened j and the fame Rule will extend to the happening of as 
many Events as may be afligned. 

9. But to determine, in the eafieft manner pofiible, the Probability 
of the happening of feveral Events dependent, it will be convenient 
to diftipguifli by thought the order of thofe Events, and to fuppofe 
one of them to be the firft, another to be the fecond, and fo on : 
which being done, the Probability of the happening of the firft may 

be 
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be looked upon as independent, the Probability of the happening of 
the fecond, is to be determined from the l'uppofition of the firft’s 
having happened, the Probability of the third’s happening, is to be 
determined from the fuppofition of the firft and fecond having 
happened, and fo on: then the Probability of the happening of them 
all will be the produCt of the Multiplication of the feveral Probabili¬ 
ties which have been determined in the manner prefcribed. 

We had feen before how to determine the Probability of the hap¬ 
pening or failing of as many Events independent as may be afiigned; 
we have feen likewife in the preceding Article how to determine the 
Probability of the happening of as many Events dependent as may 
be afligned: but in the cafe of Events dependent, how to determine, 
the Probability of the happening of fome of them, and at the fame 
time the Probability of the failing of fome others, is a difquifition 
of a greater degree of difficulty ; which for that reafon will be more 
conveniently transferred to another place. 

10. If I have feveral Expectations upon feveral Sums, it is very 
evident that my Expectation upon the whole is the Sum of the Ex¬ 
pectations I have upon the particulars. 

Thus fuppofe two Events fuch, that the firft may have 3 Chances to 
happen and 2 to fail, and the fecond 4 Chances to happen and 5 to fail, 
and that I be intitled to 90 L - in cafe the firft happens, and to an¬ 
other like Sum of 90 L in cafe the fecond happens alfo, and that I 
would know the Value of my Expectation upon the whole: I fay, 

The Sum expeCted in the firft cafe being 90 L and the Probability 

of obtaining it being it follows that my Expectation on that 
account, is worth 90 x 4 = 54; and again the Sum expeCted 
in the fecond cafe being 90, and the Probability of obtaining it being 
—, it follows that my Expectation of that fecond Sum is worth 
90 x ~ — 40; and therefore my Expectation upon the whole is 
worth 54 1 + ^o L - — 94^- 

But if I am to have 90 L once for all for the happening of one 
or the other of the two afore-mentioned Events, the method of pro- 
cefs in determining the value of my Expectation will be fomewhat 
altered : for altho’ my Expectation of the firft Event be worth 54 ^ 
^s it was in the preceding Example, yet I confider that my Expec¬ 
tation of the fecond will ceale upon the happening of the firft, and 
that therefore this Expectation takes place only in cafe the firft does 

happen to fail. Now the Probability of the firft’s failing is ~; and 

fuppofing 
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fuppofing it has failed, then my Expectation will be 40 ; where¬ 
fore ~ being the meafure of the Probability of my obtaining an 
Expe&ation worth 40 L -, it follows that this Expectation (to eftimate 
it before the time of the Art’s being determined) will be worth 40 X ~ 
= 16, and therefore my Expectation upon the whole is worth 
54-j- l6 ^ = JoL- 

If that which was called the fecond Event be now confidered as 
the Art, and that which was called the Art be now oonfidered as the 
fecond, the concluAon will be the fame as before. 

B o r der to make the preceding Rules familiar, it will be conve¬ 
nient to apply them to the Solution of fome eafy cafes, fuch as arc 
the following. 

CASE I ft 

To fnd the Probability of throwing an Ace in two throws 
of one Die . 

Solution. 

The Probability of throwing an Ace the Arft time is ^ ; where- 

fore is the Arft part of the Probability required. 

If the Ace be miffed the Arft time, ftill it may be thrown on the 
fecond, but the Probability of miffing it the Arft time is , and 
the Probability of throwing it the fecond time is — 5 wherefore the 
Probability of miffing it the Arft time and throwing it the fecond, is 
■f X ~ : and this is the fecond part of the Probability re¬ 
quired, and therefore the Probability required is in all — -f- '= 

11 

To this cafe is analogous a queftion commonly propofed about 
throwing with two Dice either Ax or leven in two throws; which 
will be eaAly folved; provided it be known that Seven has 6 Chances 
to come up, and Six 5 Chances, and that the whole number of 
Chances in two Dice is 36 : for the number of Chances for throw¬ 
ing fix or feven being 11, it follows that the Probability of throwing 

either Chance the Arft time is — ; but if both are miffed the Arft 
time, ftill either may be thrown the fecond time > now the Proba- 

C bility 





io The Doctrine of Chances. 

bility of miffing both the firft time is ~ , and the Probabili¬ 
ty of throwing either of them the fecond time is — ; wherefore 
the Probability of miffing both of them the firft time, and throw¬ 
ing either of them the fecond time, is x = 7^, and 
therefore the Probability required is ~ = ~~ , and 

the Probability of the contrary is . 

CASE II d 

To find the Probability of throwing an Ace in three throws . 
Solution. 

The Probability of throwing an Ace the firft time is d- , which 

is the firft part of the Probability required. 

If the Ace be miffed the firft time, ftill it may be thrown in the 
two remaining throws \ but the Probability of miffing it the firft 
time is -g- > and the Probability of throwing it in the two remain¬ 
ing times is (by Cafe i ft ) = . And therefore the Probability of 

miffing it the firft time, and throwing it in the two remaining times 
is 6" x "^T == 7 TZ > which is the fecond part of the Probability 
required $ wherefore the Probability required will be 7 77 = 

9 L 

CASE III d 

To find the Probability of throwing an Ace in four throws . 
Solution. 

The Probability of throwing an Ace the firft time is — , which 
is the firft part of the Probability required. 

If the Ace be miffed the firft time, of which the Probability is 

, there remains the Probability of throwing it in three times, 

which (by Cafe 2 d ) is jf- ; wherefore the Probability of miffing 
the Ace the firft time, and throwing it in the three remaining times, 

is= r X 7 TJ = 7 ^ . which is the fecond part of the Proba- 

bility 





The Doctrine c/ Chances, ii 

bility required j and therefore the Probability required is, in the whole, 

~ + 71 ^ 6 = ~Tzg 6 > an( ^ *be Probability of the contrary ~~. 

It is remarkable, that he who undertakes to throw an Ace in four 
throws, has juft the fame Advantage of his adverfary, as he who 
undertakes with two Dice that fix or feven (hall come up in two 
throws, the odds in either cafe being 671 to 625 : whereupon it 
will not be amifs to (hew how to determine eafily the Gain of one 
Party from the Superiority of Chances he has over his adverfary, 
upon fuppofition that each ftake is equal, and denominated by 
urnty. For although this is a particular cafe of what has been ex¬ 
plained in the 7 th Article j yet as it is convenient to have the Rule 
ready at hand, and that it be eafily remembered, I (hall fet it down 
here. Let therefore the odds be universally exprefled by the ratio of 

a to then the refpedtive Probabilities of winning being 
an( * ~ a + b » of the firft upon the Stake of the Second is 

"7 + b * x » anc * like wife the right of the fecond upon the Stake of 
the firft is x 1, and therefore the Gain of the firft is x 1 

a ~b a b 

or barely - ‘ and confequently the Gain of him who under¬ 
takes that fix or feven {hall come up in two throws, or who under¬ 
takes to fling an Ace in four throws, is -^ ^25 ' = , that 

is nearly — part of his adveriary’s Stake. 


CASE IV th . 

To find the Probability of throwing two Aces in two throws . 

Solution. 

_ ^ 's plain (by the 8 th Art.) that the Probability required is 

6^0 * 36 * 

CASE V' 11 . 

To find the Prolability of throwing two Aces in three throws. 


Solution. 

Ii an Ace be thrown the firft time, then it will only be required 
to tniow it once in two throws; but the Probability of throwing 

it the firft time is ~ , and the Probability of throwing it once in 
C 2 two 
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two throws (by the firfl: cafe) is -p- : wherefore the Probability of 
throwing it the firfl time, and then throwing it once in the two 
remaining times is ~ x 77^ J and this is equal to the firfl part 

of the Probability required. 

If the Ace be miffed the firfl time, {till there remains the Proba¬ 
bility of throwing it twice together, but the Probability of miffing 

it the firfl time is , and the Probability of throwing it twice 
together is (by the 4 th Cafe) = -d— ; therefore the Probability of 
both Events is I x j which is the fecond part of 

the Probability required: therefore the whole Probability required. 

216 21b 

CASE VI* 

To find the Probability of throwing two Aces in four throws ^ 

Solution. 

If an Ace be thrown the firfl time, no more will be required 
than throwing it again in three throws; but the Probability of 

throwing an Ace the firfl: time is j , and the Probability of throw- 
ing it in three times is ~ (by the 2 :l Cafe;) wherefore the Proba¬ 
bility of both happening is x = 1" part of the 

Probability required. 

If the Ace be miffed the firfl time, ftill there will remain the 
Probability of throwing two Aces in three throws; but the Proba- 

bility of miffing the Ace the firfl time is g- , and the Probability 
of throwing it twice m three throws is , (by the 5 th Cafe;) 
wherefore the Probability of both together is x ■“ = ~~~ 

= 2 d part of the Probability required : and therefore the Probability 
required = = 7^6 • 

And, by the fame way of reafoning, we may gradually find the 
Probability of throwing an Ace as many times as (hall be demanded, 
in any given number of throw's. 

If, inftead of employing figures in the Solutions of the foregoing 
Cafes, we employ algebraic Characters, we (hall readily perceive a 
moft regular order in thofe Solutions* n*. 
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11. Let therefore a be the number of Chances for the happening 
©f an Event, and b the number of Chances for its failing ; then the 
Probability of its happening once in any number of Trials will be 
exprefled by the Series a 1 ab 1 abb _ 1 ab ' - 

a + b ■ ' a -r £\ J ' o -+- £\ * 

JU 4 - - ah % -~ , &c. which Series is to be continued to fo 

many terms as are equal to the number of Trials given : thus if a 
be= i, £ = 5, and the number of Trials given = 4, then the 

Probability required will be expreffed by j -f + 7^ + T^T 
_ 671 

The fame things being fuppofed as before, the Probability of the 
Event’s happening twice in any given number of Trials, will be ex- 
preffed by the Series ^ + + + + 

, &c. which is to be continued to fo many term?, wanting 

one, as is the number of Trials given; thus let us fuppofe a — 1, 
b = 5, and the number of Trials 8, then the Probability required 

will be exprefled by — - 4 - — — + 777t) + 7^ + 

18750 . lotm 1 ? 6 6 399 ' 

279936 ' 1679616 1679616 . 

And again, the Probability of the Event s happening three times 
in anv given number of Trials will be expreffjd by the Series 

Li + &c. which 

is to be continued to fo many terms, wanting two, as is the num- 
ber of terms given. 

But all thefe particular Series may be comprehended under a ge¬ 
neral one, which is as follows. 

Let a be the number of Chances, whereby an Event may hap¬ 
pen b the number of Chances whereby it may fail, / the num- 
ber of times that the Event is required to be produced in any 
given number of Trials, and let n be the number of thofe Trials 
make * + b = r, then the Probability of the Event s happen¬ 
ing / times in n Trials, will be expreffed by the Series -j 


* + 


l.l+i.bb 




X 

- 4 - 2 -t- 


&c. which Series is to be continued to fo many terms exdufive^of 

It it It be noted ben, and elfewhtrt, that thi points hire math uft of, Jiand infltai of 
ike Mark of Multiplication X. 
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a 1 

the common multiplicator — as are denoted by the number n — 
/•Hi* 

And for the fame reafon, the Probability of the contrary, 
that is of the Event’s not happening fo often as l times, ma¬ 


king n — / -H 1 ” p, will be expreffed by the Series — x 



which Series is to be continued to fo many terms, exclufive of the 
common multiplicator, as are denoted by the number /. 

Now the Probability of an Event’s not happening being known, 
the Probability of its happening will likewife be known, fince the 
Sum of thofe two Probabilities is always equal to Unity j and there¬ 
fore the fecond Series, as well as the firft, may be employed in 
determining the Probability of an Event’s happening: but as the 
number of terms to be taken in the firft is expreffed by n —/ -\- 1, 
and the number of terms to be taken in the fecond is expreffed 
by /, it will be convenient to ufe the firft Series, if n — l 1 be 

lefs than /, and to ufe the fecond, if / be lefs than n — / 1; or 
in other terms, to ufe the firft or fecond according as / is lefs or 


greater than - . 

Thus, fuppofe an Event has i Chance to happen, and 35 to fail, 
and that it were required to aflign the Probability of its happening 
in 24 Trials; then becaufe in this cafe n == 24 and / == j, it is 
plain that 24 terms of the firft Series would be requifite to anfwer 
the Queftion, and that one Angle one of the fecond will be fuffi- 
cient : and therefore, if in the fecond Series we make b =z 35, 
q — i } and / = 1, the Probability of the Event’s not happening 

31; *4 

once in 24 Trials, will be expreffed by -^77 x 1, which by the 
help of Logarithms, we fhall find nearly equivalent to the decimal 
fraction o. 50871 ; now this being fubtradted from Unity, the re¬ 
mainder 049129 will exprefs the Probability required; and there¬ 
fore the odds againft the happening of the Event will be 50 to 49 
nearly. i 

Again, fuppofe it be required to afiign the Probability of the pre¬ 
ceding Event’s happening twice in 60 Trials; then becaufe / = 2, 
and n = 60, n — 1 4* 1 will be = 59, which fhews that 59 terms 
of the firft Series would be required : but if we ufe the fecond, then 
by reafon of l being = 2, two of its terms will be fufficient; 

wherefore 


1 
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wherefore the two terms X 1 + -jg- will denote the Proba¬ 
bility of the Event’s not happening twice in 60 Trials. Now re¬ 
ducing this to a decimal fra&ion, it will be found equal to 0.5007, 
which being fubtradled from Unity, the remainder 0.4993* will ex- 
prefs the Probability required; and therefore the odds againft the 
Event’s happening twice in 60 times will be very little more than 
500 to 499. 

It is to be obferved of thofe Series, that they are both derived 
from the fame principle ; for fuppofing two adverfaries A and B y 
contending about the happening of that Event which has every time 
a chances to happen, and b chances to fail, that the Chances a are 
favourable to A y and the Chances b to JB, and that A Ihould lay a 
wager with B y that his Chances fhall come up / times in n Trials: 
then by reafon B lays a wager to the contrary, he himfelf under¬ 
takes that his own Chances lhall, in the lame number of Trials, 
come up n — / + 1 times 5 and therefore, if in the firft Series, we 
change / into n — / -|- 1, and vice versa , and alfo write b for a, and 
a for b , the fecond Series will be formed. 

It will be eafy to conceive how it comes to pafs, that if A un¬ 
dertakes to win / times in n Trials, his Adverfary B neceffarily un¬ 
dertakes in the fame number of Trials to win n — / + 1 times, if 
it be confidered that A lofes his wager if he wins but / — 1 times; 
now if he wins but / — 1 times, then fubtradling / — 1 from n y 
the remainder fhews the number of times that B is to win, which 
therefore will be n — /+ 1. 

CASE VII th 

To find the Probability of throwmg one Ace y and no more r 
in four throws. 

Solution. 

This Cafe ought carefully to be diftinguiflied from the fourth; 
for there it was barely demanded, without any manner of reftri&ion, 
what the Probability was of throwing an Ace in 4 throws j now in 
this prefent cafe there is a reftraint laid on that Event : for whereas 
j** the former cafe, he who undertakes to throw an Ace delifts from 
throwing when once the Ace is come up ; in this he obliges himfelf, 
after lt is come up, to a farther Trial which is wholly againft 
him excepting the laft throw of the four, after which there is no 
Trial y and therefore we ought from the unlimited Probability of 
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-the Ace’s being thrown once in 4 throws, to fubtratt the Probability 
of its being thrown twice in that number of throws : now the firft 

Probability is (by the 3 d Cafe, and the fecond Probability is 
AIL. (by the 6 th Cafe,) from which it follows that the Probability re- 

quired is AAL , and the Probability of the contrary ; and 
therefore the Odds againft throwing one Ace and no more in 4 
throws are 796 to 500, or 8 to 3 nearly : and the fame method 
may be follow’d in higher cafes. 

CASE VIII th 

If A and B play together, and that A wants but 1 Game 
of being up, and B wants 2 ; what are their refpeEHve 
Probabilities of winning the Set ? 

Solution. 

It is to be confidered that the Set will necefiarily be ended in two 
Games at moft, for if A wins the firft Game, there is no need of 
any farther Trial; but if B wins it, then they will want each but 
1 Game of being up, and therefore the Set will be determined by 
the fecond Game : from whence it is plain that A wants only to 
win once in two Games, but that B wants to win twice together. Now 
fuppofing that A and B have an equal Chance to win a Game, 
then the Probability which B has of winning the firft Game will be 

, and confequently the Probability of his winning twice toge¬ 
ther will be - X - = -; and therefore the Probability which 

224 

A has of winning once in two Games will be 1 — -I = 2- * from 
whence it follows that the Odds of A 5 winning are 3 to 1. 

CASE IX th - 

A and B play together, A wants 1 Game of being up, and 
B wants 2 ; but the Chances whereby B may win a Game, 
are double to the number of Chances whereby A may win 
the fame : 'tis required to affgn the refpeElive Probabi¬ 
lities of winning . 

Solution. 

It is plain that in this, as well as in the preceding cafe, B ought to 
win twice together; now fince B has 2 Chances to win a Game, 

and 
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and A 1 Chance only for the fame, the Probability which B has of 
winning a Game is — , and therefore the Probability of his winning 
twice together is — x ~ = , and confequently the Probability 

of A' winning the Set is 1 — ± = ± . from whence it follows 
that the Odds of A s winning once, before B twice, are as 5 to 4. 


Remark. 

Altho’ the determining the precife Odds in queftions of Chance 
inquires calculation, yetfometimes by a fuperficial View of the quef- 
tion, it may be poflible to find that there will be an inequality in 
the Play. Thus in the preceding cafe wherein B has in every Game 
twice the number of Chances of A , if it be demanded whether A 
and i? play upon the fquare, it is natural to confider that he who' 
has a double number of Chances will at long run win twice as often 
as his Adversary ; but that the cafe is here otherwife, for B under¬ 
taking to win twice before A once, he thereby undertakes to win 
ortner than according to his proportion of Chances, iince A has a 
right to expedt to win once, and therefore it may be concluded 
that B has the difadvantage : however, this way of arguing in gene¬ 
ral ought to be ufed with the utmoft caution. 

12. Whatever be the number of Games which A and B refpec- 
tively want of being up, the Set will be concluded at the moft in 
lo many Games wanting one, as is the fum of the Games wanted 
between them. 


Thus fuppofe that A wants 3 Games of being up, and B c • 
is plain that the greatefl number of Games that A can win of B 
n „X he ^termination of the Play will be 2, and that the greatefl 

Plav willt^ B C ^ n r n r° f A before the determi nation of the 
r ay will be 4 5 and therefore the greatefl: number of Games that 

can be played between them before the determination of the Play 
will be 6: but fuppofing they have played fix Games, the next 
Game will terminate the Play ; and therefore the utmoft number of 
Games that can be played between them will be 7, that is one Game 
lefs than the .um of the Games wanted between them. 


D 


CASE 
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CASE X th - 

Suppofing that A wants 3 Games of being up , and^ wants 7; 
but that the Chances which A and B refpeSHvely have 
for winning a Game are as 3 to 5? to fnd the re- 
fpeSlive Probabilities of winning the Set . 

Solution. 

By reafon that the Sum of the Games wanted between A and B 
is 1 o, it is plain by the preceding Paragraph that the Set will be con¬ 
cluded in 9 Games at moft, and that therefore A undertakes out 
of 9 Games to win 3, and B, out of the fame number, to win 7;. 
now fuppofing that the firft general Theorem laid down in the 1 I th 
Art. is particularly adapted to reprefent the Probability of A s win¬ 
ning, then l = 3 j and becaufe n reprefents the number of Games 
in which the Set will be concluded, n = 9; but the number of 
terms to be ufed in the firft Theorem being = n — / -f- 1 = 7, and 
the number of terms to be ufed in the fecond Theorem being = 

/ — 2, it will be more convenient to ufe the fecond, which will re- 
prelent the Probability of £ s winning. Now that fecond Theorem 
being applied to the cafe of n being = 9, / = 3, ^ = 3, b = 5„ 
the Probability which B has of winning the Set will be exprefled by 

+ XT = * 48+ = 0.28172 nearly; and 

th&refore fubtra&ing this from Unity, there will remain the Proba¬ 
bility "which A has of winning the fame, which will be — 0.71828 : 
and confequently the Odds of Ai winning the-Set will be 71828 to. 
28172, or very near as 23 to 9k. 

Tie fame Principles explained in a different and more general way. 

Altho’ the principles hitherto explained are a fufficient introdu&ion 
to what is to be faid afterwards ; yet it will not be improper to re¬ 
fume fome of the preceding Articles, and to fet them in a new light l 
it frequently happening that fome truths, when reprefented to the 
mind under a particular Idea, may be more eafily apprehended than 
when reprefented under another. 

13. Let us therefore imagine a Die of a given number of equal 
faces, let us likewife imagine another Die of the fame or any other 
number of equal faces ; this being fuppofed, I fay that the number 
of all the variations which the two Dice can undergo will be obtained 
by multiplying the number of faces of the one, by the number of 
faces of the other. 
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In order to prove this, and the better to fix the imagination, let us 
take a particular cafe: Suppofe therefore that the firfl Die con¬ 
tains 8 faces, and the fecond 12 ; then fuppofing the firfl Die to 
fland flill upon one of its faces, it is plain that in the mean time 
the fecond Die may revolve upon its 12 faces ; for which reafon, 
there will be upon that fingle fcore 12 variations: let us now fup- 
pofe that the firfl Die flands upon another of its faces, then whilfl 
that Die flands flill, the fecond Die may revolve again upon its 12 
faces; and fo on, till the faces of the firfl Die have undergone all 
their changes: from whence it follows, that in the two Dice, there 
will be as many times 12 Chances as there are faces in the firfl Die; 
but the number of faces in the firfl Die has been fuppofed 8, where¬ 
fore the number of Variations or Chances of the two Dice will be 
8 times 12, that is 96: and therefore it may be univerfally con¬ 
cluded, that the number of all the variations of two Dice will be 
the product of the multiplication of the number of faces of ond 
Die, by the number of faces of the other. 

14. Let us now imagine that the faces of each Die are diffin- 
guifhed into white and black, that the number of white faces upon 
the firfl is A, and the number of black faces B, and alfo that the 
number of white faces upon the fecond is a , and the number of 
black faces b ; hence it will follow by the preceding Article, that 
multiplying A -\- B by a the product A a Ah 

will exhibit all the Variations of the two Dice: Now let us fee what 
each of thefe four parts feparately taken will reprefent. 

i°. It is plain, that in the fame manner as the produdl of the 
multiplication of the whole number of faces of the firfl Die, by the 
whole number of faces of the fecond, expreffes all the variations of 
the two Dice; fo likewife the multiplication of the number of the 
white faces of the firfl Die, by the number of the white faces of 
the fecond, will exprefs the number of variations whereby the two 
Dice may exhibit two white faces : and therefore, that number of 
Chances will be reprefented by A a. 

2 0 . For the fame reafon, the multiplication of the number of 
white faces upon the firfl Die, by the number of black faces upon 
the fecond, will reprefent the number of all the Chances whereby 
a white face of the firfl may be joined with a black face of the 
fecond ; which number of Chances will therefore be reprefented by 
A b. 

3 °* The multiplication of the number of white faces upon the 
fecond, by the number of black faces upon the firfl, will exprefs the 
number of all the Chances whereby a white face of the fecond 

D 2 may 
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may be joined with a black face of the firft; which number of 

Chances will therefore be reprefented by aB. 

4°. The multiplication of the number of black faces upon the firft, 
by the number of black faces upon the fecond, will exprefs the 
number of all the Chances whereby a black face of the firft may 
be joined with a black face of the fecond j which number of Chances 
will therefore be reprefented by B b. 

And therefore we have explained the proper fignification and ufe 
of the feveral parts A a, A b, B a, B b fingly taken. 

But as thefe parts may be connetted together feveral ways, fo the Sum 
of two or more of any of them will anfwer fome queftion of Chance: 
for inftance, fuppofe it be demanded, what is the number of Chances, 
with the two Dice above-mentioned, for throwing a white face ? it 
is plain that the three parts A a + A b -C Ba will anfwer the queftion; 
fince every one of thofe parts comprehends a cafe wherein a white 
face is concerned. 

It may perhaps be thought that the firft term A a is fuperfluous, it 
denoting the number of Variations whereby two white faces can 
be thrown 3 but it will be eafy to be fatisfied of the neceffity of 
taking it in: for fuppofing a wager depending on the throwing of 
a white face, he who throws for it, is reputed a winner, whenever 
a white face appears, whether one alone, or two together, unlefs it 
be exprefly ftipulated that in cafe he throws two, he is to lofe his 
wager j in which latter cafe the two terms A b + Ba would repre- 
fent all his Chances. 

If now we imagine a third Die having upon it a certain number 
of white faces reprefented by «, and likewife a certain number of 
black faces reprefented by j3, then multiplying the whole variation 
of Chances of the two preceding Dice viz. Aa + A£ -f- Ba -f- B b 
by the whole number of faces x (3 of the third Die, the produdt 
A ax -f- A^a + Bax + Bbx + Aa$ -f- Ab (3 -j- Ba /3 Bb (3 will ex¬ 
hibit the number of all the Variations which the three Dice can un¬ 
dergo. 

Examining the feveral parts of this new product, we may eafily 
perceive that the firft term A ax reprefents the number of Chances 
for throwing three white faces, that the fecond term Abx repre¬ 
fents the number of Chances whereby both the firft and third Die 
may exhibit a white face, and the fecond Die a black one; and that 
the reft of the terms have each their particular properties, which are 
difeovered by bare infpe&ion. 

It mayalfo be perceived, that by joining together two or more of 
thole terms, fome queftion of Chance will thereby be anfwered : for 

inftance, 
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inftance, if it be demanded what is the number of Chances for 
throwing two white faces and a black one ? it is plain that the three 
terms Aba, B ax, Aa (3 taken together will exhibit the number of 
Chances required, fince in every one of them there is the expreffion 
of two white faces and a black one; and therefore if there be a 
wager depending on the throwing two white faces and a black one, 
he who undertakes that two white faces and a black one fhall come 
up, has for him the Odds of Aba + Bax -f- Aa /3 to A ax -f- B bx + 
Abf 3 + Ba /3 -\- Bb /3 ; that is, of the three terms that include the con¬ 
dition of the wager, to the five terms that include it not. 

When the number of Chances that was required has been found, 
then making that number the Numerator of a fraction, whereof the 
Denominator is the whole number of variations which all the Dice 
can undergo, that fra<flion will exprefs the Probability of the Event j 
as has been (hewn in the firft Article. 

Thus if it was demanded what the Probability is, of throwing three 
white faces with the three Dice above-mentioned, that Probability will be 

expreffed by the frail ion x..+ A ,„ + b,„ + a-/-Tu,,» + w + ' g : .g + ; 

But it is to be obferved, that in writing the Denominator, it will 
be convenient to exprefs it by way of produft, diftinguifhing the 
feveral multiplicators whereof it is compounded ; thus in the preced¬ 
ing cafe the Probability required will be beft expreffed as follows, 

_ A- a 

If the preceding fraction be conceived as the product of the three 
fra&ions ~ f a x —r— X —“-tt , whereof the firft exprefles the 

“ D a-\-b a -H P 

Probability of throwing a white face with the firft Die ; the fecond 
the Probability of throwing a white face with the fecond Die, and 
the third the Probability of throwing a white face with the third 
Die; then will again appear the truth of what has been demonftra- 
ted in the 8 th Art . and its Corollary , viz. that the Probability of 
the happening of feveral Events independent, is the product of all 
the particular Probabilities whereby each particular Event may be 
produced ; for altho’ the cafe here deferibed be confined to three 
Events, it is plain that the Rule extends itfelf to any number of 
them. 

Let us refume the cafe of two Dice, wherein we did fuppofe that 
the number of white faces upon one Die was expreffed by A, and 
the number of black faces by B, and alfo that the number of white 
faces upon the other was expreffed by 0, and the number of black 
faces by b> which gave us all the variations A a A b aB + Bb ; 
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and let us imagine that the number of the white and black faces is re- 
fpe&ively the fame upon both Dice : wherefore A ~ a, and B = ^, 
and confequently inftead of Aa + Ab 4 - *B -|- B£, we fhall have 
aa -\- ab + a b 4 * bb> or aa -f- 2 ab -)- bb ; but in the firft cafe A b 
4- aB did exprefs the number of variations whereby a white face and 
a black one might be thrown, and therefore 2 ab which is now fub- 
ftituted in the room of Ab -f- a B does exprefs the number of varia¬ 
tions, whereby with two Dice of the fame refpe&ive number of 
white and black faces, a white face and a black one may be thrown. 

In the fame manner, if we refume the general cafe of three Dice, 
and examine the number of variations whereby two white faces and 
a black one may be thrown, it will eafily be perceived that if the 
number of white and black faces upon each Die are refpedively 
the fame, then the three parts Aba. -f- Baa + Aa /3 will be changed 
into aba -f* baa -4- aab i or 3 aab y and that therefore 3 aab t which is 
one term of the Binomial a b raifed to its Cube, will exprefs the 
number of variations whereby three Dice of the fame kind would 
exhibit two white faces and a black one. 

15. From the preceding confiderations, this general Rule may be 
laid down, viz . that if there be any number of Dice of the fame 
kind, all diftinguiftied into white and black faces, that n be the num¬ 
ber of thofe Dice, a and b the refpe&ive numbers of white and 
black faces upon each Die, and that the Binomial a -f- b be raifed to 
the power n ; then i°, the firft term of that power will exprefs the 
number of Chances whereby n white faces may be thrown ; 2 0 , that 
the fecond term will exprefs the number of Chances whereby n — 1 
white faces and 1 black face may be thrown ; 3 0 , that the third 
term will exprefs the pumber of Chances whereby n — 2 white 
faces and 2 black ones may be thrown ; and fo on for the reft of 
the terms. 

Thus, for inftance, if the Binomial ^ ^ be raifed to its 6 th 

power, which is a b + 6 a 5 b -j- \$&b x 2c a^b' + 1 sa z b+ + 6 ab* 
+ b 6 ; the firft term a 6 will exprefs the number of Chances for 
throwing 6 white faces > the fecond term 6 a^b will exprefs the num¬ 
ber of Chances for throwing 5 white and 1 black ; the third term 
\§a*b z will exprefs the number of Chances for throwing 4 white 
and 2 black r the fourth 20 a^b* will exprefs the number of Chances 
for throwing 3 white and 3 black; the fifth 15* 2 M will exprefs 
the number of Chances for throwing two white and 4 black; the 
fixth 6 ab' will exprefs the number of Chances for 2 white and 4 
black; laftly, the feventh b b will exprefs the number of Chances 
for 6 black. 


And 
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And therefore having raifed the Binomial a -j- b to any given 
power, we may by bare infpe&ion determine the property of any 
one term belonging to that power, by only obferving the Indices 
wherewith the quantities a and b are affe&ed in that term, fince the 
refpcdtive numbers of white and black faces are reprefented by thofe 
Indices. J 

The better to compare the confequences that may be derived from 
the confideration of the Binomial a + b raifed to a power given 
with the method of Solution that hath been explained before; let 
us refume fome of the preceding queftions, and fee how the Binomial 
can be applied to them. 

Suppofe therefore that the Probability of throwing an Ace in four 
throws with a common Die of fix faces be demanded. 

In order to anfwer this, it muft be confidered that the throwing 
of one Die four times fucceffively, is the fame thing as throwing ' 
four Dice at once; for whether the fame Die is ufed four times fuc- 
celiively, or whether a different Die is ufed in each throw, the Chance 
remains the fame; and whether there is a long or a fhort interval be¬ 
tween the throwing of each of thefe four different Dice, the Chance 
remains ftill the fame; and therefore if four Dice are thrown at 
once, the Chance of throwing an Ace will be the fame as that of 
throwing it with one and the fame Die in four fucceffive throws. 

• j S j lng P re . mifed > we may transfer the notion that was 
introduced concerning white and black faces, in the Dice, to the 
throwing or miffing of any point or points upon thofe Dice; and 
therefore in the prefent cafe of throwing an Ace with four Dice, we 
may fuppofe that the Ace in each Die anfwer to one white face 
and the reft of the points to five black faces, that is, we may fup- 

L f a C~ l> and ^ 5 y and therefore, having raifed a 4 - h 

to its fourth power, which is *4 + « . ab , .7^ 

every one of the terms wherein * is perceived will be T part of the 
number of Chances whereby an Ace may be thrown. Now there 
are four of thofe parts into which a enters, viz. a* + 4 a'b 4- 6 a'b* 
+ 4 ab\ and therefore having made « = 1, and b = e, we fhall 

2 °a + 150 \ 5 °? = 671 *? exprefs the number of Chances 
whereby an Ace may be thrown with four Dice, or an Ace thrown 
m four fucceffive throws of one fingle Die: but the number of all 
he Ch ances a the fourth power of ^ + ^that is the fourth power 
0, which is 1296 ; and therefore the Probability required is mea- 
fured by the fradlion y which is conformable to the refolution 
given in the 3 d cafe of the queftions belonging to the 10 th Art. 
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It is to be obferved, that the Solution would have been fhorter, if 
inftead of inquiring at firft into the Probability of throwing an Ace 
in four throws, the Probability of its contrary, that is the Probabi¬ 
lity of miffing the Ace four times fucceffively, had been inquired 
into ; for fince this cafe is exadtly the fame as that of miffing all 
the Aces with four Dice, and that the laft term b 4 of the Binomial 
a -\- b raifed to its fourth power expreffes the number of Chances 
whereby the Ace may fail in every one of the Dice ; it follows, that 

the Probability of that failing is = 7 77 - , and therefore 

the Probability of not failing, that is of throwing an Ace in four 

. . 62? 1206 — 625 671 

throws, is 1 — — =- ng 6— = — * 

From hence it follows, that let the number of Dice b e what it 
will, fuppofe ft, then the laft term of the power a -f- b) \ that is 
b\ will always reprefent the number of Chances whereby the Ace 
may fail n times, whether the throws be confidered as fucceffive or 

Wherefore ^ ' n is the Probability of that failing; 


cotemporary: 


and confequently the Probability of throwing an Ace in a number of 
throws expreffed by n, will be i — ==^- = 7 * 


Again, fuppofe it be required to affign the Probability of throw¬ 
ing with one fingle Die two Aces in four throws, or of throwing 
at once two Aces with four Dice : the queftion will be anfwered by 
help of the Binomial a + b raifed to its fourth power, which being 
a \ 4< a'b 6 a*b* -f- 4 ab* 4- b the three terms a*■ 4- 4 a'b -f- 6 a 7 -b* 
wherein the Indices of a equal or exceed the number of times that 
the Ace is to be thrown, will denote the number of Chances where¬ 
by two Aces may be thrown; wherefore having interpreted a by 1, 
and b by 5, the three terms above-written will be come 1 -f- 20 + 150 
= 171, but the whole number of Chances, viz. a 4 is in this cafe 
= 1296, and therefore the Probability of throwing two Apes in four 
throws will be meafured by the fraction . 

But if we chufe to take at firft the Probability of the contrary, 
it is plain that out of the five terms that the fourth power of a \ b 
confifts of, the two terms 4 afa -f- b *; in the firft of which a enters but 
once, and in the fecond of which it enters not, will exprefs the num¬ 
ber of Chances that are contrary to the throwing of two Aces; which 
number of Chances will be found equal to 500 625 = 1125. 

And therefore the Probability of not throwing two Aces in four 

throws 
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throws will be from whence may be deduced the Proba¬ 

bility of doing it, which therefore will be i — — -_L — 

12gt> 1296 

= as it was found in the preceding paragraph ; and this 

agrees with the Solution of the ftxth Cafe to be feen in the 10 th 
Article. 

Univerfally, the laft term of any power a -j- b\ n being b\ and 
the laft but one being nab "—', in neither of which a a enters, it fol¬ 
lows that the two laft terms of that power exprefs the number of 
Chances that are contrary to the throwing of two Aces, in any num¬ 
ber of throws denominated by n j and that the Probability of throw¬ 


ing two Aces will be 1 — 


nab n ~~ X +b n 


And likewife, in the three laft terms of the power a fr ”, every 
one of the Indices of a will be lefs than 3, and confequently thole 
three laft terms will {hew the number of Chances that are contrary 
to the throwing of an Ace three times in any number of Trials de¬ 
nominated by n : and the fame Rule will hold perpetually. 

And thefe conclufions are in the fame manner applicable to the 
happening or failing of any other fort of Event in any number of 
times, the Chances for happening and failing in any particular Trial 
being refpe&ively reprefented by a and b. 

16. Wherefore we may lay down this general Maxim ; that fup- 
pofing two Adverfaries A and B contending about the happening of 
an Event, whereof A lays a wager that the Event will happen / times 
in n Trials, and B lays to the contrary, and that the number of 
Chances whereby the Event may happen in any one Trial are a , and 
the number of Chances w hereby it may fail are b , then fo many of the 
laft terms of the power a -\-b\ n expanded, as are reprefented by /, 
Will lhew the number of Chances whereby B may win his wager. 

Again, B laying a wager that A will not win / times, doSs the 

fame thing in effedt as if he laid that A will not win above /_1 

times ; but the number of winnings and loftngs between A and B 
is n by hypothefis, they having been fuppofed to play n times, and 
therefore fubtradting / — i from w, the remainder n — / + i will 
fhew that B himfelf undertakes to win n — / + i times; let this re¬ 
mainder be called />, then it will be_evident that in the fame 
manner as the laft terms of the power a expanded, viz . b n + 

E nab 
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nab n ~ l + 7 X -— a 2 b n —‘*, &c. the number whereof is /, do 
exprefs the number of Chances whereby J 5 may be a winner, fo the 
firft terms a n + na*~'b + 7 X a -*b\ &c. the number 

whereof is p, do exprefs the number of Chances whereby A may 
be a winner. 

17. If A and B being at play, refpedtively want a certain number 
of Games / and p of being up, and that the refpedtive Chances they 
have for winning any one particular Game be in the proportion of 
<* to b ; then railing the Binomial a + b to a power whofe Index 
fhall be / + p — 1, the number of Chances whereby they may 
refpedtively win the Set, will be in the fame proportion as the Sum 
of fo many of the firft terms as are exprelfed by p s to the Sum of 
fo many of the laft terms as are exprelfed by /. 

This will eafily be perceived to follow from what was faid in the 
preceding Article : for when A and B refpedtively undertook to win 
/ Games and p Games, we have proved that if n was the number 
of Games to be played between them, then p was neceftarily equal 
to n — / + i» and therefore / + p =s n 4* i, and n = l -\-p — 1• 
and conlequently the power to which a b is to be raifed will be 
l+p-i. 

Thus fupponng that A wants 3 Games of being up, and B 7, 
that their proportion of Chances for winning any one Game are re- 
fpe&ively as 3 to 5, and that it were required to affign the proportion 
of Chances whereby they may win the Set; then making / = 3, 
P — 7 > a:=z ^ == 5, and railing a -f- b to the power denoted by 
l + p — that is in this cafe to the 9 th power, the Sum of the firffc 
feven terms will be to the Sum of the three laft, in the proportion 
of the refpe<ftive Chances whereby they may win the Set. 

Now it will be fufficient in this cafe to take the Sum of the three 
laft terms; for fince that Sum expreftes the number of Chances 
whereby B may win the Set, then it being divided by the 9 th power 
of a -j- by the quotient will exhibit the Probability of his winning ; 
and this Probability being fubtradted from Unity, the remainder will 
exprefs the Probability of A 8 winning : but the three laft terms of 
the Binomial a b raifed to its 9 th power are b 9 -f- gab 8 36 aab 1 ^ 
which being converted into numbers make the Sum 37812500, and 
the 9 th power of a b is J34217728, and therefore the Probability 
of B 5 winning will be exprefted by the fradtion 77*'^°°- *= 

Itlllw * let ^ be ^ ubtra< ^ ed frorn Unit y> tb en the remainder 

24101307 

33S5.443 2 
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FissS+l'* l ^ e Probability of A * winning ; and therefore 

the Odds of A s being up before B , are in the proportion of 24101307 
9453 I2 5 > or ver y near as 23 to 9 : which agrees with the Solu¬ 
tion of the io' h Cafe included in the 10 th Article. 

In order to compleat the comparifon between the two Methods 
of Solution which have been hitherto explained, it will not be im¬ 
proper to propofe one cafe more. 

Suppofe Therefore it be required to aflign the Probability of throw¬ 
ing one Ace and no more, with four Dice thrown at once. 

It is vifible that if from the number of Chances whereby one 
Ace or more may be thrown, be fubtra&ed the number of Chances 
whereby two Aces or more may be thrown, there will remain the 
number of Chances for throwing one Ace and no more ; and there¬ 
fore having raifed the Binomial a b to its fourth power, which is 
+ 4 « 3 ^ + 6 a r b x -f. 4*03 + b\ it will plainly be feen that the four 
nrll terms exprefs the number of Chances for throwing one Ace or 
more, and that the three firft terms exprefs the number of Chances 
for throwing two Aces or more ; from whence it follows that the 
Jmgle term 4 ab' does alone exprefs the number of Chances for throw¬ 
ing one Ace and no more, and therefore the Probability required 


will be 


= 7 ^ : w hi c h agrees with the Solution 


of the 7 th Cafe given in the 10 th Article. 

This Concluflon might alfo have been obtained another way : for 
applying what has been faid in general concerning the property of 
any one term of the Binomial a b railed to a power given, it will 
thereby appear that the term wherein the indices of a and b 
are relpedfively i and 3, will denote the number of Chances where- 
by of two contending parties A and B, the firft may win once, and 
e ot er three times. Now A who undertakes that he fhall win 
once and no more, does properly undertake that his own Chance 
“all come up once, and his adverfary’s three times; and therefore 
the term 4 ab' express the number of Chances for throwing one 
Ace and no more. 


In the like manner, if it be required to aflign the Chances for 
throwing a certain number of Aces, and it be farther required that 
there f hall no t be above that number, then one Angle term of the 
power a -f b\ * will always anfwer the queftion. 

But to And that term as expeditioufly as poflible, fuppofe n to 
c tle nu mber of Dice, and / the precife number of Aces to be 
thrown; then if / be lefs than — n , write as many terms of the 
E 2 Series 
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Series - , — , - ” — 4 , &c. as there are Units 

i z 3 4 5 

in /; or if / be greater than — n , write as many of them as there are 

Units in « — /; then let all thofe terms be multiplied together, 
and the product be again multiplied by a!b n — 1 ; and this laft produdt 
will exhibit the term exprefiing the number of Chances required. 

Thus if it be required to aflign the number of Chances for thrQW- 
ing precifely three Aces, with ten Dice; here / will be = 3, and 
n — 10. Now becaufe / is lefs than », let fo many terms be 

taken of the Series -p » —-— , ~ » , & c * as there are 

Units in 3, which terms in this particular cafe will be ^ , -2., ~ ; 

let thofe terms be multiplied together, the produd will be 120 j 
let this product be again multiplied by a l b , — l > that is (a being — t , 
b zz=. 9, 1 =. 3, n = 10) by 6042969, and the new product will 
be 725156280, which confequently exhibits the number of Chances 
required. Now this being divided by the io lh power of a -f- b , that 
is, in this cafe, by iooocoooooo, the quotient 0.0725156280 will 
exprefs the Probability of throwing precifely three Aces with ten Dice; 
and this being fubtraded from Unity, the remainder 0.9274843720 
will exprefs the Probability of the contrary ; and therefore the Odds 
againft throwing three Aces precifely with ten Dice are 9274843720, 
to 725156280, or nearly as 64 to 5. 

Although we have (hewn above how to determine univerfally the 
Odds of winning, when two Adverfaries being at play, refpedively 
want certain number of Games of being up, and that they have 
any given proportion of Chances for winning any Angle Game; yet 
I have thought it not improper here to annex a fmall Table, {hew¬ 
ing thofe Odds, when the number of Games wanting, does not^exceed 
fix, and that the Skill of the Contenders is equal. 


Games Odds of 

wanting, winning. 

Games Odds of 

wanting, winning. 

Games Odds of 
wanting, winning. 

1,2 — 3. 1 
t, 3 - - * 7* 1 

i,4--- 15, 1 

1. 5 - 3 J > 1 

1, 6-63, 1 

2, 3 - - ii, 5 

2, 4 - - 26, 6 

2 > S - ~ 57 > 7 

2, 6 - - 120, 0 

b 4 " ’ 4 2 > 22 _ 

3» 5 - - 99. 2 9 

3, 6 - - 219, 37 

4 » 5 * * i6 3> 93 

4, 6 - - 382, 130 
4> 6 - - 638, 386, 


Before 



"The Doctrine Chances. 29 

Before I put an end to this Introduction, it will not be impro¬ 
per to (hew how fome operations may often be contracted by barely 
introducing one (ingle Letter, inftead of two or three, to denote the 
Probability of the happening of one Event. 

18. Let therefore x denote the Probability of one Event; y , the 
Probability of a fecond Event; z , the Probability of the happening 
of a third Event: then it will follow, from what has been faid in 
the beginning of this Introduction, that i — x, i — y, I — z 
will reprefent the refpeCtive Probabilities of their failing. 

This being laid down, it will be eafy to anfwer the Queftions of 
Chance that may arife concerning thofe Events. 

i°. Let it be demanded, what is the Probability .of the happening 
of them all; it is plain by what has been demonstrated before, that 
the anfwer will be denoted by xyz. 

2 0 . If it is inquired, what will be the Probability of their all - 
failing ; the anfwer will bei — x X 1 — y X 1 — z, which being 
expanded by the Rules of Multiplication would be i — x — y — z 

-f- xy 4- xz 4- yz - xyz ; but the hid expreflion is more eafily 

adapted to Numbers. 

3 0 . Let it be required to aflign the Probability of fome one of 
them or more happening ; as this queftion is exa&ly equivalent to 
this other, what is the Probability of their not all failing ? the anfwer 
will be 1 — 1 — xx t ■— ^ x i— z } which being expanded will 
become x — xy — xz —• yz -J- x yz. 

4 0 . Let it be demanded what is the Probability of the happening 
of the firft and fecond, and at the fame time of the failing of the 
third, the Queftion is anfwcred by barely writing it down algebrai¬ 
cally ; thus, xy x 1 — z, or xy — xyz : and for the fame reafon the 
Probability of the happening of the firft and third, and the failing of the 
fecond, will be xz x i — y or xy — xyz: and for the fame reafon 
again, the Probability of the happening of the fecond and third, 
and the failing of the firft, will be yzx 1 — a:, or yz — xyz. And 
the Sum of thofe three Probabilities, mz. xy xz -\- yz — 3xyz. 
will exprefs the Probability of the happening of any two of them r 
but of no more than two. 

5 0 . If it be demanded what is the Probability of the happening 
of the firft , to the exclufion of the other two, the anfwer will be 
x X 1 — y x 1 — z, or x — xy — xz -|- xyz ; and in the fame man¬ 
ner, the Probability of the happening of the fecond to the exclu- 
lion of the other two, will be y — xy — yz -f- xyz ; and again, 
the Probability of the happening of the third, to the exclufton of the 

other: 
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other two, will be z — xz — yz 4 - xyz , and the Sum of all thefc 
Probabilities together, viz. x y z — 2 xy — zxz — 2 yz + 3 xyz 
will exprefs the Probability of the happening of any one of them, 
and of the failing of the other two; and innumerable cafes of the 
fame nature, belonging to any number of Events, may be folved 
without any manner of trouble to the imagination, by the mere 
force of a proper Notation. 

Remark. 

J. When it is required to fum up feveral Terms of a high Power 
of the Binomial a -f- b, and to divide their Sum by that Power, it 
will be convenient to write 1 and q for a and b having taken 
q : 1 : : b : a : and to ufe a Table of Logarithms. 

As in the Example of Art . 17 th , where we had to compute 

b9 qab % -f- , . f „ . 

-— , a being = 3, b = 5 j wefhallhave q = i_ , and, 

inflead of the former, we are now to compute the quantity 

f 9 + 9 ? 8 4 - ZW _ y 7 x^p 9y -f 36 

T+? 9 T+?9 

Now the Factor £* + 9 y + 36 being ~ + -y -f- 36 = — , 
Whofe Logarithm is L . 484 — L . 9 = - - 1.730602Q 

Add the Log. of y 7 , or 7 xL . 5 — L . 3 r= - - 1.5529409 

And from the Sum - - - - 3.283 5438 

Subtract the Log. of 1 -J- ^ 9, or 9 x L. 8 — L . 3 = 3.8337183 
So fhall the Remainder - — 1.4498255 

be the Logarithm of B's chance, viz. 0.281725 
And the Complement of this to Unity 0.718275 is the Chance of 
Ay in that Problem of Art. 17 th . 

An Operation of this kind will ferve in mod: cafes that occur : but 
if'the Power is very high, and the number of terms to be fummed 
exceflively great, we mull have recourfe to other Rules; which 
fhall be given hereafter. 

II. When the Ratio of Chances, which we fhall call that of R to 
Sy comes out in larger numbers than we have occafion for ; it may 
be reduced to its leajl exaBefi Terms, in the Method propofed by 
Dr. Wallisy Huygens , and others. As thus; 

Divide the greater Term R by the lefler S ; the lad Divifor by 
the Remainder; and fo on continually, as in finding a common 
Divifor : and let the feveral Quotients, in the order they arife, be 

reprefented 
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reprefented by the Letters 4 b, r, d, e, &c. Then the Ratio , 

of the leffer Term to the greater, will be contained in this fraction¬ 
al Series. 

1 

* + » . 

c _ 

d _ 

whofe Terms, from the beginning, being reduced to one Fraction* 
will perpetually approach to the juft Value of the Ratio 5 differ¬ 
ing from it in excefs and in defett, alternately : fo that if you flop at a 
denominator that ftands in the i ft , 3 d , 5 th , &c. place ; as at a, c, 
€% °f the Terms will exceed the juft Value of the 

Ratio ; but if you ftop at an even place, as at 3 , d , &c. it 
will fall fhort of it. 


Example I 

If it is required to reduce the Ratio iuft now found * 

or LL*£2 ( 5 \ 718275 

28731 ( ■ ji ) to lower Terms and which {hall exhibit its 

juft Quantity the neareft that is poflible in Terms fo low: The 
Quotients, found as above, will be * * = 2 , b = 1, c = 1, d= a 
e ~ 0 l> f~ I} £ — 5 - And, 4 

. 1 * Term J. , or L , gives the Ratio too great j becaufe 

its confequent * is too little. 

2 °* The Reful t of the two firft Terms ^-7- = L r = -, »left 

» «+i 2 -f- 1 s 

, 8 b T 

than ~ , altho* it comes nearer it than ~ did : bccaufe -1 = 
which we added to the Denominator 2 , exceeds its juft Quantity 

* + 1 

7+fcfr. 

3 °.The three firft Terms = 1 — ; wh ich reduced are 

b + I -f-J^ 

1 _ 2 / O 

2 + i- 5 exceeds the Ratl ° j-t becaufe what we added to 


32 The Doctrine <?/ Chances. 

the Denominator b exceeding its juft Quantity makes 

4 &c. 

too little, and confequently the whole Fraction too great. 

c 

In the fame manner, the following Approximation 
L— = -- = ~ , tho’ jufter than the pre- 

fl-f- i_ 2+1 _ 23 » J * 

b ! I + l _ 

npr 1 

d 4 

ceding:, errs a little in defedt. And fo of the reft. 

But to fave unneceffary trouble ; and to prevent any miftake ei¬ 
ther in the Operation itfelf, or in diftinguifhing the Ratios that ex¬ 
ceed or fall fhort of their juft Quantity; we may ufe Mr. Cotes'$ 
Rule; which is to this purpofe. 

Write S : R at the head of two Columns, under the Titles greater, 
and lefs . And place under them the two firft Ratios that are 
found; as in our Example 1:2, and 1:3* Multiply the 
Terms of this laft Ratio by the third Denominator c , and write 
the Products under the Terms of the firft Ratio 1 -2. So fhall 
the Sums of the Antecedents and Confequents give a jufter Ratio 
2 : 5, belonging to the left-hand Column. Multiply the terms 
of this laft by the 4 th Quotient d (= 4), and the Products added 
to 1 : 3 give the Ratio 9 123, belonging to the right-hand Co¬ 
lumn. This laft multiplied by e (= 1), and the Produ&s transfer¬ 
red to the left hand Column, and added to the Ratio that ftood laft 
there, give the Ratio 11 : 28. And fo of the reft, as ia the 
Scheme below. 


greater kf s 

S: R S : R 


= 71 

2 

1 : 3= hp 

1 : 

3 

X c = i T 

2 : 

5X^ = 4 

8 : 20 

9 • 

23 

9 : 23 x e = 1 

TT: 

28x/= i 

11 : 28 

100 : 

2 5 «? 

20 : 51 X g = 5 


iii: 283 & c . 

This Method is particularly ufeful, when furd numbers, which 
have no Termination at all, enter into any Solution. 


Example 
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Example II. 

It will be found in the Refolution of our firft Problem that the 

3 

proportion of Chances there inquired into (f) is that of i to V2 — I, 
or of 1 to 0.259921 &c. Whence our Quotients will be* az= 3, 
bz=i , c=5, d =: 1, * = i,/=4, &c. 

And the Operation will ftand as below. 


greater 

S : R 

lefs 

S : R 

-= 1 : 3 

a J 

11 

: 20 

to 

II 

V 4 

X 

0 : 23 X d st= 1 

6 : 23 

7 s 27 

7 *• 2 7 

X e = 1 

0 11 

“ X 

CO 

52 : 200 

&c. 

59 : 22 7 

End of the 

1 

1 
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Solutions of feveral forts of Problems, deduced from 
the Rules laid down in the Introduction. 


PROBLEM I. 

If A and B play with Jingle Bowls , and fuch be the Jkill 
of A that he knows by Experience he can give B two 
Games out of three ; what is the proportion of their 
Jkill, or what are the Odds , that A may get any one 
Game affigned? 


Solution. 

E T the proportion of Odds be as z to i; now iince A 
can give B 2 Games out of 3, A therefore may upon 
an equality of Play undertake to win 3 Games 
together ; but the probability of his winning the firft 
time is and, by the 8 th Article of the Introduction 

the probability of his winning three times together is —-— x 

2S ^ 

x - ^ 77 or g + • Again, becaufe A and B are fuppofed to play 

upon equal terms, the probability which A has of winning three 
times together ought to be expreffed by f ; we have therefore the 



T"> • * 1 l ■■■ --^ 

Equation ■ ^ ^ = — , or2z3 z=.z +1' 3 , and extrading the cube- 

S J 

root on both fides, zd 2 = z -f- 1 j wherefore z — - -, andcon- 

d z — 1 

fequently the Odds that A may get any one Game affigned are as 
~ to 1, or as 1 to V2 — 1, that is in this cale as co to 13 ve- 

tj 2 — 1 J 
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Corollary. 

By the fame procefs of inveftigation as that which has been ufed 
in this Problem, it will be found that if A can, upon an equality of 
Chance, undertake to win n times together, then he may jutdly lay 

the Odds of 1 to d 2 — 1, that he wins any one Game afligned. 

PROBLEM II. 

If A can without advantage or difadvantage give B 1 
Game out of 3 ; what are the Odds that A floall take 
any one Game affigned ? Or in other terms, what is the 
proportion of the Chances they refpeElively have of win¬ 
ning any-one Game affigned ? Or what is the propor¬ 
tion of their fkillf 

Solution. 

Let the proportion be as z to 1: and fince A can give B 1 Game 
out of 3 ; therefore A can upon an equality of play undertake to win 
3 Games before B gets 2 : now it appears, by the lj tb Art . of the 
Introduction , that in this cafe the Binomial z 1 ought to be 
raifed to its fourth power, which will be 2 j 4 + 42^ + 6 zz + 42; + 1; 
and that the Expectation of the firft will be to the Expectation of 
the fecond, as the two firft terms to the three laft: but thefe Ex¬ 
pectations are equal by hypothecs, therefore z+ -|- 42;3 — (, zz 
42; + 1 : which Equation being folved, z will be found to be 1.6 
very near; wherefore the proportion required will be as 1.6 to i, 
or 8 to 5. 

PROBLEM III. 

To find in how many Trials an Event will probably happen , 
or how ma?iy Trials will be neceffary to make it indiff z- 
rent to lay on its Happening or Failing ; fuppofing that 
a is the number of Chances for its happening in any one 
Trial , and b the number of Chances for its failing . 

Solution. 

Let x be the number of Trials; then by the \ 6 tb Art. of the 
Jntrod. b* will reprefent th e num ber of Chances for the Event to fail 
x times fucceflively, and a b) * the whole number of Chances for 

happen- 
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happening or failing, and therefore — ■■ reprefents the probabi- 

lity of the Event’s failing x times together: but by fup*pofition 
that Probability is equal to the probability of its happening once at 
lead; in that number of Trials; wherefore either of thofe two Pro¬ 
babilities may be exprefled by the fra&ion ~ : we have therefore 

the Equation — b = L, or a -J- = 2 b x , from whence is de- 

: x log. b log- 2 ; and therefore 


7U _ 

duced the Equation at log. a + b 

x ISL J _- 

Log. a q- b — log. b 

Moreover, let us readume the Equation a -|- $\* == 2 If, where¬ 
in let us fuppofe that a , h :: i, q } hence the faid Equation will 

be changed into this i + = 2. Orx x log. 1 -\- ~ = log. 2. 

In this Equation, if q be equal to 1, a; will likewife be eq ual to 1 ; 
but if q differs from Unity, let us in the room of log. 1 -J- ~ 
write its value expreffed in a Series; viz. 

i _L. 4- J,-L 4. J_' &c. 

q 2 qq 1 3J* 1 SI* 6 r 

We have therefore the Equation ~ See. = log. 2. Let us 

now fuppofe that q is infinite, or pretty large in refpeft to Unity, 
and then the fird term of the Series will be fufficient; we (hall 


therefore have the Equation— = log. 2, or a: = q log. 2. But 
it is to be obferved in this place that the Hyperbolic, not the Ta¬ 
bular, Logarithm of 2, ought to be taken, which being 0.693, See. 
or 0.7 nearly, it follows that a; = o.yq nearly. 

Thus we have afligned the very narrow limits within which the 
ratio of x to q is comprehended ; for it begins with unity, and ter¬ 
minates at lad in the ratio of 7 to 10 very near. 

But x foon converges to the limit 0.7 y, fo that this value of a: 
may be affumed in all cafes, let the value of q be what it will. 

Some ufes of this Problem will appear by the following Examples. 


Example i. 

Let it be propofed to find in bow many throws one may undertake 
with an equality of Chance , to throw two Aces with two Dice. 

The number of Chances upon two Dice being 36, out of which 
there is but one chance for two Aces, it follows that the number of 

Chances 
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Chances againft it is 35; multiply therefore 35 by 0.7, and the 
product 24.5 will {hew that the number of throws requifite to that 
effedt will be between 24 and 25. 

Example 2. 

To find in bow many throws of three Dice , one may undertake 
to throw three Aces. 

The number of all the Chances upon three Dice being 216, out 
of which there is but one Chance for 3 Aces, and 215 againft it, 
it follows that 215 ought to be multiplied by 0.7; which being 
done, the produdt 150.5 will {hew that the number of Throws 
requisite to that effedt will be 150, or very near it. 

Example 3. 

In a Lottery whereof the number of blanks is to the number of prizes 
as 39 to 1, (fuch as was the Lottery in 1710) to find how many 
Tickets one mujl take to make it an equal Chance for one or more 
Prizes. 

Multiply 39 by 0.7, and the produdt 27.3 will {hew that the num¬ 
ber of Tickets requifite to that effedt will be 27 or 28 at molt. 

Likewife in a Lottery whereof the number of Blanks is to the 
number of Prizes as 5 to 1, multiply 5 by 0.7, and the produdt 
3.5 will {hew that there is more than an equality of Chance in 4 
Tickets for one or more Prizes, but lefs than an equality in three. 

Remark. 

In a Lottery whereof the Blanks are to the Prizes as 39 to 1, if 
the number of Tickets in all were but 40, the proportion above- 
mentioned would be altered, for 20 Tickets would be a fufficient 
number for the juft Expedtation of the fingle Prize; it being evi¬ 
dent that the Prize may be as well among the Tickets which are taken, 
as among thofe that are left behind. 

Again if the number of Tickets in all were 80, ftill preferving 
the proportion of 39 Blanks to one Prize, and confequently fup. 
poling 7$ Blanks to 2 Prizes, this proportion would ftill be altered ; 
for by the Dodtrine of Combinations, whereof we are to treat after¬ 
wards, it will appear that the Probability of taking one Prize or 
both in 2o Tickets would be but ^, and the Probability of ta¬ 
king none would be ^ } wherefore the Odds againft taking any 
Prize would be as 177 to 139, or very near as 9 to 7. And 



The Doctrine of Chances. 39 

And by the fame Dodrine of Combinations, it wili be found that 
2 3 Tickets would not be quite fufficient for the Expedation of a 
Prize in this Lottery; but that 24 would rather be too many: fo 
that one might with advantage lay an even Wager of taking a Prize 
in 24 Tickets. 

If the proportion of 39 to 1 be oftner repeated, the number of 
Tickets requifite for the equal Chance of a Prize, will ftill increafe 
with that repetition; yet let the proportion of 39 to 1 be repeated 
never fo many times, nay an infinite number of times, the number of 
Tickets requifite for the equal Chance of a Prize would never exceed 

of 39, that is about 27 or 28. 

Wherefore if the proportion of the Blanks to the Prizes is often 
repeated, as it ufually is in Lotteries; the number of Tickets requifite 
for a Prize will always be found by taking — of the proportion of 
the Blanks to the Prizes. 


Now in order to have a greater variety of Examples to try this 
Rule by, I have thought fit here to annex a Lemma by me pub- 
lifhed for the firft time in the year 1711, and of which the in- 
veftigation for particular reafons was deferred till I gave it in my 
Mifcellanea Analytica anno 1731. 


Lemma. 

To fnd how ma?iy Chances there are upon any number of Dice , each 
of them of the fame number of Faces , to throw any given number of 
points. 

Solution. 

Let p 1 be the number of points given, 11 the number of Dicey 
y'the number of Faces in each Die : make p — f == q, q — f —r, 
r —J = J, * — f=t, &c. and the number of Chances required will be 





1 2 

+ &c. 



to. 

X^l, &c. 





Which Series’s ought to be continued till fome of the Fa&ors in each 
produd become either = o, or negative. 
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N. B. So many Fa&ors are to be taken in each of the produ&s 
Y*x &c. 7 x x —“ » &c. as there are Units 

in » — i. 

Thus for Example, let it be required to find how many Chances 
there are for throwing 16 Points with four Dice; then making p -f i 
= 16, we have /> = 15, from whence the number of Chances re¬ 
quired will be found to be 





= + 455 

= — 336 

^ = + 6 

2 ' 


But 455 — 336 + 6=125, and therefore one hundred and twenty- 
five is the number of Chances required. 

Again, let it be required to find the number of Chances for 
throwing feven and twenty Points with fix Dice ; the operation 
will be 



= + 6578 o 
= — 93024 

= + 3 o° 3 ° 


Wherefore 65780 — 93024 + 30030 — 1120= 1666 is the num¬ 
ber of Chances required. 

Let it be farther required to affign the number of Chances for 
throwing fifteen Points with fix Dice. 

4. -ILx-ILxJi-xil. x-£ =+2002 

'1 234 5 1 

_ JLx — x— xi-x-i «7=- 336 

But 2002_336 = 1666 which is the number required. 


Corollary. 

All the points equally diftant from the Extremes, that is from 
the lead and greateft number of Points that are upon the Dice, 
have the fame number of Chances by which they may be produ¬ 
ced ; wherefore if the number of points given be nearer to the 
greater Extreme than to the lefier, let the number of points given 
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be fubtradted from the Sum of the Extremes, and work with the re¬ 
mainder ; by which means the Operation will be fhortened. 

Thus if it be required to find the number of Chances for throw¬ 
ing 27 Points with 6 Dice: let 27 be fubtra&ed from 42, Sum of 
the Extremes 6 and 36, and the remainder being 15, it maybe 
concluded that the number of Chances for throwing 27 Points is the 
fame as for throwing 15 Points. 

Although, as I have faid before, the Demonftration of this Lemma 
may be had from my Mi/cellanea ; yet I have thought fit, at the 
defire of fome Friends, to transfer it to this place. 

Demonstration. 

i®. Let us imagine a Die fo conftituted as that there (hall be upon 
it one fingle Face marked 1, then as many Faces marked 11 as there 
are Units in r, and as many Faces marked 111 as there are Units in 
rr, and fo on; that the geometric Progreffion 1 r rr r* -X- 
r* 4- r 5 -f- r 6 4- r 7 r 8 , &c. continued to fo many Terms as there 
are different Denominations in the Die, may reprefent all the Chances 
of one Die : this being fuppofed, it is very plain that in order to have 
all the Chances of two fuch Dice, this Progreffion ought to be railed 
to its Square, and that to have all the Chances of three Dice, the 
fame Progreffion ought to be raifed to its Cube; and univerfally, 
that if the number of Dice be expreffed by », that Progreffion 
ought accordingly to be raifed to the Power ft. Now fuppofe the 
number of Faces in each Die to be f t then the Sum of that Pro- 

_/ 

greffion will be -j—; and confequently every Chance that can 

happen upon n Dice, will be expreffed by fome Term of the Series 

_ f 

that refults from the Fradlion raifed to the power rt. But 

as the leafl number of Points, that can be thrown with n Dice, is n 
Units, and the next greater and the next « + 2, &c. it is 

plain that the firft Term of the Series will reprefent the number of 
Chances for throwing 11 Points, and that the fecond Term of the Se¬ 
ries will reprefent the number of Chances for throwing n 4- 1 Points, 
and fo on. And that therefore if the number of Points to be thrown 
be expreffed by p 4- 1, it will be but affigning that Term in the 
Series of which the diftance from the firft fhall be expreffed by 
p + 1 


G 


But 
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But the Series which would refult from the railing of the Fradtion 

i“r t0 the Power ». ^ the Produd of two other Series, whereof 

one is i+«r + f* rr -f ~ x ^±1 x -I±i r\ &c. the 

other is i— nrf + T x ~r'-f — j x iri. x iri r y _(_ & c> 

Wherefore, if thefe two Series be multiplied together, all the Terms 
of the produdt will feverally anfwer the feveral numbers of Chances 
that are upon n Dice. 

And therefore if the number of Points to be thrown be exprefTed 
by p + i, it is but colleding all the Terms which are affeded by 
the Power and the Sum of thofe Terms will anfwer the 

Queflion propofed. 

But in order to find readily all the Terms which are affeded by 

the Power r^P 1 "", let us fuppofe, for fhortnefs fake, /»+ i_ n = /j 

and let us fuppofe farther that Er' is that Term, in the firfl: Series* 
of which the diflance from its firfl: Term is /; let alfo Dr'—/ be 
that Term, in the firfl; Series, of which the diflance from its firfl 
Term is / — f and likewile let Cr'— 2 / be that Term, in the firfl 

Series, of which the diflance from its firfl Term is denoted by /_ 2 [/, 

and fo on, making perpetually a regrefs towards the firfl Term. This 
being laid down, let us write all thofe Terms in order, thus 
Er' + Dr'~/ + Cr'-V-f Br'-?/, &c. 
and write underneath the Terms of the fecond Series, in their natu¬ 
ral order. Thus 

Er' + Dr'-/ -f Br'-?/, &c. 

! +T X ^ 2/ + T“ X ^/, &C. 

then multiplying each Term of the firfl Series by each correfponding 
Term of the fecond, all the Terms of the produd, viz. 

Er' — *Dr' + ~ x^ Cr'-i xiTL x^Z±Br', &c. 
will be affeded with the fame power r'» 

Now the Coefficient E containing fo many fadors x Zll. y 

•-j—y &c* as there are Units in /; it is plain, that when the De¬ 
nominators of thofe fadors are continued beyond a certain number 
of them, denominated by n — 1, then the following Denominators 
will be n , n 2, &c. which being the feme as the firfl 

Terms of the Numerators, it follows that if from the value of the 
Coefficient E be rejeded thofe Numerators and Denominators which 

are 
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arc equal, there will remain out of the Numerators, written in 
an inverted order, the Terms n 1 — 1, n 1 — 2, « + 

&c. of which the laft will be / -f- i ; and that, out of the Denomi¬ 
nators written in their natural order, there will remain i, 2, 3, 4, 
5, &c. of which the laft will be n — 1 : all which things depend 
intirely on the nature of an Arithmetic Progreftion. Wherefore the 
firft Term 


EA is = 


n + / — * 


n + /—3 
3 


H-I 


Now in the room of /, fubftitute its value p 4- 1 — n> then E r l = 
x EzL , &c. x r l y and in the fame manner will the 


^x 


fecond Term 


— nDr 1 be == — LX x h —-—- x t — L —L & c . x nr 1 , and alfo 
the third Term 

+ Z. X Cr> will be = + i^L x x Tf . &c. 

x Z. x UtzL ri 9 and fo on. Suppofe now r = 1, p — f—q, q—f = r, 

- - f=zs 9 &c. and you fhall have the very Rule given in our 

Lemma. 

Now to add one Example more to our third Problem, let it be 
required to find in how many throws of 6 Dice one may undertake 
to throw 15 Points precifely. 

The number of Chances for throwing 15 Points being 1666, and 
the whole number of Chances upon 6 Dice being 46656, it fol¬ 
lows that the number of Chances for failing is 44990 \ wherefore 
dividing 44990 by 1666, and the quotient being 27 nearly, multi¬ 
ply 27 by 0.7, and the product 18.9 will fhew that the number of 
throws requifite to that effect will be very near 19. 


PROBLEM IV. 

To find how many Trials are necejfiary to make it equally 
probable that an Event will happen twice, fuppofing 
that a is the number of Chances for its happening in 
any one Trial, a?id b the number of Chances for its 
failing. 


Solution. 

Let * be the nurr&er of Trials: then from what has been demon- 
ftrated in the 16 th Art. of the Introd . it follows that b x + xab x ~~ l is 

G 2 the 
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the number of Chances whereby the Event may fail, a -|- b\* com¬ 
prehending the whole number of Chances whereby it may either 
happen or fail, and confequently the probability of its failing is 

ft*, vab X ~ 1 

- *• but, by Hypothefis, the Probabilities of happening and 
failing are equal; we have therefore the Equation h - +xah — 

a + f\ x 

= or a ~\r &)* = 2 b x + 2xab x T , or making a y b :: I, q , 

i ^ V = 2 -f- Now if in this Equation we fuppofe 
q-=z i, at will be found =3, and if we fuppofe q infinite, and 
alfo — = z> we fhall have the Equation z = log. 2 -f- log. 1 z, 

in which taking the value of z , either by Trial or otherwife, it will 
be found = 1.678 nearly j and therefore the value of * will always be 
between the limits 3 q and 1.678y, but will foon converge to the laft of 
thefe limits j for which reafon, if q be not very fmall, * may in all 
cafes be fuppofed = 1.678^; yet if there be any fufpicion that the 
value of x thus taken is too little, fubftitute this value in the original 

Equation 1 = 2 + ~, and notc the Error. Then if 

it be worth taking notice of, increafe a little the value of x, and fub¬ 
ftitute again this new value of x in the aforefaid Equation ; and 
noting the new Error, the value of * may be fufficiently corrected 
by applying the Rule which the Arithmeticians call double falfe 
Pofition. 

Example i. 

To find in how many throws of three Dice one may undertake to 
throw three Aces twice. 

The number of all the Chances upon three Dice being 216, out 
of which there is but 1 Chance for three Aces, and 215, againft 
it ; multiply 215 by 1.678 and the produdl 360.8 will fhew that the 
number of throws requifite to that effedt will be 361, or very near it.. 

Example 2. 

To find in how many throws of 6 Dice one may undertake to throw 
15 Points twice. 

The number of Chances for throwing 15 Points is i666> the 
number of Chances for miffing 44990,' let 44990 be divided by 

1666, 
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1666, the Quotient will be 27 very near : wherefore the Chances 
for throwing and milling 15 Points are as 1 to 27 refpedtively ; mu - 
tiply therefore 27 by 1.678, and the produft 45.3 will (hew that the 
number of Chances require to that effea will be 45 nearly. 

Example 3. 

In a Lottery whereof the number oj Blanks is to the Number of Prizes 
as 39 to 1 : to find how many Picket s mufi be taken to male it as 
probable that two or more benefits will be taken as not. 

Multiply 39 by 1.678 and the produdl 65.4 will (hew that no lefs 
than 65 Tickets will be requifite to that effect. 

PROBLEM V. 

To find how many Trials are neceffary to make it equally 
probable that an Event will happen three , four , five, 
times fuppoftng that a is the number of Chances 
for its happening in any one Trial, and b the number of 

Chances for its Jailing. 


Solution. 

Let x be the number of Trials requifite, the n fuppo fing as be¬ 
fore a, b : : 1, y, we (hall have the Equation 1 = 2 x 

7 TTjlTTTZiI, in the cafe of the triple Event j or 

• a * I 2 qq _____—. 

, I i\« , x ! 4. - 4 - - X 4 - - X x in 

the cafe of the quadruple Event: and the law of the continuation 
of thefe Equations is manifeft. Now in the firft Equation if q be 
fuppofed = I, then will x be = 5; 4 f q be fuppofed infinite or 
pretty large in refpeft to Unity, then the aforefaid Equation, mak¬ 
ing - #, will be changed into this, sr = log. 2 log. 

j z -p d- zz 5 wherein z will be found nearly = 2.675, vv ^ ere " 

fore * will always be between $q and 2.675?. 

Likewife in the fecond Equation, if q be fuppofed = 1, then 
will x be = 7?; but if q be fuppofed in finite or pretty large in re- 

fpedl to Unity, then z = log. 2 + log. 1 +2 + 722+^^ 

whencr 
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whence z will be found nearly = 3 6719, wherefore * will be be¬ 
tween 7? and 3.67197. 

A Table of the Limits . 

The Value of x will always be 
For a fingle Event, between 1 7 and 0.6937 
For a double Event, between 37 and 1.6787 
For a triple Event, between 57 and 2.6757 
For a quadruple Event, between 77 and 3.6727 
For a quintuple Event, between 9 q and 4.6707 
For a fextuple Event, between 117 and 5.6687 
&c. 

And if the number of Events contended for, as well as the num¬ 
ber 7 be pretty large in refpetf: to Unity } the number of Trials 
requifite for thofe Events to happen n times will be q y 0 r 
barely nq. 

Remark. 

From what has been laid we may plainly perceive that altho* 
we may, with an equality of Chance, contend about the happening 
of an Event once in a certain number of Trials, yet we cannot, 
without difadvantage, contend for its happening twice in double 
that number of Trials, or three times in triple that number, and fo on. 
Thus, altho’ it be an equal Chance, or rather more than an Equa¬ 
lity, that I throw two Aces with two Dice in 25 throws, yet I can¬ 
not undertake that the two Aces (hall come up twice in 50 throws, 
the number requifite for it being 58 or 59 ; much lefs can I under¬ 
take that they fhall come up three times in 75 throws, the number 
requifite for it being between 93 and 94: fo that the Odds againfl the 
happening of two Aces in the firfl throw being 35 to 1, I cannot un¬ 
dertake that in a very great number of Trials, the happening fhall 
be oftner than in the proportion of 1 to 35. And therefore we may 
lay down this general Maxim, that Events at long run will not hap¬ 
pen oftner than in the proportion of the Chances they have to hap¬ 
pen in any one Trial ; and that if we afiign any other proportion 
varying never fo little from that, the Odds againfl us will increafe 
continually. 

To this may be objedled, that from the premifes it would feem 
to follow, that if two equal Gameflers were to play together for 
a confiderable time, they would part without Gain or Lofs on either 
fide: but the anfwer is eafy j the longer they play the greater Pro¬ 
bability 


k 
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bability there is of an increafe of abfolute Gain or Lofs 5 but at the 
fame time, the greater Probability there is alfo of a decreafe, in refpeCt 
to the number of Games played. Thus if 100 Games produce a dif¬ 
ference of 4 in the winnings or lofings, and 200 Games produce a 
difference of 6, there will be a greater proportion of Equality in the 
letond cafe than in the firft. 

PROBLEM VI. 

Three Gamefters A, B, C play together on this condition , 
that he fhall win the Set who has fooneft got a certain 
number oj Games \ the proportion of the Chances which 
each of them has to get any one Game afpgned , or which 
is the fame things the proportion of their Jkill> being re- 
fpe&ively as a, b, c. Now after they have played fome 
time , they fnd themfelves in this circumflance , that A 
wants i Game of bei?ig up , B 2 Games , and C 3 Games ; 
the whole Stake amongjl them being fuppofed 1 ; what 
is the Expectation of each? 

Solution. I. 

In the circumftance the Gamefters are in, the Set will be ended 
in 4 Games at moft ; let therefore a + b 4 ~ c be raifed to the fourth 
power, which will be a * 4- 4 sfib 4- 6 aabb 4 - 4 afo -f- + 4 &c 4- 

naabc + 4 b'c taacc -j- 12 abcc -f- 6 bbcc -f- 4 aO + 12 acbb 4- 

4 bc^ 4- c 

The terms 4 " 4 o^b 4 " \ a * c 4 “ baocc + 1 2 (iabc 4" 1 2abcc y 
wherein the dimenfions of a are equal to or greater than the number 
of Games which A wants, wherein alfo the Dimenfions of b and c 
are lefs than the number of Games which B and C refpeCtively want, 
are intirely favourable to A, and are part of the Numerator of his 
Expectation. 

In the fame manner, the terms b+ 4 “ ^h l c 4 “ hbbcc are intirely fa¬ 
vourable to B. 

And likewife the terms 4 be* 4 " are intirely favourable to C. 

The reft of the terms are common, as favouring partly one of 
the Gamefters, partly one or both of the other j wherefore thefe 
Terms are fo to be divided into their parts, that the parts, refpeClively 
favouring each Gamefter, may be added to his Expectation. 


Take 
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Take therefore all the terms which are common, viz. 6aabb, 4ab* 
nabcc, 4a c\ and divide them actually into their parts j that is’ 
T, 6aabb into aabb , abab , abba , baab , baba , bbaa. Out* of thefe 
fix parrs, one part only, ws. will be found to favour £, fo r 
’tis only in this term that two Dimenfions of b are placed before 
one fingle Dimenfion of a , and therefore the other five parts belong 
to A ; let therefore $aabb be added to the Expectation of A , and 

la u. b L the Ex P edlation of B • 2 °- Div ide 4^ 3 , into its’parts 
abbb, babb , bbab , bbba ; of thefe parts there are two belonging to 
and the other two to £; let therefore o.ab 3 be added to the ex¬ 
pectation of each. 3 0 . Divide 12 abbc into its parts; and eight of 
them will belong to A, and 4 to B ; let therefore 8 abbc be added 
to the Expectation of A , and 4 abbc to the Expectation of B. 4 ° Di¬ 
vide 4 art into its parts, three of which will be found to be favourable 
to A , and one to C; add therefore 3^ to the Expectation of A , and 
Iff 3 to l . he Expectation of C. Hence the Numerators of the feveral 
Expectations of A, B , C, will be refpeCtively, 

1. a* + 4 a'b -f- 4a V 4 6 aacc 4 12 aabc 4 1 zabcc 4 caabb 
-|- 2ab 3 -j- abbc —j- %ac 3 . 

2. b* -\- 4^c -j- bbbcc -fo 1 aabb 4- 2 ab* -J~ 4 abcc. 

3. 4^3 1 c+ -4* lac 3 . 

The common Denominator of all their Expectations being J4IIT?) + 
Wherefore if a , b, c, are in a proportion of equality, the Odds 
of winning will be refpeCtively as 57, 18, 6, or as 19, 6, 2 

If n be the number of all the Game's that are wanting a the 
number of Gamefters, and a, b, c , d, &c. the proportion of the 
Chances which each Gamefier has refpeCtively to win any one Game 

affigned; let a + b + c -|- d, &c. be raifed to the power n -\- \ _y, 

and then proceed as before. 

Remark. 

This is one general Method of Solution. But the fimpler and 
more common Cafes may be managed with very little trouble. As, 
i°. Let A and B want one game each, and C two games 
Then the following game will either put him in the feme fituation 

as A and B, entitling him to j of the Stake ; of which there is 1 
Chance: or will give the whole Stake to A or B j and of this there 

are two Chances. Cs Expectation therefore is worth 1 X T +2X ° 

3 

{Introd . 
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(Introd. Art. 5.) = Take this from the Stake 1, and the Re¬ 
mainder ~ > to be divided equally between A and B , makes the ex¬ 
pectations of A , B , C, to be 4, 4, 1, refpeCtively; to the common 
Denominator 9. 

2 0 . Let A want 1 Game, B and C two games each. Then the 
next Game will either give A the whole Stake 5 or, one of his Ad. 

verfaries winning, will reduce him to the Expectation — , of the 

iXi-pzX— 

former Cafe. His prefent Expectation therefore is-- 

and the Complement of this to Unity, viz. —, divided equally 
between B and C, gives the three Expectations, 17, 5, 5, the com¬ 
mon Denominator being 27. 

3 0 . A and B wanting each a Game, let C want 3. In this Cafe, 
C has 2 Chances for o, and 1 Chance for the Expectation — , of Cafe 
1. That is, his Expectation is -f -and thofe of A and B are-^j- , 
each. 

4 0 . Let the Games wanting to A , B , and C, be 1, 2, 3, 
fpeCtively : then A winning gets the Stake 1; B winning, A m 
Cafe 3, with the Expectation -U-, or C winning, he has, as in 

Cafe 2, the Expectation . Whence his prelent Expectation is 
-1 x 1 J- -11 4- J 2 . = 1 L 

Again, A winning, B gets o ; himfelf winning, he acquires (Caje 
3.) the Expectation . And, C winning, he is in Cafe 2, with 
the Expectation -C- . His prefent Expectation therefore is — X 
o -j- Add this to the Expectation of A , which 

was j the Sum is : and the Complement of this to Unity, 

which is , is the Expectation of C. 

Or to find Cs Expeftation diredly : A winning, C has o; B win¬ 
ning, he has the Expectation — , (Cafe 3.) and, himfelf winning, 

27 , —:—; : r 6 

he has--, as in Cafe 2 : In all, - X °+~+~ — TT* 


H 


And 
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And thus, afcending gradually through all the inferior Cafes, or 
by the general Rule, we may compofe a Table of Odds for 3 
Gamfters, fuppofed of equal Skill $ like that for 2 Gamefters in Art. 
17 th of the Introduction. 


Table for 3 Gamejlers. 


Games 

wanting. 

Odds. 

Games 

wanting. 

Odds. 

j Games 
wanting. 

Odds. 

A. B. C 

a. 

b. 

c 

A B. C. 

a. 

b. 

c 

A . B. G 

a. 

b. 

c. 

1 1 2 


4 

1 

1 2 3 


6 

2 

224 

338 

338 

53 

I l 3 

J 3 

*3 

1 

1 2 4 

178 

ss 

7 

225 

353 

353 

2 3 

1 1 4 

40 

40 

] 

1 2 5 

542 

J 79 

8 

2 33 

J 33 

55 

55 

1 1 5 

12 1 

12 1 

1 

1 3 4 

616 

82 

3 > 

2 3 4 

45 i 

i 95 

«3 

122 

l 7 

5 

5 

1 3 5 

629 

87 

*3 

2 3 5 

H 33 6 3 S 

I! 9 

1 3 3 

65 

8 

8 

2 2 3 

i 34 

. 34 

13 

Sec. 


Sec. 



Solution II. and more General. 

It having been objected to the foregoing Solution, that when there 
are feveral Gamefters, and the number of games wanting among# 
them is confiderable ; the Operation muft be tedious; and that there 
may be fome danger of miftake, in feparating and collecting the fe¬ 
veral parts of their Expectations, from the Terms of the Multi¬ 
nomial : I invented this other Solution, which was publilhed in the 
VII th Book of my Mifcellanea Analytic a, A. D. 1730. 

The Skill of the Gamefters A, B , C, &c. is now fuppofed to be 
as a , b. c, Sec. refpeCtively : and the Games they want of the Set are p y 
q y r, &c. Then in order to find the Chance of a particular Gamefter, 
as of A y or his Right in the Stake 1, we may proceed as follows. 

i°. Write down Unity. 

2 0 . Write down in order all the Letters b , c , d , &c. which denote 
the Skill of the Gamefters, excepting only the Letter which belongs 
to the Gamefter whofe Chance you are computing; as in our Exam¬ 
ple, the Letter a is omitted. 

3 0 . Combine the fame Letters by c, d. See. by two’s, three’s, 
four’s. See. 

4 0 . Of thefe Combinations, leave out or cancel all fuch as make 
any Gamefter befides Ay the winner of the Set; that is, which give 
to By q Games ; to C, r Games, to D, s Games, Sec. 

5 0 . Multiply the whole by aP~ l . 

6°. Prefix to each ProduCt the Number of its PcrmutationSy that 
is, of the different ways in which its Letters can be written *. 

* Of Combinations and Permutations, See Prob. xiv. & /eqj. 


7 0 . Let 
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7°. Let all the Produds that are of the fame dimenfion, that is, 
which contain the fame number of Letters, be collected into different 
films, 

8°. Let thcfe feveral Sums, from the lowed dimenfion upwards, be 
divided by the Terms of this Series, 

//>->, />, fP+\ fP+ z , &c. refpedively: in which Seriesf =a + i + 
cJ(-d+ &c. 


9°. Laflly, multiply the Sum of the Quotients by ~, and the 
Produd {hall be the Chance or Expedation required ; namely the 
Right of A in the Stake i. And in the fame way, the Expedi¬ 
tions of the other Gameflers may be computed. 

Example. 

Suppofing p-= 2, q = 3., r = 5 j write, as direded in the 
Rule, 

1, b -J- c, bb be cc, bbcc -f- b& + c*, bbc 3 -\- be*, bbc 4 . 
Multiply each term by aP—', which in our Example is a z ~ l , or a-,. 
prefix to each Produd the number of its Permutations , dividing at 
the fame time the fimilar Sums by fP— fP , fP+\ &c. that is by 7 

&C; And the whole multiplied into y will give the Ex- 
pedation of A = - into y ---■]■-—- i‘ 

1 1 1 | ^ oabbe' - p ^ j 1 ~ r " 

““ 7* 7 s “T~ /• > 

If we now fubflitute for *z, b, c, any numbers at pleafure, we (hall 
have the anfwer that belongs to thofe fuppofed degrees of Skill. As 
if we make a == i, b— i, c — i ; the Expedation of A will be. 


7 x 


4- — + -Li. + + 

r n I 27 1 Si 1 


243 


+ 


QQ 

7*9 


2 I 8*7 


And, by like Operations, thofe of B and C will be gi ~ and 77^* 
refpedively. 


_ M ' 3 
2I#7 2187* 

21S7 


PROBLEM* VII. 

Two Gameflers A W B, having 12 Counters , 
w/Vyi //6m Z)/C£, condition that if 11 Points come up> 
B Jhall give one Counter to A ; if 14. Points corns-up, A 
Jhall give one Counter to B ; and that he jhall be the 
winner who jhall foonejl get all the Counters of his Ad - 
verfary ; what is the Probability that each of them 
hds of winning f 


H 2 


S O L- 
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Solution. 

Let the number of Counters which each of them has hp — p . 
and let a and b be the number of Chances they have refpeftively 
for getting a Counter, each caft of the Dice: which being fuppofed, 
I fay that the Probabilities of winning are refpedtively as aP to bP ; 
nowbecaufe in this ca fep — 12, and that, by the preceding Lemma, 
ci — 27, and b— 15, it follows that the Probabilities of winning 
are refpedtively as 2j lz to 15 12 , or as g lz to 5 12 , or as 282429536481 
to 244140625 : which is the proportion afligned by Huygens in this 
particular cafe, but without any Demonftration. 


Or more generally: 

Let p be the number of the Counters of A , and q the number of 
the Counters of B ; and let the proportion of the Chances be as a to b . 
I fay th at the Probabilities of winning will be refpedtively as ai x 
a? — fa to fa x a 1 — fa ; and confequently the Probabilities them- 

c , ... , a* X a* — fa D , fa X a* — fa n 

felves will be -—. = R , and = £. 


a p+i _ bp+i 




Demonstration. 

Let it be fuppofed that A has the Counters E, F, G, H, &c. whofe 
number is />, and that B has the Counters I, K, L, &c. whofe num¬ 
ber is q: moreover, let it be fuppofed that the Counters are the 
thing played for, and that the value of each Counter is to the value of 
the following as a to b , in fuch manner as that E, F, G, H, I, K, 
L be in geometric Progreflion; this being fuppofed, A and B in 
every circumftance of their Play may lay down two fuch Counters 
as may be proportional to the number of Chances each has to get a 
Engle Counter; for in the beginning of the Play, A may lay down 
the Counter H, which is the lowed: of his Counters, and B the 
Counter I, which is his higheft j hut H, I :: a , therefore A and B 
play upon equal terms. If A beats B , then A may lay down the 
Counter I which he has juft got of his adverfary, and B the Coun¬ 
ter K; but I, K : : a, b, therefore A and B ftill play upon equal 
terms. But if A lofe the firft time, then A may lay down the Counter 
G, and B the Counter H, which he juft now got of his adver¬ 
fary; but G, H :: a> b> and therefore they ftill play upon equal 
terms as before: So that, as long as they play together, they play 
without advantage or difadvantage. Now the Value of the Expec¬ 
tation which A has of getting all the Counters of B is the psodudl 
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of the Sum he expeCfs to win, and of the probability of obtaining 
it, and the fame holds alfo in refpeCt to B: but the Expectations 
of A and B are fuppofed equal, and therefore the Probabilities which 
they have refpeCtively of winning, are reciprocally proportional to 
the Sums they expeCt to win, that is, are direCtly proportional to 
the Sums they are poflefled of. Whence the Probability which A 
has of winning all the Counters of B , is to the Probability which 
B has of winning all the Counters of A , as the Sum of the terms,, 
E, F, G, H, whofe number is/>, t o the Su m of t he terms I, K, L, 
whofe number is q , that is as x a? — b? to b* x a 1 — b 1 •, as will, 
eafily appear if thole terms, which are in. geometric Progreflion, are 
adlually fummed up by the known Methods. Now the Probabili¬ 
ties of winning are not influenced by the Suppofition here made of 
each Counter being to the following in the proportion of a to b y 
and therefore when thofe Counters are fuppoled of equal value, or 
rather of no value, but ferving only to mark the number of Stakes 
won or loft on either fide, the Probabilities of winning will be the 
fame as we have afiigned. 

Corollary i„ 

If we fuppofe both a and b in a ratio of equality, the expreflions 
whereby the Probabilities of winning are determined will be reduced 
to the proportion of p to q: which will eafily appear if thofe ex¬ 
preflions be both divided by a — b. 

Corollary 2. 

If A and B play together for a Guinea a Game, and A has but 
one Angle Guinea to lofe, but B any number, let it be never fo 
large; if A in each Game has the Chance of 2 to i, he is more 
likely to win all the Stock of B than to lofe his Angle Guinea ; and 
juft as likely, if the Stock of B were infinite 

Remark. 

If p and q> or either of them be large numbers, it will be con¬ 
venient to work by Logarithms. 

Thus, if A and B play a Guinea a Stake, and the number of 
Chances which A has to win each Angle Stake be 43, but the num¬ 
ber of Chances, which B has to win it, be 40, and they oblige them- 
felves to play till fuchtime as loo Stakes are won or loft j (the num¬ 
ber p being z=iq — 100, and therefore the Ratio fought being 


From: 
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From the logarithm of 43 = 1.6334685 
Subtrad the logarithm of 40 pr 1 .6020600 
Diffcrence ~ 0.03 14085 

Multiply this Difference by the number of Stakes to be played off, 
viz. 100, the produd will be 3.1408500, to which anfwers in the 
Table of Logarithms 1383 ; therefore the Odds that A beats B are 
1383 to 1. 

Now in all circumftances wherein A and B venture an equal Sum, 
the Sum of the numbers expreffing the Odds, is to their difference* 
as the Money played for, is to the Gain of the one, and the Lofs of 
the other. 

Wherefore, multiplying 1382 difference of the numbers exprefling 
the Odds by 100, which is the Sum ventured by each Man, and di¬ 
viding the produd by 1384, Sum of the Numbers expreffing the 
Odds, the Quotient will be, within a trifle, 99 Guineas, and 2 Shil¬ 
lings, fuppofing Guineas at 21A 

If inltead of fuppofing the proportion of the Chances whereby A 
and B may refpedively win a Stake to be as 43 to 40, we fuppofe 
them as 44 to 40, or as 11 to 10, the Expedation of A will be worth 
above 99 Guineas, 20 Shillings and 1 Penny. 

PROBLEM VIII. 

Two Gameflers A and B lay by 24 Counters , and play with 
three Dice , on this condition ; that if 11 Points come 
up , A jhall take one Counter out of the heap ; if 14, B 
Jhall take out one ; and he Jhall be reputed the winner 
who Jhall JooneJ get 12 Counters. 

This Problem differs from the preceding in this, that the Play 
will be at an end in 23 Calls of the Die at mofl; (that is, of thofe 
Calls which are favourable either to A or B) whereas in the prece¬ 
ding cafe the Counters paffing continually from one hand to the other, 
it will often happen that A and B will be in fome of the fame circum- 
flances they were in before, which will make the length of the Play 
unlimited. 


Solution. 

Taking a and b in the proportion of the Chances which there are 
to throw 11, and 14, let a -f- b be raifed to the 23 d Power, that is, 

to 
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to fuch Power as is denoted by the number of all the Counters want¬ 
ing one: then (hall the J2 firft terms of that Power be to the 12 laft 
in the fame proportion as are the Probabilities of winning. 

PROBLEM IX. 

Suppofing A and B, whofe proportion of fill is as a to b, to 
play together , till A either wins the number q of Stakes, 
or lofes the number p of them ; and that B fets at every 
Game the Sum G to the Sum L ; it is required to find 
the Advantage or Difadvantage of A. 


Solution. 

Firft, Let the number of Stakes to be won or loft on either fide 
be equal, and let that number be p ; let there be alfo an equality 
of fkill between the Gamefters: then I fay that the Gain of A will 

be pp x -— , that is the fquare of the number of Stakes which 
either Gamefter is to win or lofe, multiplied by one half of the diffe¬ 
rence of the value of the Stakes. Thus if A and B play till fuch 
time as ten Stakes are won or loft, and B fets one and twenty Shil¬ 
lings to 20; then the Gain of A will be 100 times the half difference 
between 21 and 20 Shillings, viz. 50 A 

Secondly , Let the number of Stakes be unequal, fo that A be 
obliged either to win the number q of Stakes, or to lofe the number 
p j let there be alfo an equality of Chance between A and B: then 

I fay that the Gain of A will be pq x —; that is the Product 

of the two numbers of Stakes, and one half the difference of the 
value of the Stakes multiplied together. Thus if A and B play 
together till fuch time as either A wins eight Stakes or lofes twelve,, 
then the Gain of A will be the product of the two numbers 8 and 
12, and of 6 d half the difference of the Stakes, which produdt makes 
2 l 8A 

: ihirdly , Let the number of Stakes be equal, but let the number of 
Chances to win a Game, or the Skill of the Gamefters be unequal, 
in the p roportion of a to b ; then I fay that the Gain of A will be 
p A ~ pb p w aG-bL 
*p + b P * TTT * 


Fourthly , Let the number of Stakes be unequal, and let alfo the 
num er o f Chan ces be u nequal : then I fay that the Gain of A will 

i * aP —bP - pbP X a* , , aG-bh 

be 7 +FZJF FT—- multiplied by . D 
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Demonstration. 

Let R and S refpeftively reprefent the Probabilities which A and 
B have of winning all the Stakes of their Adverfary j which Pro- 
babilities have been determined in the vii th Problem . Let us firft 
fuppofe that the Sums depofited by A and B are equal, viz. G, 
and G: now fince A is either to win the Sum yG, or lofe the Sum 
f)G, it is plain that the Gain of A ought to be eftimated by RyG 

— SpG j moreover fince the Sums depofited are G and G, and that 
the proportion of the Chances to win one Game is as a to b y it fol¬ 
lows that the Gain of A for each individual Game is ~- ~t G ; and 
for the fame reafon the Gain of each individual Game would be 

- , if the Sums depofited by A and B were refpediively L 

and G. Let us therefore now fuppofe that they are L and G; 
then in order to find the whole Gain of A in this fecond circum- 
ftance, w r e may confider that whether A and B lay down equal 
Stakes or unequal Stakes, the Probabilities which either of them has 
of winning all the Stakes of the other, fuffer not thereby any alte¬ 
ration, and that the Play will continue of the fame length in both 
circumfiances before it is determined in favour of either ; wherefore 
the Gain of each individual Game in the firft cafe, is to the Gain 
of each individual Game in the fecond, as the whole Gain of the 
firft cafe, to the whole Gain of the fecond; and confequently the 
whole Gain of the fecond cafe will be Ry— Sp x , or 

reftoring the values of R and S, - a? * m ul- 

tiplied by . 

PROBLEM X. 

Three Perfons A, B, C, out of a heap of 1 2 Counters , 
whereof 4 are white , and 8 blacky draw blindfold one 
Counter at a time , in this manner ; A begins to draw ; 
B follows A ; C follows B ; then A begins again ; and 
they continue to draw in the fame order , till one of 
them who is to be reputed the winner , draws the frjl 
white . What are the refpeSlive Probabilities of their 

winning ? 


SOLU- 
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Solution. 

Let n be the number of all the Counters, a the number of white, 
b the number of black, and i the whole Stake or the Sum played 
for. 

i°. Since A has a Chances for a white Counter, and b Chances 
for a black, it follows that the Probability of his winning is 

— SL. therefore the Expectation he has upon the Stake i, arifing 
from the circumftance he is in, when he begins to draw, is 

— xi = —: let it therefore be agreed among the Adventurers, 

that A fliall have no Chance for a white Counter, but that he {hall 
be reputed to have had a black one, which fliall actually be taken 

out of the heap, and that he fhall have the Sum — paid him out 

of the Stake, for an Equivalent. Now f being taken out of the Stake 

there will remain i — ~ ■= ~~~ == “ • 

2 °. Since B has a Chances for a white Counter, and that the num¬ 
ber of remaining Counters is n — i, his Probability of winning 
will be i whence his Expedition upon the remaining Stake 

■j-, arifing from the circumftance he is now in, will be — 

Suppofe it therefore agreed that B fhall have the Sum „ „_7 
paid him out of the Stake, and that a black Counter fhall alfo be 
taken out of the heap. This being done, the remaining Stake will be 
A- or but nb _ a b == bb ; wherefore the re- 

n n .n — i « . n — i > 

mainins Stake is — . 

° ».»— i # , , 

3°. Since C has a Chances for a white Counter, and that the 
number of remaining Counters is n —- 2 , his Probability of winning 

will be , and therefore his Expedation upon the remaining 
Stake arifing from the circumftance he is now in, will be 
> which we will like wife fuppofe to be paid him out 
of the Stake, ftill fuppofing a black Counter taken out of the heap. 

b . b — I . b — 2 , a 

4°. A may have out of the remainder the Sum „ . «_ 3 J 

and fo of the reft till the whole Stake be exhaufted. 


I 


Where- 
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Wherefore having written the following general Series • viz 
f + ^ + + “R + ^ &c. wherein P, 

R, S, &c. denote the preceding Terms, take as many Terms of this 
Series as there are Units in b -f- J, (for fince b reprefents the number 
of black Counters, the number of drawings cannot exceed b -j- i,} 
then take for A the firft, fourth, feventh, &c. Terms; take for B 
the fecond, fifth, eighth, &c. for C the third, fixth, &c. and the 
Sums of thofe Terms will be the refpe&ive Expectations of A, B> 
C ; or becaufe the Stake is fixed, thefe Sums will be proportional to 
the refpedtive Probabilities of winning. 


Now to apply this to the prefent cafe, make n = 1 2 , a =. 4 
£ = 8, and the general Series will become — -j-—p -j- A q _j__ 

f R + fs + 7 t + | U 4 - j-X 4 - jy : or multiplying the 
whole by 495 to take away the fradions, the Series will be 16 c + 
120 + 84 + 56 + 35 + 20 + 10 + 4+ 1. 

Therefore affigning to A 165 + 56 + 10 = 23 r, to B 120 + 
35 + 4 = 159 . to C 84 + 20 + 1 = 105, the Probabilities of 
winning will be proportional to the numbers 231, 159, 105, or 77 

53 » 35 ' • * * 

If there be never fo many Gamefters A , B , C, D, &c. whether 
they take every one of them one Counter or more; or whether the 
fame ora different number of Counters; the Probabilities of winning 
will be determined by the fame general Series. 


Remark I. 

The preceding Series may in any particular cafe be fhortened ; for 
if a = i, then the Series will be x i + i + i + i + i + i + i, &c. 

Hence it may be obltrved, that if the whole number of Coun¬ 
ters be exaCtiy divifibie by the number of Perfons concerned in 
the Play, and that there be but one fingle white Counter in the 
whole, there will be no advantage or difad vantage to any one of 
them from the fituation he is in, in refpedt to the order of draw¬ 
ing- _ 

If a— 2, then the Series will he^-^- xn-i+;j-2+n-2+li^+~^J y 
&c. 

If a = 3, then the Series will be ---—--. x 

n — 1 . n —2 + —2 . n —3 —3 . n —4, &c. 


If 
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If a = 4, then the Series will be ———\ 


X n — i . « —2 . n — 3 n —2 . n — 3 . »— 4, &c. 

Wherefore rejecting the common Mujtiplicators; the feveral 
Terms of thefe Series taken in due order, will be proportional to the 
feveral Expectations of any number of Gameflers: thus in the cafe of 
this Problem where n = 12, and a = 4, the Terms of the Series will 
be. 


For A 

11x10x9 = 990 
8 x 7x6 = 336 
5 x 4x3= 60 
1386 


For B 

10 x 9 x 8 = 720 
7x6 x 5 = 210 

4 x 3 x-g — 24 

954 


For C 

9x8x7 = 5°4 
6x5x4=12° 

^ x 2 x 1 = 6 

630 


Hence it follows that the Probabilities of winning will be refpedive- 
ly as 1386, 954, 630, or dividing all by 18, as 77, 53, 35, as had 
been before determined. 

Remark 2. 

But if the Terms of the Series are many, it will be convenient to 
fum them up by means of the following Method, which is an imme¬ 
diate confequence of the fifth Lemma of Sir Jfaac Newtons Princi - 
pia> Book III j and of which the Demonftration may be deduced from 
his Analyfts . 

If there be a Series of Terms, A, B, C, D, E, &c. let each 
Term be fubtraCted from that which immediately follows it, and 
let the Remainders be called firfi: Differences, then fubtraCt each 
difference from that which immediately follows it, and let the re¬ 
mainders be called fecond differences; again, let each fecond diffe¬ 
rence be fubtra&ed from that which immediately follows it, and 
let the remainders be called third differences, and fo on. Let the 

firfi: of the firfi: Differences be called d , the firft of the fecond d, 

the firfi of the third d> &c. and let x be the interval between the 
firfi Term A, and any other Term, fuch as E, that is, let the num¬ 
ber of Terms from A to E, both inclufive, be * j, then the Term 

E = A+, 4 i x ~d+ X * - X - ='* X ~ 2 l &c. From hence 
it manifeftly follows, that let the number of Terms between A and E 

I 2 be 
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be never fo great, if it fo happen that all the differences of one of 
the orders are equal to one another, the following differences of all 
the other orders will all be = o; and that therefore the laft Term 
will be aflignable by fo many Terms only of the Series above-writ- 
ten, as are denoted by the firft Difference that happens to be = o. 

This being premifed, it will be eafy to fhew, how the Sums of 
thofe Terms may be taken ; for if we imagine a new Series whereof 
the firft Term fhall be = o j the fecond — A $ the third = A +- B ; 
the fourth = A + B + Cj the fifth = A + B + C + D, and fo 
on; it is plain that the afligning one Term of the new Series is find¬ 
ing the Sum of all the Terms A, B, C, D, &c. Now fince thofe 
Terms are the differences of the Sums o, A, A+ B, A+ B +- C, A+ 
B +- C + D, &c. and that by Hypothefis fome of the differences of 
A, B, C, D, are — o, it follows that fome of the differences of the 


Sums will alfo be = o ; and that whereas in the Series A + xd + 
— x ■ x ~ ■■ d, Sec. whereby a Term was aftigned, A reprefen ted 


the firft Term, d the firft of the firft differences, d the firft of the fe¬ 
cond differences, and that x reprefented the Interval between the firft 
Term and the laft, we are now to write o inftead of A j A in- 


ftead of d ; d inftead of d ; d inftead of d y See. and x + i inftead 
of x ; which being done the Series expreffing the Sums will be 


o “j— x i x A • 


* 4-1 ■ ^ 


j + 


r-fl . x . x — 


3 d , &c. or x + i x 


A 4 - -d -(- —-d 4 - ——— ~d. Sec. where it will not 

'2 ' 2 . 3 '2.3.4 

perhaps be improper to take notice, that the Series by me exhibited 
in my firft Edition, though feemingly differing from this, is the 
fame at bottom. 

But to apply this to a particular cafe, let us fuppofe that three 
Perfons A , B , C playing on the fame conditions as are expreffed 
in this x th Problem , the whole number of Counters were 100, inftead 
of 12, ftill preferving the fame number 4 of white Counters, and that 
it were required to determine the Expectations of A , B , C. 

It is plain from what has been faid in the firft Remark, that 
the Expectation of A will be proportional to the fum of the num¬ 
bers 

09 x 98 x 97 + 96 x 95 x 94 + 93 x 92 x 91 +90 x 89 x 88, &c. 

that 




The Doctrine <?/ Chances, 6i 

that the Expectation of B will be proportional to the Sum of the 
numbers 

98 x 97 x 96 + 95 x 94 x 93 + 9 2 x 9 1 x 90 + 89 x 88 x 87, &c. 
and laftly, that the Expectation of C will be proportional to the Sum 
of the numbers 

97 x 96 x 95 4- 94 x 93 x 92 + 91 x 90 x 89 + 88 x 87 x 86, &c. 
But as the number of Terms which conftitute thofe three Series is 
equal to the number of black Counters increafed by 1, as it has 
been obferved before, it follows that the number of all the Terms 
diftributed among A , B, C, muft be 97 j now dividing 97 by the 
number of Gamefters which in this cafe is 3, the quotient will be 
32 j and there remaining 1 after the divifion, it is an indication 
that 33 Terms enter the Expectation of A , that 32 Terms enter the 
Expectation of B , and 32 likewife the Expectation of C; from 
whence it follows that the laft Term of thofe which belong to A will 
be 3 x 2 x 1, the laft of thofe which belong to B will be 5 x 4 x 3,. 
and the laft of thofe which belong to C will be 4 x 3 x 2. 

And therefore if we invert the Terms, making that the firft which 
was the laft, and take the differences, according to what has been pre- 
fcribed, as follows j 


3 x 

2 X 

6 x 

5 X 

9 x 

8 -x 

12 x 

11 x 

15 x 

14 x 

&c. 



A 

1 = 6 

4 — 120 

7 = 5 ° 4 
10 z= 1320 

*3 = 2 73° 


d 


114 

384 


816 

1410 


d 
270 
43 2 
594 


d 

162 

162 


then the Expectation of A , as deduced from the general Theorem, 
will be exprelfed by 


x -j— 1x6 


+ 


x 270 


x 162 r 


3 7 ' ' 2 • 3 • 4 

which being contracted, then reduced into its faCtors, will be equi¬ 
valent to 


x x 1 x x 4“ 2 x 3* i x 3* 4* 4* 

In like manner, it will be found that the Expectation of B is equi¬ 
valent to 


~ x x 4- 1 x x 4- 2 x 3.V 4“ 5 x 3* 


And 


o 
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And that the Expectation of C is equivalent to 

* * + i x x —2 x ~gxx + 27x + 16. 

Now a: in each cafe reprefents the number of Terms wanting 
one, which belong feverally to A y B, C; wherefore making * 4-1 
= />» the feveral Expectations will now be expreffed by the number 
of Terms which were originally to be fummed up, and which will 
be as folllows. 

For A y p x p + 1 x 3 p — 2 x Typ -f- 1 
For By p x p + 1 x 'sp+ T x 2 p + 5 
For C, p x p —J— 1 x qpp 4-9 p — 2 

But ft ill it is to be confidered, that p in the firft cafe anfwers to the 
number 33, and in the other two cafes to 32 ; and therefore p being 
interpreted for the feveral cafes as it ought to be, the feveral Ex¬ 
pectations will be found proportional to the numbers 412 2 5, 39592, 

If the number of all the Counters were 500, and the number 
of the white ft ill 4, then the number of all the Terms reprefenting 
the Expectations of A y B, C would be 497: now this number be¬ 
ing divided by 3, the Quotient is 165, and the remainder 2. From 
whence it follows that the Expe&ations of A and B confifl of 166 
terms each, and the Expectation of C only of 165, and therefore 
the lowed Term of all, viz. 3x2x1 will belong to B y the Iaft 

toe 0 ” 6 4X3X2 WiH bcI ° ng t0 A ' and the laft but two wil1 belong 

PROBLEM XI. 

If A? B, C throw in their turns a regular Ball having 
4 white faces and eight black ones ; and he be to be re¬ 
puted the winner who fhall firfl bring up one of the 
white faces ; it is demanded, what the proportion is of 
their refpeElive Probabilities of winning ? 

Solution. 

The Method of reafoning in this Problem is exaCtly the fame as 
that which we have made ufe of in the Solution of the preceding: 
but whereas the different throws of the Ball do not diminifh the 
number of its Faces in the room of the quantities b — 1, b — 2, 

5 *- 3 *. 
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h — 2 » & c - n m — x » n — 2, n — 3, &c. employed in the Solution 
of the aforefaid Problem, we muft fubftitute b and n refpedtively, 
and the Series belonging to that Problem will be changed into the 
following, which we ought to conceive continued infinitely. 


1 ll-L 1 &c 

n ~ nn ‘ »» • n \ I „s „6 » 


abb 


abi 


ah * 


then taking every third Term thereof, the refpedtive Expectations 
of A y B y C will be expreffed by the following Series, 


- 4. 4. 4. — & c 

n 1 I »7 r *1° *-j » occ * 

TT + — + — + — » &c - 


a bb . a is a l, s 

« } ' n 6 ' n'i 1 n li 


ai »♦ 

TT 


, &c. 


But the Terms, whereof each Series is compofed, are in geometric 
Progreflion, and the ratio of each Term in each Series to the fol¬ 
lowing is the fame ; wherefore the Sums of thefe Series are in the 
fame proportion as their firft Terms, viz. as —, — . -^L. or as 

1 « * a« J » J * 

nriy biiy bb ; that is, in the prefent cafe, as 144, 96, 64, or 9, 6, 4.. 
Hence the refpedtive Probabilities of winning will likewife be as the 
numbers 9, 6, 4. 

Corollary i. 

If there be any other number of Gameflers A, B y C, D, &c. 
playing on the fame conditions as above, take as many Terms in the 
proportion of n to b t as there are Gamefters, and thofe Terms will 
refpedtively denote the feveral Expectations of the Gamefters. 


Corollary 2. 

If there be any number of Gamefters Ay J 5 , C , Z), &c. playing 
on the fame conditions as above, with this difference only, that all the 
Faces of the Ball (hall be marked with particular figures 1, 2, 3,4, &c. 
and that a certain number p of thofe Faces fliall intitle A to be the 
winner ; and that likewife a certain number of them, as q , r, s, t y 
6cc. fhall refpedtively intitle B t C, Z), E, &c. to be winners: make 
n — p = ay n — q — by n — r — c, n — s — d, n — t = e y dec. 
then in the following Series; 




sabc tabai 


&c. 


the Terms taken in. due order will refpedtively reprefent the feveral 
Probabilities of winning. 

For 
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For if the law of the Play be fuch, that every Man having once 
played in his turn, fhall begin regularly again in the fame manner, 
and that continually, till fuch time as one of them wins; we are to 
take as many Terms of the Series as there are Gamefters, and thofe 
Terms will reprefent the refpeCtive Probabilities of winning. 

But the Reafon of this Rule will beft appear if we apply it to fome 
eafy Example. 

Let therefore the three Gamefters A, B 5 C throw a Die of 12 faces in 
their Turns j of which 5 faces are favourable to A, 4 faces are favoura¬ 
ble to jB, and the remaining 3 give the Stake to C. Then/>= 5, 
y = 4, r=r-3 : and there being but 3 Gamefters, the fame Chances, 
and in the fame Order A , £, C, will recur perpetually after a Round 
of three throws, till the Stake is won; or rather, as we fuppofe in the 
demonftration, till the Stake is totally exhaufted, by each Gamefter, 
inftead of his throw, taking out of it the part to which the chance of 
that throw entitles him. 

Now A having p Chances out of or 5 out of 12, to get the 
whole Stake at the firft Throw, let him take out of it the Value of this 

Chance ; and there will remain 1 — = — to be thrown 

for by B. 

And B* s Chances for winning in his Throw being q out of n, or 4 
out of 12, the Value of his prefent Expectation is ~ X j = — 5 
which if he takes out of the Stake — there will remain ~ = 

^-X 1 — \ ~ X 4 > t0 thrown for by C. 

His Chances for getting this Stake being r out of«, or 3 out of 12, 
the Value of his Expectation is j which he may take out of the 

Stake : and refign the Die to A , who begins the fecond Round. 

But if, for the Stakes that remain after the firft, fecond, third, &c. 
Rounds, we write R\ R", R"', &c. refpeCtively, it is manifeft that 
the Value of a Gamefter’s Chance in each Round is proportional to 
the Stake R', R", R", &c. which remained at the beginning of that 

Round. Thus the Value of As firft Throw having been £ x 1, the 
Value of his fecond will be x R', of his third, t x R", 

& c . And the Value of B 's firft Throw having been x i, that 
of his fecond will -SL. x R', of his third, x R", &c, and the 
like for the feveral Expectations of C. 


Put 
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Put S = 1 + R' + R" + R'", &c. and the Total of As Ex¬ 
pectations will be x S ; of By ~~ X S ; of C, x S : or re¬ 
jecting the common FaCtor £, the Expectations of A , C, at the 
beginning of the Play will be as —, —-, — , refpeCtively : that is 
as the 3 firft Terms of the Series. And the like reafoning will hold, 
be the Number of Gamefters, their favourable Chances, or order of 
Throwing, what you will. 

In the prefent Example, f - —S- — -ii = _±- = 

-^L . IfL — .llL: and the Chances of A, B, C, refpeaively, are 

1728 ’ 1728 1 

as the Numerators 720, 336, 168; that is, as 30, 14, 7. or the 
whole Stake being 51 pieces, A can claim 30 of them, B 14, and 
C the remaining 7. 

In making up this Stake, the Gamefters A , B y C , were, at equal 
play, to contribute only in proportion to their Chances of winning; 
that is in the proportion of p>q y r, or 5, 4, 3, refpeCtively: and, be¬ 
fore the Order of throwing was fixt, their Chances muft have been 
exaCtly worth what they paid in to the Stake. What gives A the 
great advantage now is, an antecedent good luck of being the firft to 
throw. If B had been the firft; or if A t taking his firft Throw, had 
mift of a p face, then B’s Chance had been the better of the two. 

And if it were the Law of Play that every Man ftiould play feveral 
times together, for inftance twice : then taking for A the two firft 
Terms, for B the two following, and fo on; each couple of Terms 
will reprefent the refpeCtive Probabilities of winning, obferving now 
that p and q are equal, as alfo r and s. 

But if the Law of Play fliould be irregular, then you are to take 
for each Man as many Terms of the Series as will anfwer that irre¬ 
gularity, and continue the Series till fuch time as it gives a fufficient 
Approximation. 

Yet if, at any time, the Law of the Play having been irregular, 
ftiould afterwards recover its regularity, the Probabilities of winning, 
will (with the help of this Series) be determined by finite expref- 
fions. 

Thus if it fliould be the Law of the Play, that two Men A and 
B having played irregularly for ten times together, tho’ in a manner 
agreed on between them, they fliould alfo agree that after ten throws, 
they fliould play alternately each in his turn : diftribute the ten firft 
Terms of the Series between them, according to the order fixed upon 
by their convention, and having fubtraCted the Sum of thofe Terms 

K froni 
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from Unity, divide the remainder of it between them in the propor¬ 
tion of the two following Terms, which add refpedtively to the 
Shares they had before j then the two parts of Unity which A and 
B have thus obtained, will be proportional to their refpedtive Proba¬ 
bilities of winning. 

PROBLEM XII. 

Inhere are any number of Gamefiers, who in their 'Turns, 
which are decided by Lots, turn a Cube, having 4 of 
its Faces marked T, P, D, A, the other two Faces which 
are oppofite have each a little Knob or Pivet, about 
which the Cube is made to turn ; the Gamefiers each 
lay down a Sum agreed upon, the firjl begins to turn 
the Cube ; now if the Face T be brought up, he fweeps 
all the Money upon the Board, and then the Play begins 
anew ; if any other Face is brought up, he yields his 
place to the next Man, but with this difference, that if 
the Face P comes up , he, the firjl Man, puts dow?i as 
much Money as there was upon the Board ; if the Face 
D comes up, he neither takes up any Money nor lays 
down any ; if the Face A comes up, he takes up half 
of the Money upon the Board ; when every Man has 
played in his Turn upon the fame conditions as above, 
there is a recurrency of Order, whereby the Board may 
be very much enlarged, viz. if it fo happen that the 
Face T is intermitted during many Trials: ?tow the £fue- 
ftion is this ; when a Gamefier comes to his Turn, Jup- 
pofing him afraid of laying down as much Money as 
there is already, which may be confederate, how mufi he 
compound for his ExpeElation with a Spet at or willing 
to take his place . 


Solution. 

Let us fuppofe for a little while that the number of Gamefiers is 
infinite, and that what is upon the Board is the Sum,/5 then, 

there 
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there being 1 Chance in 4 for the Face T to come up, it follows 
that the Expectation of the firft Man, upon that fcore, is -~ 
2°. There being i Chance in 4 for the Face P to come up, whereby 
he would neceflarily lofe f, (by reafon that the number of Game- 
(ters having been fuppofed infinite, his Chance of playing would never 
return again) it follows that his Lofs upon that account ought to 
be eftimated by 3 0 . There being 1 Chance in 4 for the Face 
D to come up, whereby he would neither win or lofe any thing, 
we may proceed to the next Chance. 4 0 . There being 1 Chance 
in 4 for the Face A to come up, which intitles him to take up 

7/, his Expectation, upon that account, is 7/, or fuppofing 
his Expectation is now out of the four cafes above- 

mentioned the firft and fecond do deftroy one another, the third nei¬ 
ther contributes to Gain or Lofs, and therefore the clear Gain of 
the firft Man is upon account of the fourth Cafe; let it therefore be 
agreed among the Adventurers, that the firft Man fhall not try his 
Chance, but that he (hall take the Sum —/out of the common Stake 
and that he (hall yield his Turn to the next Man. 

But before I proceed any farther, it is proper to prevent an Objection 
that may be made againft what I have aflerted above, viz. that the 
Face D happening to come up, the Adventurer in that cafe would 
lofe nothing, becaufe it might be faid that the number of Gamefters 
being infinite, he would neceflarily lofe the Stake he has laid 
down at firft ; but the anfwer is eafy, for fince the number of parti¬ 
cular Stakes is infinite, and that the Sum of all the Stakes is fuppofed 
only equal to it follows that each particular Stake is nothing in 
comparifon to the common Stake f> and therefore that common 
Stake may be looked upon as a prefent made to the Adventurers. 

Now to proceed ; I fay that the Sum having been taken out of 

the common Stake f, the remaining Stake will be f or j , 
fuppofing n — 1 = d: but by reafon that the firft Man was allowed 
p part of the common Stake, fo ought the next Man to be allowed 
7 part of the prefent Stake which will make it that the 

Expectation of the fecond Man will be 3 Again, the Expec- 

K 2 tation 
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tation of the fecond Man being to the Expectation of the firft as 

•A to i, the Expectation of the third muft be to the Expectation of 

the fecond alfo as — to i, from whence it follows that the Expec¬ 
tation of the third Man will be and the Expectation of the 
fourth ~f and fo on -> which may fitly be reprefented by the Series 

finto 1 + A + A + 4 + A + ^ &c ' NoW the 

Sum of that infinite Series, which is a Geometric Progreflion, is 
-A— ? but d having been fuppofed z=zn — i, then n —d = i, 
and therefore the Sum of all the Expectations is only f as it ought 
to be. 

Now let us fuppofe that inftead of an infinite number of Game- 
fters, there are only two; then, in this cafe, we may imagine that 
the firft Man has the firft , third , fifth , feventh Terms of that Se¬ 
ries, and all thofc other Terms in infinitum which belong to the 
odd places, and that the fecond Man has all the Terms which be¬ 
long to the even places j wherefore the Expectation of the firft Man 

is 4 into i+-^- + TT+A + A> &c - and the Expia¬ 
tion of the fecond is ~ into i + —+ — + — + “>&c. 

. . r dr 

and therefore the Ratio of their Expectations is as ^ to — , or as 
i to -, that is as n to n — i, or as 8 to 7; and therefore the 
Expectation of the firft Man is and the Expectation of the - 
fecond Man is f f, and therefore if a Spectator has a mind to 

take the place of the firft Man, he ought to give him f-f. 

But if the number of Gamefters be three, take a third propor¬ 
tional to n and d t which will be AA, and therefore the three Ex¬ 
pectations will be refpeCtively proportional to n , d , ~ } or to nn , 


dn , dd, and therefore the Expectation of the firft Man is ^ j jf 

which in this cafe is = 

Univerfally , Let f be the number of Adventurers, then the Sum for 
which the Expectation of the firft Man may be transferred to an¬ 


other is 



The 



69 


The Doctrine Chances. 

The Game of Bassette. 

Rules of the Play. 

The Dealer, otherwife called the Banker , holds a pack of 52 
Cards, and having fhuffled them, he turns the whole pack at once* 
fo as to difcover the laft Card j after which he lays down by couples 
all the Cards. 

The Setter, otherwife called the Ponte , has 13 Cards in his hand, 
one of every fort, from the King to the Ace, which 13 Cards are 
called a Book \ out of this Book he takes one Card or more at plea- 
fure, upon which he lays a Stake. 

The Ponte may at his choice, either lay down his Stake before 
the pack is turned, or immediately after it is turned; or after any 
number of Couples are drawn. 

The firft cafe being particular, fhall be calculated by itfelf ; but 
the other two being comprehended under the fame Rules, we fhall 
begin with them. 

Suppofing the Ponte to lay down his Stake after the Pack is turned* 
I call 1, 2, 3, 4, 5, &c. the places of thofe Cards which follow the 
Card in view, either immediately after the pack is turned, or after any 
number of couples are drawn. 

If the Card upon which the Ponte has laid a Stake comes out ia 
any odd place, except the firft, he wins a Stake equal to his own. 

If the Card upon which the Ponte has laid a Stake comes out in 
any even place, except the fecond, helofeshis Stake. 

If the Card of the Ponte comes out in the firft place, he neither 
wins nor lofes, but takes his own Stake again. 

If the Card of the Ponte comes out in the fecond place, he does 
not lofe his whole Stake, but only a part of it, viz. one half, which 
to make the Calculation more general we fhall call^y. In this cafe the 
Ponte is faid to be Faced. 

When the Ponte chufes to come in after any number of Couples 
are down ; if his Card happens to be but once in the Pack, and is the 
very laft of all, there is an exception from the general Rule; for 
tho' it comes out in an odd place, which fhould intitle him to w r in a 
Stake equal to his own, yet he neither wins nor lofes from that circum- 
Ranee, but takes back his own Stake. 


PRO- 
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PROBLEM XIII. 

‘To eflimate at BafTette the Lofs of the Ponte under any 
circumftance of Cards remaining in the Stock , when he 
lays his Stake ; and of any number of times that his 
Card is repeated in the Stock . 

The Solution of this Problem containing four cafes, viz. of the 
Ponte’s Card being once , twice , three or four times in the Stock j we 
{hall give the Solution of all thefe cafes feverally. 

Solution of the firfi Cafe. 

The Ponte has the following chances to win or lofe, according to 
the place his Card is in. 

1 1 Chance for winning o 

2 1 Chance for lofing y 

3 1 Chance for winning 1 

4 1 Chance for lofing 1 

5 1 Chance for winning 1 

6 1 Chance for lofing 1 

* 1 Chance for winning o 

It appears by this Scheme, that he has as many Chances to win 1 
as to lofe 1, and that there are two Chances for neither winning or 
lofing, viz . the firfi: and the laft, and therefore that his only Lofs is 
upon account of his being Faced: from which it is plain that the num¬ 
ber of Cards covered by that which is in view being called n, his Lofs 
will be j, or —, fuppofing y = L. 

Solution of the fecond Cafe. 

By the firfi: Remark belonging to the x th Problem, it appears -f- that 
the Chances which the Ponte has to win or lofe are proportional to the 
numbers, n —1, n —2, 3, &c. Wherefore his Chances for win¬ 

ning and lofing may be exprefled by the following Scheme. 

f Namely, by calling the Ponte’s two Cards two white Counters, drawn for alter¬ 
nately by A and B ; and fuppofing all A’s Chances to belong to the Banker’s right 
hand, and thofe of B to his left. And the like for the Cafes of the Ponte’s Card being 
In the Stock 3 or 4 times. 


1 
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1 

2 

3 

4 

5 

6 

7 

8 

9 

* 


n — i Chances for winning o 
n —2 Chances for lofing y 
n —3 Chances for winning i 
n —4 Chances for lofing i 
n —5 Chances for winning i 
n —6 Chances for lofing i 
n —7 Chances for winning i 
n —8 Chances for lofing i 
n —9 Chances for winning i 
i Chance for lofing i 


Now fetting afide the firft and fecond number of Chances, it 
will be found that the difference between the 3 d and 4 th is = 1, 
that the difference between the 5 th and 6 th is alfo=i, and that 
the difference between the 7 th and 8 th is alfo = i, and fo on. But 
the number of differences is - - , and the Sum of all the Chances is 

— x — ~ f ' : wherefore the Gain of the Ponte is —. But 
his Lofs upon account of the Face is n — 2 x y divided by T - 

that is : hence it is to be concluded that his Lofs upon the 

wholeor-^-L— fuppofiog y=\. 

That the number of differences is will be made evident from 
two confiderations. 

Firft, the Series n — 3, n — 4, n — 5, &c. decreafes in Arith¬ 
metic Progrefiion, the difference of its terms being Unity, and the 
laft Term alfo Unity, therefore the number of its Terms is equal ta 
the firft Term n — 3 : but the number of differences is one half 
of the number of Terms j therefore the number of differences is 
» — 3 

2 

Secondly, it appears, by the x th Problem, that the number of all 
the Terms including the two firft is always b -f- r, but a in this 
cafe is = 2, therefore the number of all the Terms is n — 1 ; from 
which excluding the two firft, the number of remaining Terms will 
b e n — 3, and confequently the number of differences ” ~ » ■ . 

That the Sum of all the Terms is -p x — t is evident alfa 
from two different confiderations. 

Firft 
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Fir ft in any Arithmetic Progreflion whereof the firft Term is 
n _i, the difference Unity, and the laft Term alfo Unity, the Sum 

of the Progreflion will be x 1 . _ 

Secondly, the Series x n ~~ 1 n — 2 + » — 3 > &c. 

mentioned in the firft Remark upon the tenth Problem, expreffes the 
Sum of the Probabilities of winning which belong to the feveral Game- 
fters in the cafe of two white Counters, when the number of all the 
Counters is n. It therefore expreflfes likewife the Sum of the Proba¬ 
bilities of winning which belong to the Ponte and Banker in the pre- 
fent cafe: but this Sum muft always be equal to Unity, it being a cer¬ 
tainty that the Ponte or Banker muft win; fuppofing therefore that 
K — i n — 2 + n — 3, &c. is = S, we (hall have the Equation 

——-= i, and therefore S = - x ” ■ 1 ■. 

Solution of the third Cafe. 

By the firft Remark of the tenth Problem, it appears that the 
Chances which the Ponte has to win and lofe, may be expreffed by 
the following Scheme. 

1 n —i x n —2 for winning o 

2 n —2 x n —3 for lofing y 

^ n —3 x n —4 for winning i 

4 n —4 x n —5 for lofing 1 

5 * n —5 x n —6 for winning 1 

6 n —6 x n —7 for lofing 1 

7 n —7 x n —8 for winning 1 

S n —8 x n —9 for lofing 1 

* 2 x 1 for winning 1 

Setting afide the firft, fecond, and laft number of Chances, it 
will be found that the difference between the 3 d and 4 th is 2 n —8; 
the difference between the 5 th and 6 th , 2 n —12; the difference be¬ 
tween the 7 th and 8 h , 2 n —*16, &c. Now thefe differences con- 
ftitute an Arithmetic Progreflion, whereof the firft Term is 2 n —8, 
the common difference 4, and the laft Term 6, being the difference 
between 4x3 and 3x2. Wherefore the Sum of this Progreflion 
is Z~:~L x , to which adding the laft Term 2x1, which is 

favourable to the Ponte, the Sum total will be - x : but 

the 
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the Sam of all the Chances is -- x ■ *~ I x —> as ma > T be col¬ 
lected from the firft Remark of the x th Problem, and the Lift Pa¬ 
ragraph of the fecond cafe of this Problem: therefore the Gain of the 
Ponte is *' ” • ^ ut bis Lofs upon account of the 

Face is % n - or - 3 | » therefore his Lofs upon 

. . . 3T-*—3 3 • *—3 ‘ • — 3 _ 3*—9 

the whole is 2 . . «—* * or *T^r^~^T 


fuppofmg y == 7 . 


Solution of the Cafe. 

The Chances of the Ponte may be expreffed by the following 
Scheme. 


1 

2 

3 

4 

5 

6 

7 

* 


«—'i x «—2 x «—3 for winning o 
n —2 x n —3 x n —4 for lofing y 
n —3 x n —4 x »—5 for winning 1 
»—4 x n —5 x n —6 for lofing 1 
«—5 x n —6 x «—7 for winning 1 
«—6 x «—7 x «—8 for lofing 1 
n —7 x n —8 x n —9 for winning 1 
3 x 2 x 1 for lofing 1 


Setting afide the firft and fecond numbers of Chances, and tak¬ 
ing the differences between the 3 d and 4 th , 5 th and 6 th , 7 th and 
8 th , the laft of thefe differences will be found to be 18. Now if 
the number of thofe differences be p y and we begin from the laft 18, 
their Sum, from the fecond Remark of the x th Problem, will be found 

to be p x p -\- 1 x 4y> -|— 5, but p in this cafe is = ” - 2 and 
therefore the Sum of thefe differences will eafily appear to be 
x x ■ 2 ”~- -, but the Sum of all the Chances is 

— x — ~ T - x x *, wherefore the Gain of the Ponte is 
11 1 4 

~— 3 ' 2 ” 5 : now his Lofs upon account of the Face is 

».»—I.« 2 . » — 3 A 

ll. » and therefore his Lofs upon the whole will be 


” 4 • 4v 

» . a —1 


”—5 • 2ft —; 

» . 1 . 77—2 


or —fuppofing>=7 • 


There 


L 
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There ftill remains one Tingle cafe to be confidered, viz. what 
the Lofs of the Ponte is, when he lays a Stake before the Pack is 
turned up : but there will be no difficulty in it, after what we have 
faid ; the difference between this cafe and the reft being only, that he 
is liable to be faced by the firft Card difcovered, which will make 


his Lofs to be 


■\n —6 

n . n —i . n —3 


, that is, interpreting n by the nuni¬ 


cer or an tne Karels in the 
Stake. 




From what has been faid, a Table may eafily be compofed, {hew¬ 
ing the feveral Loffes of the Ponte in whatever circumftancehe may 
happen to be. 


ATa- 
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The ufe of this Table will be bed explained by fome Examples. 

Example i. 

Let it be propofed to find the Lofs of the Ponte , when there are 26 
Cards remaining in the Stock , and his Card is twice in it. 

In the Column N find the number 25, which is lefs by 1 than 
the number of Cards remaining in the Stock: over-againft it, and 
under the number 2, which is at the head of the fecond Column, 
you will find 600; which is the Denominator of a fraction whofe 
Numerator is Unity, and which (hews that his Lofs in that circum- 
ftance is one part in fix hundred of his Stake. 

Example 2. 

Po find the Lofs of the Ponte when there are eight Cards remaining 
in the Stock , and his Card is three times in it. 

In the Column N find the number 7, lefs by one than the num¬ 
ber of Cards remaining in the Stock: over-againft 7, and under the 
number 3, written on the top of one of the Columns, you will 
find 35, which denotes that his Lofs is one part in thirty-five of 
his Stake. 


Corollary i. 

’Tis plain from the conftru&ion of the Table, that the fewer 
Cards are in the Stock, the greater is the Lofs of the Ponte. 

Corollary 2. 

The leaft Lofs of the Ponte, under the fame circumftances of 
Cards remaining in the Stock, is when his Card is but twice in it; 
the next greater but three times5 ftill greater when four times; 
and the greateft when but once. If the Lofs upon the Face were 
varied, ’tis plain that in all the like circumftances, the Lofs of the 
Ponte would vary accordingly ; but it would be eafy to compofe 
other Tables to anfwer that variation ; fince the quantity y, which 
has been aflumed to reprefent that Lofs, having been preferred in the 

general exprefiion of the Lofies, if it be interpreted by j inftead 

of — , the Lofs, in that cafe, would be as eafily determined as in the 

other: thus fuppofing that 8 Cards are remaining in the Stock, and 
that the Card of the Ponte is twice in it, and Sfo that y lhould be 

interpreted 




The Doctrine of Chances. 77 

interpreted by —, the Lofs of the Ponte would be found to be 

inftead of —. 

4 2 


The Game of Pharaon. 

The Calculation for Pharaon is much like the preceding, the rea- 
fonings about it being the fame ; it will therefore be fufficient to lay 
down the Rules of the Play, and the Scheme of Calculation. 

Rules of the Play. 

Firji, the Banker holds a Pack of 52 Cards. 

Secondly , he draws the Cards one after the other, and lays them 
down at his right and left-hand alternately. 

Thirdly , the Ponte may at his choice fet one or more Stakes upon 
one or more Cards, either before the Banker has begun to draw the 
Cards, or after he has drawn any number of couples. 

Fourthly , the Banker wins the Stake of the Ponte, when the Card 
of the Ponte comes out in an odd place on his right-hand j but 
lofes as much to the Ponte when it comes out in an even place on his 
left-hand. 

Fifthly, the Banker wins half the Ponte’s Stake, when it happens 
to be twice in one couple. 

Sixthly , when the Card of the Ponte being but once in the Stock, 
happens to be the laft, the Ponte neither wins nor lofes. 

Seventhly , the Card of the Ponte being but twice in the Stock, 
and the laft couple containing his Card twice, he then lofes his whole 
Stake. 


PROBLEM XIV. 

To fnd at Pharaon the Gain of the Banker in any cir - 
cumflance of Cards remaining in the Stock , and of the 
number of times that the Ponte s Cards is contained 
in it . 


This Problem having four Cafes, that is, when the Ponte’s Card 
is once , twice , three , or four times in the Stock , we fliall give the 
Solution of thefe four cafes feverally.. 


S o l 
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Solution of the Jirft Cafe. 

The Banker has the following number of Chances for winning 
and lofing. 


1 

2 

3 

4 

5 
* 


i Chance for winning i 
i Chance for lofing i 
i Chance for winning i 
i Chance for lofing i 
i Chance for winning i 
i Chance for lofing o 


Wherefore, the Gain of the Banker is —, fuppofing n to be the 
number of Cards in the Stock. 


Solution of the fecond Cafe. 

The Banker has the following Chances for winning and lofing. 


1 

n — 2 Chances for winning i 

1 Chance for winning y 
n — 2 Chances for lofing 1 

•< 

n — 4 Chances for winning 1 

1 Chance for winning y 
n — 4 Chances' for lofing 1 

< 

{ 

n — 6 Chances for winning 1 
l 1 Chance for winning y 

n — 6 Chances for lofing 1 

i 

< 

1 

\ n — 8 Chances for winning 1 
l 1 Chance for winning y 

n — 8 Chances for lofing 1 

1 chance for winning 1 


The Gain of the Banker is therefore ———■ _!--- , or 

n . n — i i „ . »— i > 

—* 

ftppofing y = 7. 

The only thing that deferves to be explained here, is this; how it 
comes to pafs, that whereas at Bajfette, the firft number of Chances 

for winning was reprefented by n —1, here ’tis reprefented by n _2 j 

to anfwer this, it mufl be remembered, that according to the Law 

of 
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of this Play, if the Ponte’s Cards come out in an odd place, the 
Banker is not thereby entitled to the Ponte’s whole Stake: for if it 
fo happens that his Card comes out again immediately after, the 
Banker wins but one half of it; therefore the number n — 1 is di¬ 
vided into two parts, n — 2 and 1, whereof the firft is proportional 
to the Probability which the Banker has for winning the whole 
Stake of the Ponte, and the fecond is proportional to the Probability 
of winning the half of it. 

Solution of the third Cafe. 

The number of Chances which the Banker has for winning and 
lofing, are as follow : 

2 x n —3 Chances for winning i 

2 x n —2 Chances for winning y 

2 x n —3 Chances for lofing i 

4 x n —5 Chances for winning i 

2 x n —4 Chances for winning y 

4 x n —5 Chances for lofing t 

6 x n —7 Chances for winning [ 

2 x «-6 Chances for winning y 

6 x 72 —7 Chances for lofing i 

5 * n —9 Chances for winning 1 

2 x n —8 Chances for winning y 

2 x 1 Chances for lofing 1 


■ { 

2 

3 { 

4 _ 

* 1 
6 _ 

7 { 


Wherefore the Gain of the Banker is -——. 

2 .n — 1 

fuppofing y = d . 



The number of Chances for the Banker to win, is divided into 
two parts, whereof the firft expfefles the number of Chances he has 
for winning the whole Stake of the Ponte, and the fecond for winning 
the half of it. 


Now for determining exadtly thofe two parts, it is to be con- 
fidered, that in the firft couple of Cards that are laid down by the 
Banker, the number of Chances for the firft Card to be the Ponte’s 
is^ — 1 x n — 2; alfo, that the number of Chances for the fecond 

to be the Ponte’s, but not the firft, is n — 2 x n _3 : wherefore 

the number of Chances for the firft to be the Ponte’s but not the 
fecond, is like wife ?i —-2 x n —3. Hence it follows, that if from 


the 
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the number of Chances for the firft Card to be the Ponte’s, viz. 

f rom n _ i x n —2. there be fubtra&ed the number of Chances for 

the firft to be the Ponte’s, and not the fecond, viz. n —2 x n —3, 
there will remain the number of Chances for both firft and fecond 
Cards to be the Ponte’s, viz. 2 x n —2, and fo for the reft. 


Solution of the fourth Cafe. 

The number of Chances which the Banker has for winning and 
lofing, are as follow : 


1 

2 

3 

4 

5 

6 

7 

8 

* 


-4 for winning 1 
-3 for winning y 
-4 for lofing t 
-6 for winning 1 
-5 for winning y 
-6 for lofing 1 
-8 for winning 1 
-7 for winning y 

-8 for lofing_1 

-lofor winning 1 
- 9 for winning y 

-10 for lofing_1 

ofor winning 1 
1 for winning y 
ofor lofing 1 


Wherefore the Gain of the Banker, or the Lofs of the Ponte, is 

2 ”~ 5 - v or -— fuppofing y to be = 4 . 

x—i.n— 2*n —I.w— 3 ° J 2 

It will be eafy, from the general expreflions of the Lofles, to 
compare the difadvantage of the Ponte at Bafjette and Pharaon , 
under the fame circumftances of Cards remaining in the hands of 
the Banker, and of the number of times that the Ponte’s Card is con¬ 
tained in the Stock; but to fave that trouble, I have thought fit 
here to annex a Table of the Gain of the Banker, or Lofs of the 
Ponte, for any particular circumftance of the Play, as it was done for 
Bojfette . 


* 


A Ta- 
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The numbers of the foregoing Table, as well as thofe of the 
Table for Bajfette , are fufficiently exaCt to give at firft view an idea 
of the advantage of the Banker in all circumftances, and the Me¬ 
thod of ufing it is the lame as that which was given for Bajjette. 
It is to be obferved at this Play, that the lead: difadvantage of the 
Ponte, under the fame circumftances of Cards remaining in the 
Stock, is when the Card of the Ponte is but twice in it, the next 
greater when three times, the next when once, and the greateft 
when four times. 

0/ Permutations and Combinations. 

Permutations are the Changes which feveral things can receive in 
the different orders in which they may be placed, being confidered as 
taken two and two, three and three, four and four, (sc . 

Combinations are the various Conjunctions which feveral things 
may receive without any refpeCt to order, being taken two and two, 
three and three, four and four. 

The Solution of the Problems that relate to Permutations and Com¬ 
binations depending entirely upon what has been laid in the 8 th and 
9 th Articles of the Introduction, if the Reader will be pleafed to con- 
fult thofe Articles with attention, he will eafily apprehend the reafon 
of the Steps that are taken in the Solution of thofe Problems. 

PROBLEM XV. 

Any number of things a> b, c, d, e, f, being given, out of 
which two are taken as it happens: to find the Proba¬ 
bility that any of them , as a, jhall be the firfi taken , 
and any other , as b, the fecond . 

Solution. 

The number of Things in this Example being fix, it follows 
that the Probability of taking a in the firft place is —: let ^ be 
confidered as taken, then the Probability of taking b will be L ; 
wherefore the Probability of taking a , and then b, is — x ~ = 

To* ’ 


Coral- 
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Corollary. 

Since the taking a in the firft place, and b in the fecond, is but 
one Tingle Cafe of thofe by which fix Things may change their order, 
being taken two and two > it follows that the number of Changes or 
Permutations of fix Things, taken two and two, muft be 30. 

Univerfally j let n be the number of Things j then the Probability 

of taking a in the firft place, and b in the fecond will be x ; 

and the number of Permutations of thofe Things, taken two and two, 
will be n x n —• j. 


PROBLEM XVI. 

Any number of Things a, b, c, d, e, f, being given , out 
of which three are taken as it happens ; to find the 
Probability that a Jhall be the firfi taken , b the fecond\ 
and c the third . 


Solution. 

The Probability of taking a in the firfi place is ~: let a be 
confidered as taken, then the Probability of taking b will be — : 
fuppofe now both a and b taken, then the Probability of taking c 
will be ~: wherefore the Probability of taking firft tt } then b , 
and thirdly c , will be x — x — — —. 

' ' O 5 4 I zo 

Corollary. 

Since the taking a in the firft place, b in the fecond, and c in the 
third, is but one fingle Cafe of thofe by which fix Things may change 
their Order, being taken three and three •, it follows, that the num¬ 
ber of Changes or Permutations of fix Things taken three and 
three, muft be 6 x 5 x 4 = 120. 

Univerfally, if n be the number of Things; the Probability of 
taking a in the firft place, b in the fecond, and c in the third, will be 

~ x — l — x —; and the number of Permutations of n Things 

tt n — i n —i • v 

taken three and three, will be « x « — 1 x n — 2. 


M 2 


Gene- 
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General Corollary. 

The number of Permutations of n things, out of which as many 
are taken together as there are Units in />, will be n x n — i x 
n —■ 2 x n — 3, &c. continued to fo many Terms as there are Units 
in p. 

Thus the number of Permutations of fix Things taken four and 
four, will be 6 x 5 x 4 x 3 = 360, like wife the number of Permu¬ 
tations of fix Things taken all together will be 6 x 5 x 4 x 3 x 2 x 
1 = 720. 

PROBLEM XVII. 

To find the Probability that any ?jumber of things, whereof 
fome are repeated, fhall all be taken in any order pro- 
pofed: for infiance , that aabbbcccc fhall be taken in the 
order wherein they are written. 

Solution. 

The probability of taking a in the firft place is ~ ; fuppofe 
one a to be taken, the Probability of taking the other is ~ 
Let now the two firfi: Letters be fuppofed taken, the Probability 
of taking b will be —: let this be alfo fuppofed taken, the Pro¬ 
bability of taking another b will be ~: let this be fuppofed taken, 
the Probability of taking the third b will be -j ; after which there 
remaining nothing but the Letter c , the Probability of taking it be¬ 
comes a certainty, and confequently is exprefied by Unity. Where¬ 
fore the Probability of taking all thofe Letters in the order given is 



Corollary i. 

The number of Permutations which the Letters aabbbcccc may 
receive being taken all together will be - » \ V .\ . \ . \ . \ = 1260, 

Corollary 2. 

The fame Letters remaining, the Probability of the Letters be¬ 
ing taken in any other given Order will be juft the fame as before: 

thus 
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thus the Probability of thofe Letters being taken in the order cabacccbb 
will be — x — . 


General Corollary. 

The number of Permutations which any number n of Things 
may receive being taken all together, whereof the firft Sort is repeated 
p times, the fecond q times, the third r times, the fourth s times, 
&c. will be the Series n x n — 1 x n — 2 x n — 3 x n —4, &c. con¬ 
tinued to fo many Terms as there are Units in/>-j-^ + ror« — s 
divided by the product of the following Series, viz. p x p —1 x p — 2, 
&c. q x q — 1 x q — 2, &c. r x r — 1 x r —2, &c. whereof the 
firft muft be continued to fo many Terms as there are Units in p y 
the fecond to fo many Terms as there are Units in q , the third to io 
many as there are Units in r, &c. 

PROBLEM XVIII. 

Any number of Things a, b, c, d, e, f, being given : to find 
the Probability that in taking two of them as it may 
happen , both a and b pall be taken, without any regard 
to order. 


Solution. 

The Probability of taking a or b in the firft place will be ~; 
fuppofe one of them taken, as for inftance a , then the Probability 
of taking b will be y . Wherefore the Probability of taking both 

a and b will be 4 x — . 

b 5 

Corollary. 

The taking of both a and b is but one fingle Cafe of all thofe by 
which fix Things may be combined two and two; wherefore the 
number of Combinations of fix Things taken two and two will be 

69 . 

7 X T • 

Univerfally. The number of Combinations of n Things taken two 
and two will be ~ x —j- - 


P R O- 
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PROBLEM XIX. 

Any number of things a, b, c, d, e, f being given , to 
find the Probability that in taking three of them as 
they happen , they Jhall be any three propofed, as a, b, c, 
no refpeEl being had to order . 


Solution. 

The Probability of taking either a , or b> or c , in the firft place, 
will be } fuppofe one of them as a to be taken, then the Pro¬ 
bability of taking either b or c in the fecond place will be 4 : again, 
let either of them be taken, fuppofe b , then the Probability of taking 
c in the third place will be •, wherefore the Probability of taking 

the three things propofed, viz. a, b, c , will be ~ x ~ x ~. 


Corollary. 

The taking of a , b , c, is but one fingle cafe of all thofc by which 
fix Things may be combined three and three j wherefore the num¬ 
ber of Combinations of fix Things taken three and three will be 

4 


6 5 
TX-X 


TJniverJally. The number of Combinations of n things combined ac¬ 
cording to the number />, will be the fraction V 1 ; 

&cc. both Numerator and Denominator being continued to fo many 
Terms as there are Units in p. 


PROBLEM XX. 


To find, what Probability there is, that in taking at ran¬ 
dom feven Counters out of twelve, whereof four are 
white and eight black, three of them pall be white 
ones . 


S 0 L U T ION. 

Fir/l, Find the number of Chances for taking three white out 
of four, which will be x 7 x 7 = 4 « 

Secondly, 
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Secondly , Find the number of Chances for taking four black out 
of eight: thefe Chances will be found to be — x — x — x — 
= 70. 

Thirdly, Becaufe every one of the firft Chances may be joined 
with every one of the latter, it follows that the number of Chances 
for taking three white, and four black, will be 4 x 70 =r 280. 

Fourthly , Altho’ the cafe of taking four white and three black, 
be not mentioned in the Problem, yet it is to be underftood to be 
implyed in it; for according to the Law of Play, he who does more 
than he undertakes, is ftill reputed a winner, unlefs the contrary be 
exprefly ftipulated ; let therefore the cafe of taking four white out 

of four be calculated, and it will be found 7X7X7 x — 

1 2 3 4 

Fifthly , Find the Chances for taking three black Counters out of 
eight, which will be found to be — x —■ x — = 56. 

Sixthly , Multiply the two lafl numbers of Chances together, and 
the Product 56 will denote the number of Chances for taking four 
white and three black. 

And therefore the whole number of Chances, which anfwer to the 
conditions of the Problem, are 280 56 — 336. 

There remains now to find the whole number of Chances for 


taking feven Counters out of twelve, which will be x x 

10 087 6 

— x — X — X -7- X — = 702*. 

34567 .6 

Laflly x Divide therefore 336 by 792, and the Quotient 

or will exprefs the Probability required; and this Fraction being 

fubtradled from Unity, the remainder will be —, and therefore 
• 33 

the Oddsagainft taking three white Counters are 19 to 14. 


Corollary. 

Let a be the number of white Counters, h the number of black, 
n the whole number of Counters = a -|- b , c the number of Coun¬ 
ters to be taken out of the number n ; let alfo p reprefent the 
number of white Counters to be found precifely in c , then the number 
of Chances for taking none of the white, or one fingle white, or 

two- 
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two white and no more, or three white and no more, or four 

white and no more, &c. will be exprefTed as follows j 

1 x — x x —J- x » & c * x T x 2 x 3 » & c * 
The number of Terms in which a enters being equal to the number 
p f and the number of Terms in which b enters being equal to the 
number c — p. 

And the number of all the Chances for taking a certain number 
c of Counters out of the number is exprefled by the Series 
1 x ”~ I - . H'ZL x , &c. to be continued to as many Terms as 

1 2 3 4 

there are Units in c, for a Denominator. 


Examples. 

Suppofe as in the laft problem; only that of the 7 Counters drawn, 
there fhall not be one white. In this Cafe, fince/>=o, andc — 
p — 7 = b — 1 : we are to take 1 of the firft Series, and 7 (or 1) 
Terms of the fecond; which gives the number of Chances 1x8; 
the Ratio of which to all the 7's that can be taken out of 12, is 
8 = J_. So that there is the Odds of 98 to 1, that there fhall 


be 9 one or more white Counters among the 7 that are drawn. 

Again, if there is to be 1 white Counter and no more, we are now 

° ah b —1 b — 2 b— 3 

to take the Terms i x — . . . x ; x —7- x —7- x -7— x 

b-<; j v 8 ? v A x J. v _i 
6 —* >2345 


f —2 b— 3 

X - X - 

3 4 

l 8X7 

x 7 = 4* —^ 


5 


Which gives the probability -J57 = or the odds 85 to 14 ; 

that there fhall be more than 1 white Counter, or that all the 7 fhall 
be black. 

Laftly , If it is undertaken to draw all the 4 white among the 
feven, the Number of Chances will be i * 7 x f x -j = j6. 


And the Probability i that is, the Odds of 92 to 7 that 

there fhall be, of the 7 drawn, fewer than 4 white Counters, or 
none at all. 


Remark. 

If the numbers n and c were large, fuch as n = 40000 and 
c — 8000, the foregoing Method would feem impracticable, by 
reafon of the vaft number of Terms to be taken in both Series, 
whereof the firft is to be divided by the fecond : tho* if thofe Terms 

were 
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were a&ually fet down, a great many of them being common Di- 
vifors might be expunged out of both Series; for which reafon it will 
be convenient to ufe the following Theorem, which is a contraction 
of that Method, and which will be chiefly of ufe when the white 
Counters are but few. 

Let therefore n be the number of all the Counters; a the number 
of white; c the number of Counters to be taken out of the number 
n ; p the number of the white that are to be taken precifely in the 
number c ; then making n — c~d. The Probability of taking pre¬ 
cifely the number p of white Counters, will be 


c . c—1 . c —2, &c. x d . 1 . 2, &c. xC x -i_L x & c 

n . n —1 . n — 2 . n — 3 . n — 4 . n — 5 . n —6 . n —7 . n —8, See. 

Here it is to be obferved, that the Numerator confifts of three Series 
which are to be multiplied together; whereof the firft contains as ma¬ 
ny Terms as there are Units in p ; the fecond as many as there are Units 
in a — p ; the third as many as there are Units in p ; and the Deno¬ 
minator as many as there are Units in a . 


PROBLEM XXI. 

In a Lottery confijling of 40000 Tickets , among which are 
three particular Benefits , what is the Probability that 
taking 8000 of them, one or ??iore of the particular Be¬ 
nefits Jhall be amongft them . 


Solution. 

Ftrji, In the Theorem belonging to the Remark of the foregoing 
Problem, having fubftituted refpeCtively 8000, 40000, 32000, 3 
and 1, in the room of c, n, d , a , and p ; it will appear that the Proba¬ 
bility of taking one precifely of the three particular Benefits, will be 

SOOO . 32000 ■ 3 IOQO ■ 1 _ 48 . 

40000.30999.39998 m nearl y- 

Secondly , c, d , a being interpreted as before, let us fuppofe 

p=r-2: hence the Probability of taking precifely two of the par¬ 
ticular Benefits will be found to be — _Li_ 

near jy 4cooo . 39999 • 3999* 125 


N 


Thirdly , 
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Thirdly , making p — 3, the Probability of taking all the three 
particular Benefits will be found to be ^ = 717. 

Wherefore the Probability of taking one or more of the three par¬ 
ticular Benefits will be :8 ^ - , — or 77- very near. 

It is to be obferved, that thofe three Operations might have been 
contracted into one, by inquiring the Probability of not taking 
any of the three particular Benefits, which will be found to be 
, * 2 ° . ° _. - - i 1 .. ? 00 • ^ 1Q 2l — nearly, which being fubtraCted from 

40000 . 39999 • 3999* 1 2 5 ^ Cl 

Unity, the remainder 1- or ~T 7 f the Probability 

required, and therefore the Odds againft taking any of three particu¬ 
lar Benefits will be 64 to 61 nearly. 


PROBLEM XXII. 

To find how many Tickets ought to be taken in a Lottery 
confifiing of 40000, among which are Three particular 
Benefits, to 7nake it as probable that one or more of thofe 
Three may be taken as not . 


Solution. 

Let the number of Tickets requifite to be taken be a; ; it will 
follow therefore from the Remark belonging to the xx jh Problem, 
that the Probability of not taking any of the particular Benefits 

will be x x T~ z 2 " ; hut this Probability is 

equal to d- y fince by Hypothefis the Probability of taking one or 
more of them is equal to 7, from whence we (hall have the 
Equation x x = 7 , which Equation 

being folved, the Value of x will be found to be nearly 8252. 

N. B. The FaCtors whereof both the Numerator and Denomi¬ 
nator are compofed, being but few, and in arithmetic progreffion ; 
and befides, the difference being very fmall in refpeCt of n 5 thofe 
Terms may be confidered as being in geometric Progreffion : where¬ 
fore the Cube of the middle Term w , > may be fuppofed 

equal to the product of the Multiplication of thofe Terms; from 
^ whence 
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whence will arife the Equation = ~ ■ or, negle&ing U- 

nity in both Numerator and Denominator, - ~* 1 - — JL an d 

nX _ 2 

confequently x will be found to be = « x 1 — x/ — or n x 

1 — 7^4> but n = 40000, and 1 — y V4 = 0.2063 5 wherefore 
* = 8252. 

In the Remark belonging to the fecond Problem, a Rule was 
given for finding the number of Tickets that were to be taken to 
make it as probable, that one or more of the Benefits would be ta¬ 
ken as not; but in that Rule it was fuppofed, that the proportion 
of the Blanks to the Prizes was often repeated, as it ufually is in 
Lotteries : now in the cafe of the prefent Problem, the particular 
Benefits being but three in all, the remaining Tickets are to be confi- 
dered as Blanks in refpedt of them ; from whence it follows, that 
the proportion of the number of Blanks to one Prize being very near 
as 13332 to 1, and that proportion being repeated but three times 
in the whole number of Tickets, the Rule there given would not 
have been fufficiently exadl, for which reafon it was thought neceffary 
to give another Rule in this place. 

PROBLEM XXIII. 

Suppofing a Lottery of 100000 Tickets , whereof 900co 
are Blanks , and i 0000 are Benefits, to deter?nine ac¬ 
curately what the odds are of taking or not taking a Be¬ 
nefit , in any number of Tickets ajfigncd. 


Solution. 

Suppole the number of Tickets to be 6 ; then let us inquire into 
the Probability of taking no Prize in 6 Tickets, which to find let 
us make ufe of the Theorem fet down in the Corollary of the xx th 
Problem , wherein it will appear that the number of Chances for ta¬ 
king no Prize in 6 Tickets, making a — ioooo, b = 90000, c = 6, 
p = o, n — 100000, will be 


90000 


fiqqgo 


80998 


8cqq7 


8Q996 


1 2 3 4 5 

and that the whole number of Chances will be 


IOOOCO 


r.9999 99998 0990^ 


99996 


99 


N 2 


then 
dividing 
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dividing the firfl: number of Chances by the fecond, which may 
eaiily be done by Logarithms, the Quotient will be 0.53143, and 
this thews the Probability of taking no Prize in 6 Tickets: and this 
decimal fra&ion being fubtra&ed from Unity, the Remainder 0.46857 
thews the Probability of taking one Prize or more in 6 Tickets; 
wherefore the Odds againft taking any Prize in 6 Tickets, will be 
53143 to 46857. 

It we luppole now that the number of Tickets taken is 7, then 
carrying each number of Chances above-written one ftep farther, we 
{hall find that the Probability of taking no Prize in 7 Tickets is 
0.47828, which fraction being fubtra&ed from Unity, the remainder 
will be 0.52172, which {hews the Odds of taking one Prize or more 
in 7 Tickets to be 5217210 47828. 

Remark. 

When the number of Tickets taken bear a very inconfiderable 
proportion to the whole number of Tickets, as it happens in the 
cafe of this Problem, the Queftion may be refolved as a Problem de¬ 
pending on the Caft of a Die : we may therefore fuppofe a Die 
of 10 Faces having one of its Faces fuch as the Ace reprefenting a 
Benefit, and all the other nine reprefenting Blanks, and inquire into 
the Probability of miffing the Ace 6 times together, which by the 

Rules given in the Introdu&ion, will be found to be ■“*- = 0.53144 
differing from what we had found before but one Unit in the fifth 
place of Decimals. And if we inquire into the Probability of miffing 
the Ace 7 times, we (hall find it 0.47829 differing alfo but one Unit 
in the fifth of Decimals, from what had been found before, and there¬ 
fore in fuch cafes as this we may ufe both Methods indifferently; but 
the firft will be exadt if we a&ually multiply the numbers together, 
the fecond is only an approximation. 

But both Methods confirm the truth of the practical Rule given in 
our third Problem , about finding what number of Tickets are ne- 
ceflary for the equal Chance of a Prize ; for multiplying as it is 
there directed, the number 9 reprefenting the Blanks by 0.7, the 
Product 6.3 will {liew that the number requifite is between 6 and 7. 

PROBLEM XXIV. 

The fame things being given as in the preceding Problem , 
fuppofe the price of each Ticket to be 10 L - and that 
after the Lottery is dr awn , 7 -— 1 oA be returned 

to 
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to the Blanks , to find in this Lottery the value of the 
Chance of a Prize . 

Solution. 

There being 90000 Blanks, to every one of which y L -10 A 

is returned, the total Value of the Blanks is 675000 1 and confe- 
quently the total Value of the Benefits is 325000 L - which being 
divided by 10000, the number of the Benefits, the Quotient is 32 L - 
— 10^; and therefore one might for the Sum of 32 L — 10A be 
intitled to have a Benefit certain, taken at random out of the 
whole number of Benefits: the Purchafer of a Chance has there¬ 
fore 1 Chance in io for the Sum of 32^- — 10 A and 9 Chances 
in 10 for lofing his Money; from whence it follows, that the value 

of his Chance is the 10 th part of 32 L -10 ft* that is 3 L -5 A 

And therefore the Purchafer of a Chance, by giving the Seller 3 L- 

_5 A is intitled to the Chance of a Benefit, and ought not to 

return any thing to the Seller, altho’ he fhould have a Prize; for 

the Seller having 3 L - 5 A fure, and 9 Chances in 10 for 7 L - 10A 

the Value of which Chances is 6 ^ — 15 ; it follows that he has 

his 10 L - 


PROBLEM XXV. 

Suppofing Jlill the fame Lottery as has been mentioned in 
the two preceding Problems, let A engage to furnifh B 
with a Chance , on condition that whenever the Ticket on 
which the Chance depends , fall happen to be drawn, 
whether it proves a Blank or a Prize, A Jhall furnifh 
B with a new Chance , and fo on , as often as there is 
occafion , till the whole Lottery be drawn ; to find what 
confideration B ought to give A before the Lottery be¬ 
gins to be drawn , for the Chance or Chances of one or 
more Prizes , adfnitting that the Lottery will be 40 
days a drawing . 

Solution. 

Let 3 l — §/h > which is the abfolute Value of a Chance, be cal¬ 
led s. 


W 
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i°. A who is the Seller ought to confider, that the firft Day, he 
furnilhes necefifarily a Chance whofe Value is s. 

2°. That the fecond day, he does not necefiarily furnifh a Chance, 
but conditionally, viz. if it fo happen that the Ticket on which the 
Chance depends, fiiould be drawn on the firfi: day; but the Proba¬ 
bility of its being drawn on the firft day is —; and therefore he 

40 

ought to take -L-j for the confideration of the fecond day. 

3°. That in the fame manner, he does not necelfarily furnifh a 
Chance on the third day, but conditionally, in cafe the only Ticket 
depending (for there can be but one) fhould happen to be drawn on 
the fecond day ; of which the Probability being -L- , by reafon of 
the remaining 39 days from the fecond inclufive to the laft, it fol¬ 
lows, that the Value of that Chance is — s. 

4 0 . And for the fame reafon, the Value of the next is s , and 

fo on. 

The Purchafer ought therefore to give the Seller 

1 + + 17 + IF + 17.+ 7 * the whole 

multiplied by r, or 

1 + 7 + J + 7 + 7 + 7.+ ~, ‘he whole 

multiplied by s. Now it being pretty laborious to fum up thofe 40 
Terms, I have here made ufe of a Rule which I have given in the 
Supplement to my MiJ'cellanea Analytica * 3 whereby one may in a very 
fhort time fum up as many of thofe Terms as one pleafes, tho’ they 
were 10000 or more; and by that Rule, the Sum of thofe 40 Terms 
will be found to be 4.2785 very near, which being multiplied byj 
which in this cafe is 3.25, the product 13.9 will fhew that the Pur¬ 
chafer ought to give the Seller about 13^— 18 A 

Coroll ray. 

The Value of the Chance s for one fingle day that fhall be fixed 
upon, is the Value of that Chance divided by the number of Days 
intercepted between that Day inclufive, and the number of Days re¬ 
maining to the end of the Lottery: which however mull: be under- 
ftood with this reftriftion, that the Day fixed upon mull be chofe be¬ 
fore the Lottery begins; or if it be done on any other Day, the State 
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of the Lottery muft be known, and a new Calculation made accord¬ 
ingly for the Value of s. 


* Scholium. 

If there is a Series of Fractions of this Form — + -f- 

_!_ \ - '■ - 1 - 1 —. 4 - 1 — i the firft of which is 

—, and the laft -: their Sum will be, 

log. - + — +4 A4-4rB4-Ac4--^rD + &c; 

* ” “ 2 “ r 4 - + ^o*‘ ~ *«" ^ Where it is 

+-i A + ^B+^rC + ^D + &c. 
to be obferved, 

i°. That the mark (log.) denoting Nepers , or the Natural, Loga¬ 
rithm, affedts only the firft Term j. 

2°. That the Values of the Capital Letters are, A = ^ , B = 

~^ C =+1T* D = ~ 17* E = + -^’ &c - b^ng ^ 
numbers of Mr. James Bernoulli in his excellent Theorem for the 
Summing of Powers j which are formed from each other as follows; 


B —7 

Q __L 

1 

5 

1 

A. 

_ t a_ 

6 • < • 4 T 3 


2 

D — ± 

2 

E =— 

"7 

1 

_1 a 

2.3.4 * 

8 • 7 • 6 b - 

8.7.6. 5 . 4 p 

"9 

1 

— 7A 

_12 a — 

2.3.4 

10 . Q .8 £ 

2 • 3 • 4 • 5 • ^ 

10.0.8.7.6^ 10.9.8.7.6.54 

2 

&c. 

it 

2 A 

2.3.4 

2 . 3 . 4.5 . 6 C 2 .3.4.5.67.8 


D. 


3 0 . In working by this Rule, it will be convenient to fum a few 
of the firft terms, in the common way 5 that the powers of 
L may the fooner converge. 

4 0 . The fame Rule furnifhes an eafy Computation of the Loga¬ 
rithm of any ratio ^, the difference of whofe terms is not very 
great. 


PRO- 
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PROBLEM XXVI. 

To find the Probability of takmg four Hearts , three Dia¬ 
monds y two Spades , and one Club in ten Cards out of a 
Stock containing thirty-two . 


Solution. 

Firft, The number of Chances for taking four Hearts out of the 
whole number of Hearts that are in the Stock, that is out of Eight, 

will be = 

Secondly , The number of Chances for taking three Diamonds out 
of Eight, will be ] = 56. 

Thirdly , The number of Chances for taking two Spades out of 
Eight, will be -7—^ =28. 

Fourthly , The number of Chances for taking one Club out of 
Eight, will be 7 = 8. 

And therefore multiplying all thofe particular Chances together, 
the produa 70 x 56 x 28 x 8 878080 will denote the whole num¬ 

ber of Chances for taking four Hearts, three Diamonds, two Spades, 
and one Club. 

Fifthly , The whole number of Chances for taking any ten Cards 
out of thirty-two is 


32 . 31 . 30 . 29 ■ 28 . 27 . 26 ■ 2<; . 24 . 23 
1 .2. 3.4.5.6.7.8.9. 10 


64512240. 


And therefore dividing the firft Produa by the fecond, the quotient 
.■■ 87 Ro8 1 - or ~~~~~ nearly, will exprefs the Probability required; 

from which it follows that the Odds againft taking four Hearts, three 
Diamonds, two Spades, and one Club in ten Cards, out of a Stock 
containing thirty-two, are very near 74 to 1. 


Remark. 

But if the numbers in this Problem had not been reflnd- 
ed each to a particular fuit of Cards; that is, if it had been under¬ 
taken only that in drawing the ten Cards, 4 of them fhould be of one 
fuit, 3 of another, 2 of another, and one of the fourth; then 
writing for the four fuits, the Letters A . B . C . D ; and under 
them the Numbers 4 . 3 . 2 . 1 } fince this 
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is but one Pofition out of 24, which the numbers can have with 
refpe< 5 t to the Letters (by the general Corollary to Prob. xvi) we mud 
now multiply the number of Chances before found, which was 

878080, by 24; and the probability required will be '• 
that is, it is the Odds of about 2 to 1, or very nearly of 68 to 33, 
that of 1 o Cards drawn out of a Piquet pack four, three, two, and 
one, fhall not be of different fuits. 


Of the Game of Qjj a d r i l l e. 

PROBLEM XXVII. 

The Player having 3 Matadors and three other Trumps 
by the lowejl Cards in black or red y what is the Pro - 
bability of his forcing all the Trumps f 

Solution. 

In order to folve this Problem, it is to be conlidered, that the 
Player whom I call A forces the Trumps neceflarily, if none of the 
other Players whom I call B y C , D, has more than three Trumps ; 
and therefore, if we calculate the Probability of any one of them 
having more than three Trumps, which cafe is wholly againft A % 
we may from thence deduce what will be favourable to him ; but 
let us firfl fuppofe that he plays in black. 

Since the number of Trumps in black is n, and that A by fup- 
pofition has 6 of them, then the number of Trumps remaining 
amongft: B, C, D is 5; and again, fince the number of all the other 
remaining Cards, which we may call Blanks, is 29, whereof A has 
4, it follows that there are 25 Blanks amongft B, C, D; and there¬ 
fore the number of Chances for B in his 10 Cards to have 4 Trumps 
and 6 Blanks, is by the Corollary of the xx th Problem. 

5x4.x 3x2 25. 2 4. 2$. 22 . 21 . 20 

'-2.3-4 X * • * • 3 • 4 • 5 • 6 ~ 

And likewife the number of Chances for his having 5 Trumps and 5 
Blanks, is by the fame Corollary. 

• S • 2 • * x 25 . 24 . 23 ■ 22 »L 
„ 4 . 23 - 4-5 ‘ • 2 • 3 • 4 • 5 


O 


And 
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And therefore the number of all the Chances of B againft A is 
106 x 5 x 7 x 11x23: but the number of Chances whereby any 10 

Cards may be taken out of 30 is 6 / 78 . 9 . lo • 

which being reduced to 5 x 7 x 9 x 11 x 13 x 23 x 29, it follows 

that the Probability of B’s having more than three Trumps is 
_ 1 ? 6 * * ‘ 7 ' 11 —— —-—-: but this Probability 

3 - 3 - 5 - 7 - * * . 13 - 23 29 9 x 13 . 29 

falls as well upon C and D as upon B , and therefore it ought to be 

multiplied by 3, which will make it 3 x \ = 75 and this 

being fubtrafted from Unity, the remainder ~~ will exprefs the 
Probability of As forcing all the Trumps; and therefore the Odds 
of his forcing the Trumps are 1025 againft 106, that is 29 to 3 
nearly. 

But if A plays the fame Game in red, his advantage will be con- 
fiderably lefs than before; for there being 12 Trumps in red, whereof 
he has 6, B may have 4, or 5, or 6 of them, fo that the number 
of the Chances which B has for more than three Trumps will be 
refpe&ively as follows: 


6x5x4. 

1.2.3 
• • 4 • 3 

.2.3.4 
• 4 - 3-2 
- 3 - 4-5 


24 . 23 . 22 ■ 21 

1 . 2 . 3 • 4 
24 . 23 . 22 . 21 
1 . 2 : 3-4 


Now the Sum of all thofe Chances being 2.5x23x 22x21 and 
the Sum of all the Chances for taking any 10 Cards out of 30, 
being 5x7x9x11* >3 x 23 x * 9 . “ a PP ears b y the preceding 
cafe, it follows, that the Probability of B s having more than three 
_ ’ . zi; = -_ . Kiit this Pro- 

bability falling as well upon C and D, as upon B, ought to be mul¬ 
tiplied by 3, which will make it ~ Tn ’ and thlS bem8 

fubtraffed from Unity, the remainder , will exprefs the Pro- 
bability of A'% forcing all the Trumps; and therefore the Odds of 
his forcing all the Trumps is in this cafe 291 to 86, that is nearly 

10 to 3. 


t> R O- 
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PROBLEM XXVIII. 

The Player A having Spadille , Manille, King , £$ueen y 
and two ftnall Trumps in blacky to fi?id the Probability 
of his forcing all the Trumps . 


Solution. 

^ forces the Trumps neceffarily, if Bajle accompanied with two 
other Trumps be not in one of the Hands of B, C, D, and as 
Bajle ought to be in fome Hand, it is indifferent where we place 
it; let it therefore be fuppofed that B has it, in confequence of 
which let us confider the number of Chances for his having bc- 
fidcs Bajle, 

i°. 2 Trumps and 7 Blanks. 

2°. 3 Trumps and 6 Blanks. 

3 0 . 4 Trumps and 5 Blanks. 

Now the Blanks being in all 29, whereof A has 4, it follows 
that the number of remaining Blanks is 25 j and the number of 
Trumps being in all 11, whereof A has 6 by Hypothefis, and B 
has i, viz, Bajle , it follows that the number of remaining Trumps 
is 4 j and therefore the Chances which B has againft the Player 
are refpeftively as follows: 


• »4 • 2 3 


*9 


23 


4.5. 
22 . 21 


I.2.3 I .2.3.4.50 
4 • 3 • 2 • 1 x 2; , 24 . 23 . 22 . 21 
I . 2 . 3 . 4 I • 2 • 3 • 4 • 5' 

The Sum of all which is 1441x5x23x22; but the Sum of 
all the Chances whereby B may join any 9 Cards to the Bajle which 

he has already is J T>T sT 9 ~ = 29 x 7 x 3 x 

13x5x23x11. and therefore the Probability of Bajle being in 
one Hand, accompanied with two Trumps at leafl, is expreffed 

by the Fraftion■ — . = ^^ T = 

and this being fubtra&ed from Unity, the remainder will be 
~7~, and therefore the Odds of A’s forcing the Trumps are 5035 
to 2882, which are very near 7 to 4. 


O 2 


But 
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But if it be in red, A has the fmall difadvantage of 19703 againft 
19882, or nearly no againft 111. 

It is to be noted in this Propofition, that it is not now neceflary 
to multiply by 3 ; by reafon that B reprefents indeterminately any 
one of the three B , C, D : elfe if the cafe of having Bafte was deter¬ 
mined to B in particular, his probability of having it would only be 

fo that the Chances afterwards being multiplied by 3, the So¬ 
lution would be the fame. 


PROBLEM XXIX. 

The Player having Spadille> Manille , and 5 other Trumps 
more by the lowejl in red , what is the Probability , by 
playing Spadille and Manille , of his forcing 4 Trumps ? 


Solution. 

The 5 remaining Trumps being between B , C, Z), their various 
difpofitions are the following: 

By C, D 

1, 2, 2 

2, 3> 0 

3» 1 

4, o 

5, o, o 


Which muft be underftood in fuch manner, that what is here 
afligned to B may as well belong to C or D. 

Now it is plain, that out of thofe five difpofitions there are only 
the two firft that are favourable to A; let us therefore fee what is the 


Probability of the firft difpofition. 

The number of Chances of B to have 1 Trump and 9 Blanks 


are t x 1 :"z~ 7 ~~ 4 ~~t: ~ o . 7.8. ~ij ~ = 5x5x5x11x17 
x 19 x 23, but the number of all the Chances whereby he may take 
any 10 Cards out of 30, is 5x7x9x11x13x23 x293s has 
been feen already in one of the preceding Problems j and therefore 
the Probability of J 3 ’s having one Trump and nine Blanks is 

< » S • S • 11 • 1 7j _ J 9 j __ 2 3 _ • '9 - *7 

5 . 7 . 9 . u . 13 . 23 . 29 7 • 9 • *3 • *9 * 


Now 
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Now in order to find the number of Chances for C to have 2 
Trumps and 8 Blanks, it mull be confidered that A having 7 Trumps, 
and B i, the number of remaining Trumps is 4; and likewife that 
A having 3 Blanks, and B 9, the number of remaining Blanks is 16, 
and therefore that the number of Chances for C to have 2 Trumps 
and 8 Blanks is 


16 . 15 


= 6 x 9 x 10 x 11 x 13 


7 • 8 


But the number of all the Chances whereby C may take any 10 
Cards out of 20 remaining between him and D, is 


20 . 19 . 18 . » 7 . 16 . 1? . «4 • 12 __-_ 11 . — 4. x 11 x 13 x 17 x 19, 

1. 2. 3. 4. 5. 6. 7. 8. 9. 10 * J 

and therefore the Probability of C’s having 2 Trumps and 8 Blanks is 


6 . 9 . 10 . 11 . 13 6 . 9 . 10 __ 9 • 1 5 

4 . 11 . 13 . 17 . 19 4 . 17 . 19 >7 • *9 

Now A being fuppofed to have had 7 Trumps, B r, and C 2, 
D muff have 2 neceffarily, and therefore no new Calculation ought 
to be made on account of D. It follows therefore that the Proba¬ 
bility of the difpofition i, 2, 2, belonging refpeCtively to B t C, D, 

ought to be exprefled by . I3 " -- x v 7 '~ = 7 - *3 - V * 

Now three things, whereof two are alike, being to be permuted 
3 different ways, it follows that the Probability of the Difpofition 

1, 2, 2, as it may happen in any order, will be -y—77—^ = "777 • 

It will be found in the fame manner, that the Probability of the 
Difpofition 2, 3, o as it belongs respectively to B, C, 2 ), is 
: l ° 9 ; but the number of Permutations of three things which 
are all unlike being 6, it follows that the faid Probability ought to 
be multiplied by 6, which will make it —' \\' • 

From all which it follows, that the Probability of A’s forcing 4 
Trumps is ; which fraction being fubtrafted 

from Unity, the remainder will be , and therefore the Odds- 

of A’s forcing 4 Trumps are 1725 to 914, that is very near 17 
to 9. 


PRO 
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PROBLEM XXX. 

A the Player having 4 Matadors , in Diamonds , with 
the two black Kings , each accompanied with two fmall 
Cards of their own fuit ; what is the Probability that 
no one of the others B, C, D, has more than 4 Trumps , 
or in cafe he has more y that he has alfo of the fuit of 
both his Kings in which cafes A wins neceffarily ? 

Solution. 

The Chances that are againft A are as follows j it being pofii- 
ble that B may have 


Diamonds, Hearts, 

5 > 5 

6, 4 

7 , 3 

8, 2 


Number of Chances. 

14112 

5880 

960 

45 

Sum 20997 


Diamonds 

Spades, 

Hearts, 

Number of Chances. 

5 * 

1 

4 

70560 

5* 

2 

3 

100800 

5 > 

3 

2 

5040° 

5 > 

4 

1 

8400 

5 » 

5 

0 

336 

6, 

1 

3 

20160 

6, 

2 

2 

18900 

6, 

3 

1 

5600 

6, 

4 

0 

420 

7, 

1 

2 

2160 

7 » 

2 

1 

1200 

7 » 

3 

0 

160 

8, 

1 

1 

60 

8, 

2 

0 

15 




279171 


Now 
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Now by reafon that among B y C, D, there are as many Clubs as 
Spades, viz. 6 of each fort, it follows that the Clubs may be fub- 
ftituted in the room of the Spades, which will double this laft num¬ 
ber of Chances, and make it 558342 j and therefore, adding toge¬ 
ther the firft and fecond number of Chances, the Sum will be 
579339, which will be the whole number of Chances, whereby B 
may with (land the Expectation of A ; but the number of all the 
Chances which B has for taking any 10 Cards out of 30, is 5 x 7 x 
9 x u x 13 x 23 x 29 = 30045015 ; from which it follows that the 

Probability of B’s withftanding the Expectation of A is • 

but as this may fall as well upon C and D as upon B , it follows 
that this Probability ought to be multiplied by 3, then the ProduCt 

exprefs the Probability of A s lofing; and this being 

fubtraCted from Unity, the remainder will exprefs the Probability of 

A 's winning } and therefore the Odds of As winning will be little 

more than 16 — to 1. 

4 


PROBLEM XXXI. 

A having Spadille , Manille , King , K?iave, and two 
other fmall Trumps in blacky what is the Probability 
that Bajle accompanied with two other Trumps , or the 
^ueen accompa?iied with three other , JJjall not be in the 
fame hand \ in which cafe A wins necejjarily ? 


SoLUT ION. 

The Probability of Bafte being in one hand, accompanied with 
two other Trumps, has been found, in Problem xxviii, to be . 

The number of Chances for him who has the Queen, to have alfo 
three other Trumps, excluding Bafte, is 



5 x 7 x 11 x 20 x 23 


but the number of Chances for joining any 9 Cards to the Queen 
^ s 3 x 5 x 7 x iix *3* 23 *29, and therefore the Probability of the 
Queen’s being in one hand, accompanied with three other Trumps, is 


20 _ 140 

1131 79*7 * 


now 
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now this Probability being added to the former, the Sum will be 
JSlL . an( i therefore the Odds of J’s not being withftood either 
from Bafte being accompanied with two other Trumps, or from the 
Queen accompanied with three, are 4895 to 3022, nearly as 13 
to 8. 

It may be obferved, that the reafon of Bafte being excluded from 
among the Trumps that accompany the Queen is this; if the Queen 
be accompanied with Bafte and two other Trumps, the Bafte itfelf 
is accompanied with three Trumps, which cafe had been taken in 
already in the firft part of the Solution. 

PROBLEM XXXII. 

A having three Matadors in Spades with the Kings of 
Hearts , Diamonds , and Clubs , two jmall Hearts , and 
two fmall Diamonds ; to find the Probability that not 
above three Spades Jhall be in one hand y or that y if there 
be above three , there jhall be alfo of the fuits of the 
three Kings \ in which cafe A wins necejfarily. 

Solution. 

The Probability of not above [three Trumps being in one hand 
= 0.332141* 

The Probability that one of the Oppofers fhall have 4 Trumps, 
and at the fame time Hearts, Diamonds, and Clubs, and that no 
other (hall have 4 Trumps, is =0.393501. 

The Probability that two of the Oppofers lhall have 4 Trumps, 
and at the fame time Hearts, Diamonds, and Clubs, is = 0.013836. 

The Probability that one of the Oppofers lhall have 5 Trumps, 
and at the fame time Hearts, Diamonds, and Clubs, is = 0.103019. 

The Probability that one of the Oppofers lhall have 6 Trumps, 
Hearts Diamonds, and Clubs, is =0.001041. 

The* Probability of one of the Oppofers having 7 Trumps, and 
at the fame time Hearts, Diamonds, and Clubs, is = 0.0003 13. 

Now the Sum of all thefe Probabilities is 0.843851, which being 
fubtra&ed from Unity, the remainder is o. 156149 ; and therefore 
the Odds of the Player’s winning are as 843851 to 156149, that is 
very near as 27 to 5. 
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PROBLEM XXXIII. 

To find at Pharaon, how much it is that the Banker gets 
per Cent, of all the Money that is adventured . 

Hypothesis. 

I fuppofe firft , that there is but one Tingle Ponte; Secondly , that 
he lays his Money upon one fingle Card at a time; thirdly, that 
he begins to take a Card in the beginning of the Game ; Fourthly , 
that he continues to take a new Card after the laying down of every 
couple: Fifthly , that when there remain but fix Cards in the Stock, 
he ceafes to take a Card. 

Sol u t ion. 

When at any time the Ponte lays a new Stake upon a Card 
taken as it happens out of his Book, let the number of Cards already 
laid down by the Banker be fuppofed equal to *, and the whole 
number of Cards equal to n. 

Now in this circumftance the Card taken by the Ponte has part 
four times, or three times, or twice, or once, or not at all. 

Firfti If it has paffed four times, he can be no lofer upon that 

account. . 

Secondly , If it has paffed three times, then his Card is once in the 
Stock: now the number of Cards remaining in the Stock being 
n _ X) it follows by the firft cafe of the xiii th Problem, that the 

Lofs of the Ponte will be ■ m l _ -~: but by the Remark belonging to 
the xx th Problem, the Probability of his Card’s having paffed three 

x x — I . x —2 . n — r 

times precifely in x Cards is n n __ l „ _ 2 „'_~ 3 - : now lu P" 

pofing the Denominator equal to 5 , multiply the Lofs he will fuffer, 
if he has that Chance, by the Probability of having it, and the 
product — ' will be his abfolute Lofs in that cir- 

cumftance. 

* Thirdly , If it has paffed twice, his abfolute Lofs will, by the fame 

„ , r y | X . x — I. n — ’ . * 

way of reafoning, be round to be — 

Fourthly , If it has paffed once, his abfolute Lofs will be found to be 


P 


Fifthly,, 
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Fifthly , If it has not yet patted, his abfolute Lofs will be 

v - X . n — X -2 . 2fl 2X — i; 

26’ . 

Now the Sum of all thefe Lotties of the Ponte will be 

ni 5 n — 3*3 

---^--- , and this is the Lofs he fuffers 

by venturing a new Stake after any number of Cards x are 
patted. 

But the number of Couples which at any time are laid down, 
is always one half of the number of Cards that are patted; where¬ 
fore calling t the number of thofe Couples, the Lofs of the Ponte 

a? 2. — 6f — 6 tt -f* 24/* 

may be expretted thus---—- 

Let now p be the number of Stakes which the Ponte adven- 
tures; let alfo the Lofs of the Ponte be divided into two parts, viz. 

5 „ ^ _ 6 ,_ 6 „ +24 , 

5 , and ■ i- • 

And fince he adventures a Stake p times; it follows that the firft 

part of his lofs will be-$-• 

In order to find the fecond part, let t be interpreted fucceflively 
by o, 1, 2, 3, &c. to the laft term p — i; then in the room of 
6 1 we fhall have a Sum of Numbers in Arithmetic Progreffion to be 
multiplied by 6 ; in the room of 6tt we fhall have a Sum of 
Squares, whofe Roots are in Arithmetic Progreflion, to be multi¬ 
plied by 6; and in the room of 24^ we fhall have a Sum of Cubes, 
whofe Roots are in Arithmetic Progreflion, to be multiplied by 
24. 

Thefe feveral Sums being collected according to the Rule given 
in the fecond Remark on the x th Problem, will be found to be 
(pi-upi-i. (pp+2 p_ therefore the whole Lofs of the Ponte will be 


P„J — p un -I- 5 pnJf 6/>+ — 1 4p l + fyf>+ 2p 

— ~~s • 

Now this being the Lofs which the Ponte fuftains by adven¬ 
turing the Sum />, each Stake being fuppofed equal to Unity, it 
follows that the Lofs per Cent, of the Ponte, is the quantity above- 
written multiplied by 100, and divided by />, which confidering 
that S has been fuppofed equal to n x n — 1 x n — 2 x n — 3, will 

make it to be “~ 1 , x 100 + - x 100 5 

let 
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let now n be interpreted by 52, and p by 23 ; and the Lofs/tfr Cent. 
of the Ponte, or Gain per Cent, of the Banker, will be found to be 

2.99251 j that is z L -— 19 ft> -io^- per Cent. 

By the fame Method of procefs, it will be found that the Gain 
per Cent . of the Banker at Bajfette will be - — ~ ~ 9 n _ 2 x 100 -J- 

n P -i~n~i~n" x I0 °* Let n be interpreted by 51, and p by 235 
and the foregoing expreflion will become 0.790582 or — 9 — d \ 

The confideration of the firft Stake which is adventured before the 
Pack is turned being here omitted, as being out of the gene¬ 
ral Rule j but if that cafe be taken in, the Gain of the Banker will 
be diminifhed, and be only 0.76245, that is 15A — 3 d - very near; 
and this is to be eftimated as the Gain per Cent, of the Banker, 
when he takes but half Face. 

Now whether the Ponte takes one Card at a time, or feveral 
Cards, the Gain per Cent, of the Banker continues the fame : whe¬ 
ther the Ponte keeps conftantly to the fame Stake, or fome time 
doubles or triples it, the Gain per Cent, is Bill the fame : whether 
there be one fingle Ponte or feveral, his Gain per Cent, is not 
thereby altered. Wherefore the Gain per Cent, of the Banker, upon 
all the Money that is adventured at Pharaon , is 2 L - -— 19 A — io^- 
and at Bajfette -3* 

PROBLEM XXXIV. 

Suppofng A and B to play together , that the Chances they 
have refpeElively to win are as a to b, and that B 
obliges himfelf to fet to A fo long as A wins without in¬ 
terruption ; what is the advantage that A gets by his 
hand ? 

Solution. 

Firft , If A and B Rake 1 each, the Gain of A on the firft 
Game 

Secondly , His Gain on the fecond Game will alfo be , 

provided he fhould happen to win the firft: but the Probability 
of As winning the firft Game is . Wherefore his Gain on 
the fecond Game will be —\- L - x 

a-\-b a-\-b 

P 2 


Thirdly , 
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1 Thirdly , His Gain on the third Game, after winning the two 
firft, will be likewife : but the Probability of his winning 

the two firft Games is ; "\\\ j wherefore his Gain on the third 

<*+b) x 


* na a ~b 
Game is ~~r\ x —— . 

u o\~ a -f- b 

Fourthly, Wherefore the Gain of the Hand of A is an infinite 
Series j viz. i A --L -»--■■■ _l_ & c 

to be multiplied by jy : but the Sum of that infinite Series i s 
- ^ j wherefore the Gain of the Hand of A is x ~~ h — 

b b a b 


b 

Corollary j. 

If A has the advantage of the Odds, and B fets his hand out, 
the Gain of A is the difference of the numbers exprefling the Odds, 
divided by the leffer. Thus if A has the Odds of 5 to 3, then 

his Gain will be — ~ 3 - = — . 

3 3 


Corollary 2. 

If B has the difadvantage of the Odds, and A fets his hand out, 
the Lofs of B will be the difference of the numbers exprefling the 
Odds divided by the greater: thus if B has but 3 to 5, his Lofs will 
bey . 

Corollary 3. 

If A and B do mutually engage to fet to one another, as long 
as either of them wins without interruption, the Gain of A will 
be found to be ~ ~— ab bb \ that is the Sum of the numbers expref- 
fing the Odds multiplied by their difference, the Product of that 
Multiplication being divided by the Product of the numbers expref- 
fing the Odds. Thus if the Odds were as 5 to 3, the Sum of 5 
and 3 being 8, and the difference being 2, multiply 8 by 2, and 
divide the product 16, by the product of the numbers exprefling 

the Odds, which is 15, and the Quotient will be -y- , or 1 , 

which therefore will be the Gain of A. 


Corollary 4. 

But if he be only to be fet to, who wins the firft time, and that 
he be to be fet to as long as he wins without interruption j then the 

Gain 
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Gain of A will be ffy -=|=- : thus if a be 5, and b 3, the Gain 
of A will be J 22 - = - 4 S-. 

120 00 

PROBLEM XXXV. 

Any number of Letters a, b, c, d, e, f, elf c. all of them 
different , being taken promifcuoujly as it happens: to find 
the Probability that fome of them Jhall be found in their 
places according to the ra?2k they obtain in the Alpha¬ 
bet ; and that others of them Jhall at the fame time be 
difplaced* 

Solution. 

Let the number of all the Letters be = n ; let the number of 
thofe that are to be in their places be =/>, and the number of 
thofe that are to be out of their places = q. Suppofe for brevity’s fake 

n » . « — I "b n . n — i . n — 2 n . n —1 . n —2 . n —3 

z=zv y &c. then let all the quantities I, r, s, t , v, &c. be written down 
with Signs alternately pofitive and negative, beginning at i, if p be 
= o ; at r, if p be = i : at s, if p be = 2, &c. Prefix to thefe 
Quantities the Coefficients of a Binomial Power, whole index is 
= q j this being done, thofe Quantities taken all together will ex- 
prefs the Probability required. Thus the Probability that in 6 Letters 
taken promifcuoufly, two of them, viz. a and b fhall be in their 
places, and three of them, viz. c , e , out of their places, will be 
1 _ 3 1_3_1_ 11 

6 • 5 6 • 5 ■ 4 ' 6.5. 4.3 6. 5. 4. 3. 2 720 

And the Probability that a fhall be in its place, and b t c , d> e , out 
of their places, will be 

_L _ 4 . , 6 _ 4 I_ 1 _ 

6 6-5 .. 6 * 5 - 4 6 • 5 • 4 - 3 ' 6. 5. 4. 3. 2 720 

The Probability that a fhall be in its place, and b> c, d , e out 
of their places, will be 

-L s 1 10 _jo_ . c _ 1 

6 6.5 ' 6 • 5 • 4 0 . 5 . 4 . 3 1 0 . 5 . 4 . 3 . 2 0.5.4.3.2.1 

_ 44 _ n 

720 — a8« * 


The 
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The Probability that a , b t c , 4 > e , f {hall all be difplaced is 

_ , I s _ 20 , T C 

1 6 T 6. 5 0 • 5 -4 0.5. 4. 3 ~ 6 _ . 5 . 

+ t>. 5 .4. 3- 2. 1 or 1 1 + 7 7 + 77 ~ TIT 

== — 53 

720 144 • 


4 • 3 
+ -I 


Hence it may be concluded, that the Probability that one of 
them at leaft {hall be in its place, is 1 — 7 4“ 'g' — —1" 

~~- —■ = an d that the Odds that one of them at 

leaft ihallbe fo found, areas 91 to 53. 

It muft be obferved, that the foregoing Expreflion may ferve for 
any number of Letters, by continuing it to fo many Terms as there 
are Letters: thus if the number of Letters had been feven, the 
Probability required would have been • 


Demonstration. 

The number of Chances for the Letter a to be in the firft place, 
contains the number of Chances by which a being in the firft place, 
b may be in the fecond, or out of it: This is an Axiom of common 
Senfe of the fame degree of evidence, as that the whole is equal to all 
its parts. 

From this it follows, that if from the number of Chances that 
there are for a to be in the firft place, there be fubtra&ed the num¬ 
ber of Chances that there are for a to be in the firft place, and b 
at the fame time in the fecond, there will remain the number of 
Chances by which a being in the firft place, b may be excluded 
the fecond. 

For the fame reafon it follows, that if from the number of 
Chances for a and b to be refpe&ively in the firft and fecond places, 
there be fubtra&ed the number of Chances by which, a , b, and c 
may be refpe&ively in the firft, fecond, and third places ; there 
will remain the number of Chances by which a being in the firft, 
and b in the fecond, c may be excluded the third place : and fo of 
the reft. 

Lt -1 -a denote the Probability that a {hall be in the firft place, 
and let — a denote the Probability of its being out of it. Likewife 
let the Probabilities that b {hall be in the fecond place, or out of it, 
be refpedtively expreft by -J- b and — b. 


Let 
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Let the Probability that a being in the firft place, b (hall be in the 
fecond, be exprefled by a + b: Like wife let the Probability that a 
being in the firft place, b (hall be excluded the fecond, be exprefled 
by a — b . 

XJniverfally. Let the Probability there is that as many as are to be 
in their proper places, (hall be fo, and that as many others as are 
at the fame time to be out of their proper places (hall be fo found, 
be denoted by the particular Probabilities of their being in their 
proper places, or out of them, written all together: So that, for in- 
ftance a-\-b c — d — e , may denote the Probability that a , b % 
and c (hall be in their proper places, and that at the fame time both 
d and e (hall be excluded their proper places. 

Now to be able to derive proper Conclufions by virtue of this No¬ 
tation, it is to be obferved, that of the Quantities which are here 
confidered, thofe from which the Subtraction is to be made are in¬ 
differently compofed of any number of Terms connected by and 
— j and that the Quantities which are to be fubtraCted do exceed 
by one Term thofe from which the Subtraction is to be made ; the 
reft of the Terms being alike, and their Signs alike j then nothing 
more is requifite to have the remainder, than to preferve the Quan¬ 
tities that are alike, with their proper Signs, and to change the 
Sign of the Quantity exceeding. 

It having been demonftrated in what we have faid of Permutations 
and Combinations, that a = j a b=. ——‘ ~T i a + ^ 4 “ c = 
- - -, &c. let L ---, &c. be refpeCtively called 

r, j, t % v, &c. this being fuppofed, we may come to the following 
Conclufions. 

b = r 
b + a —s 

then i°. b — g — r—s 

c -\- b ~ for the fame reafon that a + b = s r 

2 °. c b — g — s —? 

e — a =r—s by the firft Conclufiom 

c — a 4- b — s — t by the fecond. 

3°. c — a — b —2 s-\-t 

d -f- c -J- b '== t 
d c —b -|— a ' == 

4°-Z±I5ZE£=Z^ rf+<> 
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d -\-c — a —s — t by the fecond Conclufion. 
d -j -c — a b = t — v by the fourth. 

5 0 . d -\-c — a — b — s —2 1 -\- v 

d —b — a z=zr — 2s-\- t by the third Conclufion. 

d — b — a -f- c ■== s —2 1 -f- v by the fifth. 

6°. d — b — a — c =: r —3 j—|— 3^ — v. 

By the fame procefs, if no letter be particularly aligned to be in 
its place the Probability that fuch of them as are affigned may be out 
of their places, will likewife be found thus. 

— a = 1 — r, for + a and — a together make Unity. 

— a + b — r — s by the firffc Conclufion. 

7 0 . — a — b — 1 —2 r + s 

— a — b = 1 — 2 r -\- s by the feventh Conclufion. 

— a — b c = r — 2j-f-/by the third. 

8 °. — a ■— b — c = i — 

Now examining carefully all the foregoing Conclusions, it will 
be perceived, that when a Queftion runs barely upon the difplacing 
any* given number of Letters, without requiring that any other fhould 
be in its place, but leaving it wholly indifferent; then the Vulgar 
Algebraic Quantities which lie at the right-hand of the Equations, 
begin conftantly with Unity : it will alfo be perceived, that when 
one fingle Letter is affigned to be in its place, then thofe Quan¬ 
tities begin with r, and that when two Letters are affigned to be 
in their places, they begin with j, and fo on : moreover ’tis ob¬ 
vious, that thefe Quantities change their Signs alternately, and that 
the numerical Coefficients, which are prefixed to them are thofe of a 
Binomial Potoer, whofe Index is equal to the number of Letters 
which are to be difplaced. 

PROBLEM XXXVI. 
yl?iy given number of Letters n, b, c, d, e y be¬ 

ing each repeated a certain number of times , and taken 
promifeuoufly as it happens : To find the Probability 
that of fome of thofe forts , fome one Letter of each may 
be found in its place , and at the fame time, that of fome 
other forts , no one Letter be found in its place . 


Solu- 
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SoLU T ION. 

Suppofe n be the number of all the Letters, / the number of 
times that each Letter is repeated, and confequently y the whole 
number of Sorts: fuppofe alfo that p be the number of Sorts of 
which fome one Letter is to be found in its place, and q the number 
of Sorts of which no one Letter is to be found in its place. 
Let now the prefcriptions given in the preceding Problem be 

followed in all refpedts, faving that r muft here be made = ~ , 
5 =--— , /=--, See. and the Solution of any 

tt . tt —i 5 n . n —i . n — z 1 s 

particular cafe of the Problem will be obtained. 

Thus if it were required to find the Probability that no Letter 
of any fort {hall be in its place, the Probability thereof would be 
exprefled by the Series 


i—yr- 


q . q i . q—z 


+ T 7 


?— 1 ■ 7—a • q— ? 


V , &c. 


of which the number of Terms is equal to q + i. 

But in this particular cafe q would be equal to y, and therefore, 
the foregoing Series might be changed into this, viz. 


n —/ . ft — 2 / 


. n—zl . i ft —/ . a —2/ • n —3/ 

n—2 I T 2 a. ^ n— i n —2 tt _ x * SCC. 


of which the number of Terms is equal to ■ 


Corollary i. 

From hence it follows, that the Probability of one or more 
Letters, indeterminately taken, being in their places, will be ex¬ 
prefled as follows: 


1 n — 1 . 1 n—i . ft — 2 1 

7 * a—1 1 6 * n —l . ft—: 


- X 

24. a— 1 


,—l , n — 7/ . y—\l 


-2 . n 3 


, See. 


Corollary 2. 

The Probability of two or more Letters indeterminately taken, 
being in their places, will be 


ft— 1 
* 


x yjJ 7 D, See. wherein it is neceflary to obferve, that 


«-2/ . 

T*— J - 


tt—i,l 


B - 


n —\ l / 


the Capitals B , C, D , Scc. denote the preceding Terms. 


Altho’ 
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Altho* the formation of this laft Series flows naturally from 
what we have already eftablifhed, yet that nothing may be want¬ 
ing to clear up this matter,, it is to be obferved, that if one Species 
is to have fome one of its Letters in its proper place, and the reft 
of the Species to be excluded, then the Series whereby the Problem 
is determined being to begin at r, according to the Precepts given in 
the preceding Problem, becomes 


'r—V 


<7 <7—' 


.7 

1.2.3 


Vj &c. 


but then the number of Species being 7, and all but one being 
to be excluded, it follows that q ih this cafe is =7 — 1 s 
whetefore the preceding Series would become, after the proper Sub- 
ftitutions, 


/ *—/./ 1 I n—l . M—zl.I 1 »— l.n —2 l.n —3/./ c _ 

— —--4- x -- — X — -, OCC. 

n n.n —1 ‘ 2 n.n — l.n —2 6 n . n—l . n —2.1*—3 


And this is the Probability that fome one of the Letters of the 
Species particularly given, may obtain its place, and the reft of the 
Species be excluded 5 but the number of Species being 7 , it fol¬ 
lows that this Series ought to be multiplied by — , which will 
make it 


1 


n—l 
n —I 


+ 


1 n — / . it —2 / 

— X - 

2 n —I . n —>2 


— v *— 1 *—2/ . n —3/ 

6 n — 1 . n—'x . it—f » 


&c. 


And this is the Probability that fome one Species indeterminately 
taken, and no more than one, may have fome one of its Letters in 
its proper place. 

Now if from the Probability of one or more being in their places, 
be fubtradled the Probability of one and no more being in its place, 
there will remain the Probability of two or more indeterminately taken 
being in their places, which confequently will be the difference be¬ 
tween the following Series, viz. 


1 »— 1 1 1 n ~ l ”—z l v - n "~ l • ^ • *— 3 / 

I 7 X ' + 6 X n —1 . *— 2 24 * I f . A -2 . n —3 >& C 

n—l , I n—l . n—zl 

and 1-—r 1 7 x . »-2 


- x 

o 


n—l , n—tl. n -7l 
n — 1 , n— 2 . n _3 > OCC. 


which difference therefore will be 


”5 


— x■ 
2 

or—x - 
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n—l. n —2/ 
n —-1 . ft— z 

2 ft -2 / 

-x —A 4- 

I . 3 »-2 I 


— 7 * 


ft — / . tt —ll . n—~%l 


n —i 
tt-ll 


. n — 2 
4 


&C. 


• 4 ’’ *— 3 ~~ 

as we had expreffed it before : and from the fame way of reafoning, 
the other following Corollaries may be deduced. 


Corollary 3. 

The Probability that three or more Letters indeterminately taken 
may be in their places, will be expreffed by the Series 



J^=SLa+— 

«— i r 2 • s 

C + 7 T X *^ 7 Z> * &c - 





Corollary 4. 

The Probability that four or more Letters indeterminately taken 
may be in their places will be thus expreffed 


JL x — 7 • ”- 2/ • *-3 7 _i_ x V AA- — 

24 »—1 . n—z . »— 3 1. S n 4 » 2.6 




n —61 


- x &c. 

3 . 7 »—0 > 


The Law of the continuation of thefe Series being manifeft, it 
will always be eafy to aflign one that fhall fit any cafe propofed. 

From what we have faid it follows, that in a common Pack of 
52 Cards, the Probability that one of the four Aces may be in 
the firft: place, or one of the four Deuces in the fecond, or one of 
the four Trays in the third j or that fome of any other fort may be in its 
place (making 13 different places in all) will be expreffed by the Series 
exhibited in the firft Corollary. 

It follows likewife, that if there be two Packs of Cards, and that 
the order of the Cards in one of the Packs be the Rule whereby to 
eftimate the rank which the Cards of the fame Suit and Name are to 
obtain in the other j the Probability that one Card or more in one 
of the Packs may be found in the fame pofition as the like Card 
in the other Pack, will be expreffed by the Series belonging to the 
firft Corollary, making »=52, and / = 1. Which Series will i p. 
this cafe be 1 — -f i -f -3- - &c. whereof 

52 Terms are to be taken. 


Q2 


If 
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If the Terms of the foregoing Series arc joined by Couples, the 
Series will become 

-1-!-J_*_I_J_!_ 

2 2.4 1 2 . 3.4.6 r 2. 3.4. s. 6 . 8 “2.3.4.5.6.7.8. 10 


&c. of which 26 Terms ought to be taken. 

But by reafon of the great Convergency of the faid Series, a few 
of its Terms will give a fufficient approximation, in all cafes j as 
appears by the following Operation 


— =0.500000 

TT = 0,125000 

v : y. 4 ' . 6 = 0-006944 + 

■ =0.000174 4- 


2 . 3 . 4. s . 6 . ! 


>.3.4.5.6.7.8.10 


= 0.000002 + 


Sum =0.632120 -f- 


Wherefore the Probability that one or more like Cards in two 
different Packs may obtain the fame pofition, is very nearly 0.632, 
and the Odds that this will happen once at lead as 632 to 368, 
or 12 to 7 very near. 

But the Odds that two or more like Cards in two different 
Packs will not obtain the fame pofition are very nearly as 736 to 264, 
or 14 to 5. 


Remark. 

It is known that i +y + \yy 4. jy) -f ^-yt &c. is the num- 
ber whofe hyperbolic Logarithm is y, and therefore 1 — ^ J[_ 
-gjy — j y 3 + ~r~y* 1S Number whofe hyperbolic Lo¬ 
garithm is — y. Let N be z=z y — ~;y y + ^ y 3 ~ y* &c. 
then 1 — N is the Number whofe hyperbolic Logarithm is — y . 
Let now y be = i, therefore 1 — N is the number whofe hyperbolic 
Logarithm is — 1; but the number whofe hyperbolic Logarithm 
is — 1, is the reciprocal of that whofe hyperbolic Logarithm is i, 
or whofe Briggian Logarithm is 0.4342944. Therefore 9.5657056 
is the Briggian Logarithm anfwering to the hyperbolic Logarithm 
— 1, but the number anfwering to it is 0.36788. Therefore 1 — 
7 V= 0.36788 ; and N =■ 1 — 0.36788 = 0.63212 j and there- 
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fore the Series y — -L- y* &c. in infinitum , when 

y = 1, that is 1 — I. + _L_ &c. = 0.63212. 


Corollary 5. 

If A and B each holding a Pack of Cards, pull them out at 
the fame time one after another, on condition that every time two 
like Cards are pulled out, A (hall give B a Guinea; and it were 
required to find what confideration B ought to give A to play on 
thofe Terms: the Anfwer will be one Guinea, let the number of 
Cards be what it will. 

Altho* this be a Corollary from the preceding Solutions, yet it may 
more eafily be made out thus; one of the Packs being the Rule 
whereby to eftimate the order of the Cards in the fecond, the Pro¬ 
bability that the two firfi: Cards are alike is , the Probability 

that the two fecond are alike is alfo —, and therefore there be- 

52 

ing 52 fuch alike combinations, it follows that the Value of the 
whole is ~z=l. 

Corollary 6 . 

If the number of Packs be given, the Probability that any given 
number of Circumftances may happen in any number of Packs, 
will eafily be found by our Method: thus if the number of Packs 
be k y the Probability that one Card or more of the fame Suit and 
Name in every one of the Packs may be in the fame pofition, will 
be expreffed as follows. 


i-z — -- y-2 + 

1 2 . *. *— 11 


6 . n . i 


24 . n 


)<-2 . &C ' 
n — i . *— 2 . n — 3/ 


PROBLEM XXXVII. 

If A and B play together each with a certain number of 
Bowls = n: what are the refpeBive Probabilities of 
winning , fuppofing that each of them want a certain 
number of Games of being up $ 


Sol u- 
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1 i 8 

Solution. 

Firjl, The Probability that fome Bowl of B may be nearer the 
Jack than any Bowl of A is j j A and B in this Problem being 
fuppofed equal Players. 

Secondly , Suppofing one of his Bowls nearer the Jack than any 
Bowl of A ,, the number of his remaining Bowls is n — i, and the 

number of all the Bowls remaining between them is 2 n _1 : 

wherefore the Probability that fome other of his Bowls may be 

nearer the Jack than any Bowl of A will be from whence 

it follows, that the Probability of his winning two Bowls or more is 
— x . 

2 2 »—I 

Thirdly , Suppofing two of his Bowls nearer the Jack than any 
Bowl of A , the Probability that fome other of his Bowls may be nearer 

the Jack than any Bowl of A , will be -~j- j wherefore the Pro¬ 
bability of his winning three Bowls or more is — x --*~ 1 . v - n ~~ z . 

t . . r 1 • 1 ^ 2 2 »—1 2/1—2 • 

the continuation ot which procefs is manifeft. 

Fourthly , The Probability that one fingle Bowl of B (hall be nearer 

the Jack than any Bowl of A is --— x or — x . 

> 2 2 2#—-I 2 % n ~ r ~ I * 

for if from the Probability that one or more of his Bowls may 
be nearer the Jack than any Bowl of A, there be fubtratfed the 
Probability that two or more may be nearer, there remains the pro¬ 
bability of one finglc Bowl of B being nearer : in this cafe B is faid 
to win one Fowl at an end. 

Fifthly , The Probability that two Bowls of 5 , and not more, 
may be nearer the Jack than any Bowl of A , will be found to be* 

7 X -“Er x 17 = 7 " ’ in which cafe > B is faid to win two Bowls 
at an end. 

Sixthly , The Probability that B may win three Bowls at an 
end will be found to be ^ x -^r x -£=^- x ; the pro¬ 

cefs whereof is manifeft. 

It may be obferved, that the foregoing Expreffions might be re¬ 
duced to fewer Terms; but leaving them unreduced, the Law of 
the Procefs is thereby made more confpicuous. 

It is carefully to be obferved, when we mention henceforth 
the probability of winning two Bowls, that the Senfe of it ought 
to be extended to two Bowls or more > and that when we men¬ 
tion 
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tion the winning two Bowls at an end, it ought to be taken in 
the common acceptation of two Bowls only: the like being to be 
obferved in other cafes. 

This preparation being made; fuppofe that A wants one Game 
of being up and B two; and it be required in that circumftance to 
determine their probabilities of winning. 

Let the whole Stake between them be fuppofed == i. Then 
either A may win a Bowl, or B win one Bowl at an end, or B may 
win two Bowls. 

In the firft cafe be lofes his Expedation. 

In the fecond cafe B becomes intitled to - of the Stake, but 

2 


the probability of this cafe is -b x . Wherefore his Expec¬ 

tation arifing from that part of the Stake he will be intitled to, if this 
Cafe fhould happen, and from the probability of its happening, will 

n 

— *C —- . 

4 zn —1 

In the third cafe, B wins the whole Stake i, but the probability 
of this Cafe, is -7 x . 

s ^ ror ^ this it follows, that the whole Expedition of B is equal to 
4" x \“ 7 x ~~ y or - . Which being fubtraded from 

Unity, the remainder will be the Expedation of A , viz. 

It may therefore be concluded that the Probabilities which A and 4 B 
have of winning are refpedively as $n —2 to 3 n —2. 

Tis remarkable, that the fewer the Bowls are the greater is the 
proportion of the Odds; for if A and B play with fingle Bowls 
the proportion will be as 3 to i ; if they play with two Bowls each* 
the proportion will be as 2 to 1 j if they play with three Bowls 
each, the proportion will be as 13 to 6; yet let the number of 
Bowls be never fo great, that proportion will not defcend fo low as 
5 to 3. 

Let us now fuppofe that A wants one Game of being up, and 
B three; then either A may win a Bowl, or B one Bowl at an end 
or two Bowls at an end, or three Bowls. 

In the firft Cafe, B lofes his Expedation. 

If the fecond Cafe happen, then B will be in the circumftance 
or wanting but two to A 's one; in which cafe his Expedation will 

‘ De > as it has been before determined : but the probability 

that this Cafe may happen is ^ x — ; wherefore the Expeda- 


tion 
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tion of B arifing from the profpeCt of this Cafe will be equal to 

, n 2 

— x - X ~c -• 

2 2 n —i —4. 

If the third Cafe happen, then B will be intitled to one half of 
the Stake: but the Probability of its happening is - x ~~~ x 


—-— ; wherefore the Expectation of B arifing from the profpeCt of 

this cafe is j x x or ^ x . 

If the fourth Cafe happen, then B wins the whole Stake j : 
but the Probability of its happening is \ x ~r x or 

i »— 2 

7 x 

From this it follows, that the whole Expectation of B will be 
i . w hi c h being fubtraCted from Unity, the remainder 

. 2 —19»+4 T , 

will be the Expectation of A , g x 777^ “ ma y there¬ 

fore be concluded that the Probabilities which A and B have of 
winning will be as 23 nn —i9«-^-4to 9 nn —13«-I-4. 

N. B. If A and B play only with one Bowl each, the Expedi¬ 
tion of B as deduced from the foregoing Theorem would be found 

— o, which we know from other principles ought to be = -i . 

The reafon of which is, that the cafe of winning two Bowls at an 
end, and the cafe of winning three Bowls enter the general con- 
clufion, which cafes do not belong to the Suppofition of playing 
with fingle Bowls; wherefore excluding thofe two Cafes, the Ex- 

pe&ation of B will be found to be — x zn _ t x ~ Stt _ 4 = -g , 
which will appear if n be made=ri. But the Expectation of B 
in the cafe of two Bowls would be rightly determined from the 
general Solution : the reafon of which is, that the Probability of 
winning three Bowls being univerfally — x 2 ”_* - , that Expreflion 
becomes = o, when n is interpreted by 2 ; which makes it that 
the general Expreflion is applicable to this Cafe. 

After what has been faid, it will be eafy to extend this way of 
reafoning to any circumftance of Games wanting between A and 
B J by making the Solution of each Ampler Cafe fubfervient to the 
Solution of that which is next more compounded. 

Having given formerly the Solution of this Problem, propofed to 
me by the Honourable Francis Robartcs Efq;, in the Philofoptical 
‘Trunfa ft ions Number 329 ; I there faid, by way of Corollary, that 

if 
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if the proportion of Skill in the Gamefters were given, the Problem 
might alfo be folved : fince which time M. de Monmort , in the fecond 
Edition of a Book by him publifhed upon the Subject of Chance, has 
folved this Problem as it is extended to the confideration of the Skill, 
and to carry his • Solution to a great number of Cafes, giving alfo a 
Method whereby it might be carried farther : But altho’ his Solution 
is good, as he has made a right ufe of the Doftrine of Combinations, 
yet I think mine has a greater degree of Simplicity, it being dedu¬ 
ced from the original Principle whereby I have demonftrated the 
Dodtrine of Permutations and Combinations: wherefore to make it 
as familiar as pofiible, and to fhew its vail extent, I (hall now ap¬ 
ply it to the general Solution of this Problem, by taking in the con¬ 
fideration of the Skill of the Gamefters. 

But before I proceed, it is neceflary to define what I call Skill: 
•viz. that it is the proportion of Chances which the Gamefters may 
be fuppofed to have for winning a Angle Game with one Bowl each. 


PROBLEM XXXVIII. 

If A and B, whofe proportion of Jkill is as a to b, play 
together each with a certain number of Bowls : what 
are their refpeSlive Probabilities of winning , fuppofing 
each of them to want a certain number of Games of 
being up f 


Solution. 

EVr/?, The Chance of B for winning one fingle Bowl being b, 
and the number of his Bowls being n , it follows that the Sum of 
all his Chances is nb j and for the lame reafon, the Sum of all the 
Chances of u 4 is na: wherefore the Sum of all the Chances for win¬ 
ning one Bowl or more is na+nb ; which for brevity’s fake we may 
call f. From whence it follows, that the Probability which B has of 
winning one Bowl is — . 


Secondly , Suppofing one of his Bowls nearer the Jack than any 
of the Bowls of A> the number of his remaining Chances is /T ^7 x b; 

and the number of Chances remaining between them is s _ b: 

wherefore the Probability that fome other of his Bowls may be 


nearer the Jack than any Bowl of A will be ; from whence 

it follows that the Probability of his winning two Bowls or more is 

vb n — 1 * b 


J 


f-b 


X 


R 


Thirdly , 
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Thirdly, Suppofing two of his Bowls nearer the Jack than any 
of the Bowls of A, the number of his remaining Chances is n^zxb ; 
and the number of Chances remaining between them is j —, 2 b • 
wherefore the Probability that fome other of his Bowls may be 

nearer the Jack than any Bowl of A will be . From 

whence it follo ws tha t the Probability of his winning three Bowls 

or more is ~ x ” ■ ■ x — ; the continuation of which 

procefs is manifeft. 

Fourthly , If from the Probability which B has of winning one 
Bowl or more, there be fubtraCted the Probability which he has of 
winning two or more, there will remain the Probability of his win¬ 
ning one Bowl at an end : which therefore will be found to be 


nh ss ~ 1 * b nb s —” b ” b an 

P - — *—7^1,- > or —*7ZT-’ or — *J=T- 
Fifthly , For the fame reafons as above, the Probability which B 

has of winning two Bowls at an end, will be y-x "Jp * x 


f— 2 b ' 

Sixthly , And for the fame reafon likewife, the Probability which 
B has of w innin g thr ee Bowls at an end will be found to be 

" b .. m —ixb n — 2xb an .. . 

’7“*'— JZTb — x x yzrfi The continuation of which 

procefs is manifeft. 

N. B. The fame Expectations which denote the Probability of 
any circumftance of B will denote likewife the Probability of the 
like circumftance of A , only changing b into a , and a into b . 

Thefe things being premifed, fuppofe firft , that each wants one 
Game of being up j 'tis plain, that the Expectations of A and B 

are refpedively y- and ~. Let this Expedation of B be cal¬ 
led P. 


Secondly , Suppofe A wants one Game of being up, and B two, 
and let the Expectation of B be required : then either A may win 
a Bowl, or B win one Bowl at an end, or B win two Bowls. 

If the firft Cafe happens, B lofes his Expectation. 

If the fecohd happens, he gets the Expectation P j but the Pro¬ 
bability of this Cafe is x y^j* : wherefore the Expectation of 


B arifing from the poflibility that it may fo happen is ~ 
xP, J 


an 



If 
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If the third Cafe happens, he gets the whole Stake 1; but the 
Probability of this Cafe is x ~L° b J wherefore the Expectation 

of B arifing from the Probability of this Cafe is ~~ x x 1. 

From which it follows, that the whole Expectation of B will be 
— x flfj x P -f- y- x . Let this Expectation be cal¬ 


led Q. 

T).nrdly % Suppofe A to want one Game of being up, and B three : 
then either B may win one Bowl at an end, in which Cafe he gets 
the Expectation Qj or two Bowls at an end, in which Cafe he gets 
the Expectation P ; or three Bowls, in w'hich Cafe he gets the whole 
Stake 1. Wherefore the Expectation of B will be foned to be 

* Q-+ — x * 7=3- * p + — * -7 =r 

-zx 4 


/_ 


/ 


/-Zb 


An infinite number of thefe Theorems may be formed in the lame 
manner, which may be continued by infpeCtion, having well ob- 
ferved how each of them is deduced from the preceding. 

If the number of Bowls were unequal, fo that A had m Bowls, 
and B , n Bowls; then fuppofing ma -4- nb = 5, other Theorems 
might be found to anfwer that inequality: and if that inequality 
Ihould not be conftant, but vary at pleafure ; other Theorems might 
alfo be found to anfwer that Variation of inequality, by following 
the fame way of arguing. And if three or more Gamefters were 
to play together under any circumftance of Games wanting, and of 
any given proportion of Skill, their Probabilities of winning might 
be determined in the fame manner. 


PROBLEM XXXIX. 

To find the Expe&ation of A, when with a Die of any 
given number of Faces> he undertakes to fling any num¬ 
ber of them in any given number of Cafls. 

Solution. 

Let p 1 be the number of all the Faces in the Die, n the 
number of Cafls, f the number of Faces which he undertakes to 
fling. 

R 2 The 
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The number of Chances for the A ce to come up once or more 

in any number of Cafts n, is /> + i> — p- : as has been proved 
in the Introduction. r 

Let the Deux, by thought, be expunged out of the Die, and 
thereby the number of its Faces reduced to p, then the number of 
Chances for th e Ace to come up will at the fame time be reduced 
t° p* /"-—TV • Let now the Deux be reftored, and the number 
of Chances for the Ace to come up without the Deux, will be the 
fame as if the Deux were expunged : But if from the number of 
Chances for the Ace to come up with or without the Deux viz. 
from 7 + 71 * — P 7 be fubtraCted the num ber of Chances for the 
Ace to come up without the Deux, viz. p” — p^ 7 \ ", there will re¬ 
main the number of Chances for the Ace and the Deux to come up 
once or more in the given number of Cafts,_which number of Chances 
confcquently will be p + j) * — ip* + p —TV. 

By the fame way of arguing it will be proved, that the number 
of Chances, for th e Ace and Deux t o come up without the Tray, 
will b e p' — 2 X p — TV + p — 2) n , and confequently that the 
number of Chances for the Ace , the Deux, and Tray to come up 

once or more, will be the difference between^>+ iV— 2 p n + p » 

and p * — 2 xp —TT \* + />•— 2) *, which therefore will be J"+7\ * 
— 3 X/ 7 +3 X/>— i>— p^- 2 \». 

Again, it may be proved that the number of Chances for th e 
Ace, the Deux , the Tr ay, and the Quatre to come up is p + i] * 

~ 4 X / 1 “ 4 “ ^ y.f—~ n 4 xp — 2!* + p —3 n ; the continua¬ 
tion of which procefs is manifefl. 

W herefore if all the Powers p + i\ n ,' p', p _1 )* y p\— », 

P “ 3 ^ 1 n > ^ c * w ith Signs alternately pofitive and negative be writ¬ 
ten in order, and to thofe Powers there be prefixed the refpec- 
tive Coefficients of a Binomial raifed to the Power /, exprefling 
the number of Faces required to come up; the Sum of all thofe 
Terms will be the Numerator of the Expectation of A, of which 
the Denominator will be p + i"\». 

Example i. 

Let Six be the number of Faces in the Die, and let A under¬ 
take in eight Cafts to fling both an Ace and a Deux, without any 
regard to order : then his Expectation will be i*-2M 8 + 4 8 

=r —7 ncarI ^ 


Exam- 
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Example 2. 

Let A undertake with a common Die to fling all the Faces in 
12 Cafts, then his Expectation will be found to be 

6 1 * — — 2Qx3 lz 4- x 2 1: — 6x1 T » + i xpi» I0 

nearly. 25 

Example 3. 

If A with a Die of 36 Faces undertake to fling two given 
Faces in 43 Cafts; or which is the fame thing, if with two 
common Dice he undertake in 43 Cafts to fling two Aces at 
one time, and two Sixes at another time; his Expectation will be 

- 2 X ^*>+« 41 4 Q , 

--- = — nearly. 

N. B. The parts which compofe thefe Expectations are ealily ob- 
tained by the help of a Table of Logarithms. 

PROBLEM XL. 

To find in how many Trials it will be probable that A 
with a Die of any given number of Faces Jhall throw 
any propofed number of them. 

Solution. 

Let /> + 1 be the number of Faces in the Die, and /the num¬ 
ber of Faces which are to be thrown : Divide the Logarithm of 

—by the Logarithm of -Lti- , an d the Quotient will ex- 
—✓ — 

prefs the number of Trials requifite to make it as probable that the 
propofed Faces may be thrown as not. 

Demonstration. 

Suppofe Six to be the number of Faces that are to be thrown 
and n the number of Trials, then by what has been demonftrated 
in the preceding Problem the Expectation of A will be 



Let 
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Let it be fuppofed that the Terms, p i, p , p — i, p — 2, 
&c. are in geometric Progreffion, (which Suppofition will very little 
err from the truth, efpecially if the proportion of p to 1, be not 
very fmall.) Let now r be written inftead of -LtL > and then 

the Expectation of A will be changed into 1- ^—1 --- 


« AS _ 5 _1_L_ 

r l n ' r 4» r 5 n ' r bn * 



But this Ex¬ 


pectation of A ought to be made equal to ~ , fince by Suppo¬ 
fition he h as an equ al Chance to win or lofe, hence will arife the 
Equation 1-“A 6 = 7 or r ” =- \ —- , from which it 

r 1 —v/- 

2 

may be concluded that n Log. r 3 or n x Log. = log. - 4 —7- , 


and confequently 


that n is equal to the Logarithm of 



divided by the Logarithm of . And the fame demonftration 

will hold in any other Cafe. 


Example i. 

To find in how many Trials A may with equal Chance undertake 
to throw all the Faces of a common Die. 

The Logarithm of -:= 09621753 •, the Logarithm of 

1 — \/ — 

2 

J Th-L or — — 0.079 j 8 12 : wherefore n = - 0 9 ^ I 21 L — 2 2 
P 5 ' 1 0.0791812 ■ 

From hence it may be concluded, that in 12 Cafts A has the word 

of the Lay, and in 13 thebeft of it. 


Example 2. 

To find in how many Trials A may with equal Chance with a 
Die of thirty-fix Faces undertake to throw fix determinate Faces j 
or, in how many Trials he may with a pair of common Dice un¬ 
dertake to throw all the Doublets. 

The Logarithm of- 4 — being 0.9621753, and the Logarithm 

'“^7 

0 f .£ + — or ~ being 0.0122345; it follows that the number 
of Cafts requifite to that effeft is or 79 nearly. 

But 
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But if it were the Law of the Play, that the Doublets muft be 
thrown in a given order, and that any Doublet happening to be 
thrown out of its Turn fhould go for nothing j then the throwing 
of the fix Doublets would be like the throwing of the two Aces 
fix times : to produce which, the number of Carts requifite would 
be found by multiplying 35 by 5.668, as appears from the Table 
annexed to our v th Problem ; and confequently would be about 
198. 

N. B. The Fra&ion — " ■■■ _ , may be reduced to another form 
*-Vl 

/ 

viz. -~± — . which will facilitate the taking of its Logarithm. 

v/ 2— I 


PROBLEM XLI. 

Suppofi?ig a regular Prifm having a Faces marked 1, 
b Faces i?iarked 11, c Faces 7 narked in, d Faces marked 
iv, &c. what is the Probability that in a certain number 
of throws n, fane of the Faces marked 1 will be thrown 
as alfo fome of the Faces marked 11 f 

Solution. 

Make a -f- b -f- c -f- d , &c. = j, then the Probability required 
will be exprefled by s » — 5 — d\" + s —a — 6 ) » ; the Demonrtration 



s n 


of which flowing naturally from the Method of arguing employed 
in the xxxix tb Problem, there can be no difficulty about it. 

Example. 

Suppofe it be required to find the Probability of throwing in & 
throws the two Chances v and vi, with a pair of common Dice. 

The number of all the Chances upon two Dice being 36, where¬ 
of 4 belong to the Chance v, and 5 to the Chance vi ; it fol¬ 
lows that s ought to be interpreted by 36, a by 4, and b by 5 : 
which being done, the Probability required will be exprefled by 

& 
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3 6 Zf,s +27 * w hich ty help of a Table of Log. will be 

-- 3 - found thus: 

3 6 

26® 32* 0 3I 8 , 2 ~>* 

16^ = *> ~ ~ °-3^975> — = 0 W 6 * — = O IOOI2, 
but 1 — 0-33975 — 0.30176 -4- 0,10012 = 0.40861, and this 
being fubtra&ed from Unity, there remains 0.59139, and therefore 
the Oddsagainft throwing v and vi in 8 throws are 59139 to 40861, 
that is about 13 to 9. 

But if it be required, that fome of the Faces marked 1, fome 
of the Faces marked 11, and fome of the Faces marked 111, be thrown, 
the Probability of throwing thofe C hances in a gi ven number of throws 
n will be exprefled by s” — s — a\ n -j- s —a — b \ * — 7 —a — b — c\ * 
— b\ n -j-j—a— c\* 

— s —<Tl” 4 -s — b — c\ " _ 

s n 

And if the Faces marked iv are farther required to be thrown, the 
Probability of it will be exprelTed by 


J’ —7 —a V + 5 — a — ^ ”— J — a — b — fV -p s — a—b—c — d\” 

_ s — A * -V- s — a — ~c\ * — s — a — b — d\ n 

_ s — c\ n + s — a — 3 \ n — s — a — c — 

—7 — d\ n + s — b —c \ * — s — b — c — d\* 

s — b — 27 V 
4 - s — c — 

~ JT 


Now the order of the preceding Solutions being manifeft, it will 
be eafy by bare infpeftion to continue them as far as there is occafion. 


PROBLEM XLII. 

If A obliges hitnfelf in a certain number of throws n with 
a pair of common Dice not only to throw the Chances 
v and vi, but v before vi ; with this reflriElion , that if 
he happens to throw vi before v, he does not indeed 
lofe his wager , but is to proceed as if nothing had been 
done , Jlill deducing fo many throws as have been vain 
from the number of throws which he had at frjl given 
him \ to find the Probability of bis winning. 


SoLU- 
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SOLUT I O N. 

Let the number of Chances which there are for throwing v be 
called a, the number of Chances for throwing vi, b ; the number 
of all the Chances upon two Dice/, and the number of throws that 
A takes = n. This being fuppofed, 

1°. If A throws v the firit throw, of which the Probability is 

j , he has nothing more to do than to throw vi in n —i times, 

of which the Probability is i — — , and therefore the Pro¬ 

bability of throwing v the firft time, and throwing afterwards vi in 


n — i times is j x i. 




/*“ 


2°, If A mifles v the firft time, and throws it the fecond, of 
x j, then he is afterwards to throw 
7 - 3 * — 2 


which the Probability is 

vi in n —2 times, of which the Probability being i — 
it follows that the Probability of miffing v the firft time, throwing 
it the fecond, and afterwards throwing vi, will be 


r 


f—a 


* / 


7-ft 


s* 


3*. If A miffes v the two firft times, and throws it the third, 
then he is afterwards to thro w- vi i h 1 ^—3 times, the Probability 

T^Ta) 2 a 7 —Tv”— 3 

of all which is -- x ~ x 1 — - — _ 3 - ; and fo on. Now 

all this added together conftitutes two geometric Progreffions, the 
number of whofe Terms in each is n — 1. 

Wherefore the Sum of the whole will be 




af—ab w f—b 

a-b X 




and 


j r 

if a and b are equal, then the fecond part will be reduced to 


— n — 1 x a x s — a\*— 1 X . 

Now for the application of this to numbers; a in the Cafe propofed 
is = 4, £ = 5, s = 36. Let n be = 12, and the Probability re¬ 
quired will be found to be 0.44834, which being fubtra&ed from 
unity the remainder will be 0.55166, and therefore the Odds againft 
A are 55166 to 44834, that is nearly as 21 to 17. 

S 


But 
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But if the conditions of the Play were that A in 12 times fhould 
throw both v and vi, and that vi fhould come up before v, the Odds 
againft A would not be fo great; being only 54038 to 45962, that 
is nearly as 20 to 17. 

It would not be difficult after what we have faid, tho’ perhaps a 
little laborious, to extend thefe kinds of Solutions to any number of 
Chances given. 


PROBLEM XLIir. 

Any number of Chances being given , to find the Proba¬ 
bility of their being produced in a given order , without 
any limitation of the number of times in which they are 
to be produced . 

Solution. 

i°. Let the Chances be a and b } and let it be required to produce 
them in the order u y b. 

The Probability of producing a before b is , which being 
fuppofed to have happened, b muft be produced of neceffity; and 
therefore the Probability of producing the Chances a and b in the 

given order a y b , is . 

2 0 . Let the Chances given be a , b t c y and let it be required to 
produce them in the order in which they are written; then the Pro¬ 
bability of producing a before b or c is ; which being 

fuppofed, the Probability of producing b before c is by the pre¬ 
ceding cafe 7T7-; after which c muft neceftarily be produced, 

j 1 

and therefore the Probability of this cafe is —^7- x *^7 . 

3 0 . Let the Chances be a , b y c , d , and let it be required to pro¬ 
duce them in the order in which they are written ; then the Probabi¬ 
lity of producing a before all the reft is \ which being 

fuppofed, the Probability of prodocing b before all the remaining is 
t+c-f T ’ being fuppofed, the Probability of producing c 

before d is . And therefore the Probability of the whole is 

qrqb+7 x x ; and in the fime manner ma y thefe 

Theorems be continued in infinitum . 

And 






Tie Doctrine Chances. i3x 

And therefore if it was propofed to find the Probability of throw¬ 
ing with a pair of common Dice the Chances iv, v, vi, vm, ix, x 
before vii ; let the Chances be called refpedtively a> b , c> d , e , f, and 
w, then the Probability of throwing them in the order they are writ 
in will be 


a _ b c 

b d e ->t- f' m X b c -f- d rf- e 4-/-p m X + f+n X 

X X f+ m * 


But as the order in which they may be thrown is not the thing 
particularly required here, except that the Chances m are to be 
thrown the laft ; fb it is plain that there will be as many different 
parts like the preceding as the pofition of the 6 Letters a y b> c , d , e } f t 
may be varied, which being 720 different ways, it follows, that in 
order to have a compleat Solution of this Queftion, there mull be 
720 different parts like the preceding to be added together. 

However the Chances iv and x, v and ix, vi and vru being re- 
fpe&ively the fame, thofe 720 might be reduced to 90, which be¬ 
ing added together, and the Sum multiplied by 8, we fhould have 
the Probability required. 

Still thole Operations would be laborious, for which reafon it 
will be fufiicient to have an approximation, by fuppofing that all 
the Chances a, b, c> d, e t f t that is, 3 , 4, 5, 5, 4, 3 are equal to the 
mean Chance 4, which will make it that the Probability required 
will be expreffed by 


fib 

* 

_!± 30 
30 * 26 




5 b-\-m 




xb zb b 

4- __ -2 • 2 ■ 4 • 4 • 4 ■ 4- _ 

IO 1 • 3 • 5-7 u.13 


1024 

>5015 


and therefore the Odds againll throwing the Chances iv, v, vi, vnf, 
ix, x before vii are about 13991 to 1024, or nearly 41 to 3. 

But the Solution might be made flili more exadt, if inftead of 
taking 4 for the mean Chance, we find the feveral Probabilities of 
throwing all the Chances before vii, and take the fixth part of the 
Sum -for the mean Probability ; thus becaufe the feveral Probabi¬ 
lities of throwing all the Chances before vii are refpe&ively — , 

> ir» i • the Sum of all which is _ 22 |_ , if 
we divide the whole by 6, the Quotient will be —L 0 r —— 

J 990 149 

S 2 nearly, 


or 
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nearly, and this being fuppofed = wherein z reprefents the 


mean Chance, we fhall find z = 3 . And therefore the Pro¬ 

bability of throwing all the Chances before vii, will be found to be 

7IT x llr x l!r x -i5rx43rx-^- =0.065708 nearly, which 
being fubtra&ed from Unity, the remaining is 0.934292, and there¬ 
fore the Odds againft throwing all the Chances before vii are 934292 


to 65708, that is about 14 y to 1. 

But if it was farther required not only to throw all the Chances 
before vii, but alfo to do it in a certain number of times aligned, the 
Problem might eafily be folved by imagining a mean Chance. 


PROBLEM XLIV. 

If A, B, C play together on the following conditions \ 
Firfl that they fhall each of them Jlake i L Secondly 
that A and B jhall begin the Play ; Thirdly , that the 
Lofer fhall yield his place to the third Man , which 
is conflantly to be obferved afterwards ; Fourthly , that 
the Lofer fhall be fined a certain Sum p, which is 
to ferve to increafe the common Stock ; Lafily , that 
he fhall have the whole Sum depofited at firfl, and in - 
creafed by the feveral Fines , who fhall firfl beat the 
other two fuccejftvely : ’Its demanded what is the Ad - 
vantage or Difadvantage of A and B, whom we fup~ 
pofe to begin the Play. 

Solution. 

Let BA fignify that B beats A , and AC that A beats C, and fo 
let always the firft Letter denote the Winner, and the fecond the 
Lofer. 

Let us fuppofe that B beats A the firft time; then let us inquire 
what the Probability is that the Set fhall be ended in any number 
of Games, and alfo what is the Probability which each Gamefter 
has of winning the Set in that given number of Games. 

Firfi If the Set be ended in two Games, B muft necefTarily be 
the winner, for by Hypothefis he wins the firft time ; which may 
be exprefled by BA, BC. 

SecortdIy y 
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Secondly , If the Set be ended in three Games, C muft be the 
winner, as appears by the following Scheme, viz. BA, CB, CA. 

‘ Thirdly , If the Set be ended in four Games, A muft be the win¬ 
ner, as appears by the Scheme BA, CB, AC, AB. 

Fourthly , If the Set be ended in five Games, B muft be the 
winner, which is thus expreffed, BA, CB, AC, BA, BC. 

Fijthly , If the Set be ended in fix Games, C muft be the win¬ 
ner, as appears ftill by the following procefs, thus, BA, CB, AC, 
BA, CB, CA. 

And this procefs recurring continually in the fame order needs 
not be profecuted any farther. 

Now the Probability that the firft Scheme fhall take place is 
~ j in confequence of the Supposition made that B beats A the 
firft time \ it being an equal Chance whether B beat C, or C 


beat B . 

And the Probability that the fecond Scheme fhall take place is 
L : for the Probability of C’s beating B is \ , and that being 
fuppofed, the Probability of his beating A will alfo be j } where¬ 
fore the Probability of C’s beating B , and then A , will be — x — 


And from the fame confideration, the Probability that the third 
Scheme fhall take place is ~ : and fo on. 

Hence it will be eafy to compofe a Table of the Probabilities which 
B, C, A have of winning the Set in any given number of Games; 
and alfo of their Expectations : which Expectations are the Proba¬ 
bilities of winning multiplied by the common Stock depofited at firft., 
and increafed fucceflively by the feveral Fines. 


Table 
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Table of the Probabilities , &c. 




X3+7/> 


’ x 3 + 9/ 


Now the feveral Expeditions of B, C, A may be fummed up by 
the following Lemma. r 


Lemma. 

'■ _ 1 _ -K. _L_ . . , 

6 tb T" £ “1-£— '1-^— > &c. in inji 

is equal to . 

Let the Expectations of B be divided into two Series, viz, 
1 4- — -i-i- i _ l _ & c 

+ -?- + -£ ++ to. 


&c. in infinitum # 


— - 4 — 1- ' -L_ I _L_ 

2 1 it> ” lz 8 I 1024 

jl J£_ Ji- _!L -l- 8 * 4- "P 

'2 1 l6 • 128 * 1024 


The firft Series conftituting a Geometric Progreflion continual!) 
decreafing, its Sum by the known Rules will be found to be — . 

The fecond Series may be reduced to the form of the Series in oui 
Lemma, and may be thus exprefled 
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+ -p—b 17" + -gr » &c. wherefore dividing 
the whole by ~, and laying alide the firft term 2, we fhall have 

the Series —F 4 “ if + if > &c - which has the fame 
form as the Series of the Lemma, and may be compared with it: let 
therefore n be made = 5, ^=3, and b = 8, and the Sum of the 
Series will be -j + or ~~ 5 to this adding the firfl: Term 2 

which had been laid afide, the new Sum will be -diL, and that 

49 

being multiplied by — whereby it had been divided, the product 

will be p, which is the Sum of the fecond Series exprefling the 

Expectation of B: from whence it may be concluded that all the 
Expectations of B contained in both the abovementioned Series will 

be equal to — 4 - — p. 

7 ' 49 r 

And by the help of the fame Lemma , it will be found that all the 

Expectations of C will be equal to j + 

It will be alfo found that all the Expectations of A will be equal to 

1 + —A 

7 1 49 r 

We have hitherto determined the feveral Expectations of the Game- 
fters upon the Sum by them depofited at firft, and alfo upon the 
Fines by which the common Stock is increafed : it now remains to 
eftimate the feveral Rifks of their being fined ; that is to fay, the 
Sum of the Probabilities of their being fined multiplied bv the re- 
fpeCtive Values of the Fines. 

Now after the Suppofition made of A s being beat the firfl: time 
by which he is obliged to lay down his Fine p t B and C have an 
equal Chance of being fined after the fecond Game ; which makes 

the Rifle of each to be = as appears by the following 
Scheme. 

BA BA 
LB 0r bC 

In like manner, it will be found, that C and A have one Chance 
in four, for their being fined after the third Game, and confequcntly 

that the Rifk of each is according to the following Scheme. 


BA 
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BA BA 

CB or CB 
AC CA 

And by the like Procefs, it will be found that the Rilk of B and 
C after the fourth Game is \p. 

Hence it will be eafy to compofe the following Table, which 
exprefTes the Rifks of each Gamefter. 


Table ofRi/ks. 



B 

C 

A 

2 

7 t 

i f 

. 

3 


if 

'-p 

4 

if 


if 

5 

t :P 

TIP 


6 


irf 

Tf 

7 

T^P 

1 

\i£p \ 

—P 

04' 

8 

128^ 


9 

&c. 


~6P 

TjbP 


In the Column belonging to B> if the vacant places were filled 
up by interpolating the Terms jp, —p, &c * the Sum of 

the Rifks of B would compofe one uninterrupted geometric Pro- 
greflion, the Sum of whofe Terms would be = p j but the Terms 

interpolated conftitute a geometric Progrefiion whofe Sum is = : 

wherefore if from p there be fubtra&ed y/>, there will remain j-p 
for the Sum of the Rifks of B. 

In like manner it will be found that the Sum of the Rifks ofC will 
be = 


And 
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And the Sum of the Rilks of A> after his being fined the firfl 
time, will be ~p. 

Now if from the feveral Expectations of the Gameflers, there be 
fubtra&ed each Man’s Stake, and alio the Sum of his Rifks, there 
will remain the clear Gain or Lofs of each of them. 

Wherefore, from the Expectations of B — -f- —p. 

Subtracting JirJi his Stake = 1 

Then the Sum of his Rifks = jp. 


There remains the clear Gain of B = — + — t. 

_ 7 * 49 1 

Likewife from the Expectations of C ■= 4 
Subtracting JirJi his Stake = 1 


Then the Sum of his Rifks = ~p. 

There remains the clear Gain of C =-- 4 - 

_ _ 7 1 49 •* 

In like manner, from the Expectations of A = y 
Subtracting, JirJi his Stake = 1 

Secondly , the Sum of his Rifks = 

Laftly, the Fine p due to") 

the Stock by the Lofs of > = p. 

the firfl Game J 



There remains the clear Gain of A = — - - —p. 

_ __/ 4 Q •* 


But we had fuppofed, that in the beginning of the Play A was 
beaten ; whereas A had the fame Chance to beat B, as B had to beat 
him: wherefore dividing the Sum of the Gains of B and A into two 

equal parts, each Part will be --which confequently 

mull be reputed to be the Gain of each of them. 


Corollary i. 

The Gain of C being — ~ -|— —p, let that be made = Q, 

then p will be found to be = ~ . If therefore the Fine has the 
fame proportion to each Man’s Stake as 7 has to 6, die Gameflers 
play all upon equal terms: But if the Fine bears a lefs proportion 

T to 
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to the Stake than 7 to 6, C has the difadvantage : thus fuppofmg 
P = '• his Lofs wou,d ^ , but if it bears a greater proportion 

to the Stake than 7 to 6, C has the advantage. 


Corollary 2. 

If the common Stake were conftant, that is if there were no Fines, 
then the Probabilities of winning would be proportional to the Ex¬ 
pectations j wherefore fuppofmg p = o, the Expectations after the 
firft Game would be f-, j, f, whereof the firft belongs to 

B, the fecond to C, and the third to A: and therefore dividing the 
Sum of the Probabilities belonging to B and A into two equal parts 
it will follow that the Probabilities of winning would be proportional 
to the numbers 5 4, j, and therefore it is five to two before the 

ft. y TTtlnu ° f B Win the Set > or five t0 that one of 

them that lhall be fixed upon wins it. 


Corollary 3. 

Hence likewife if three Gamefters A, B, C, are engaged in a 
route, and have not time to play it out; but agree to divide (S) the 
Sum of the Stake and Fines, in proportion to their refpeCtive Chances: 

7 s wU1 be the Share of B, whom we fuppofe to have got one Game j 

jS that of C, who fhould next come in j and j S the Share of A 

who was laft beat For, as they agree to give over playing, all con- 
lideration of the fubfequent Fines p is now fet afide, and the Cafe 
comes to that of the firft part of Corol. 2. 

Or the fame thing may be fhortly demonftrated as follows. 

Put S = 1 and the Share of A = z. Then B playing with C 
has an equal Chance for the whole Stake 5 , and for being reduced 

to the prefent Expedition of A-, that is, B’ s Expedition is d±L 
C has an equal chance for o, and for B’s prefent Expectation ; that is, 

Cs Expedlation is I t* *' + * — . But the Sum of the 

three Expeditions * -f -i xT+^-j-d. X T+T =S = i, ot z 

+ 7 2 f— jzj = 7 : an d * = which is A’s Share; thofe 

of B and C being 1 x I + j . and - x i -f i. . or ± and - re . 
fpedlively. 


PRO- 
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PROBLEM XLV. 

If four Gameflers play on the conditions of the foregoing 
Problem , and he be to be reputed the Winner who 
beats the other three fuccefftvely , what is the Advantage 
of A and B whom we fuppofe to begin the Play f 


Solution. 

Let BA denote as in the preceding Problem that B beats A, and 
AC that A beats C ; and univerfally, let the firft Letter always de¬ 
note the Winner, and the fecond the Lofer. 

Let it be alfo fuppofed that B beats A the firft time: then let 
it be inquired what is the Probability that the Play fhall be ended 
in any number of Games; as alfo what is the Probability which 
each Gamefter has of winning the Set in that given number of 
Games. 

Firft, If the Set be ended in three Games, B muft neceflarily be 
the Winner; fince by hypothefis he beats A the firft Game, which is 
exprefled as follows: 

1 BA 

2 BC 

3 BD 

Secondly , If the Set be ended in four Games, C muft be the winner; 
as it thus appears. 


1 

2 


3 

4 


BA 

CB 

CD 

CA 


Thirdly, If the Set be ended in five Games, D will be the Win¬ 
ner; for which he has two Chances, as it appears by the following 
Scheme. 


1 

2 

3 

4 

5 


BA BA 
CB BC 
DC or DB 
DA DA 
DB DC 

T 2 


Fourthly , 
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Fourthly , If the Set be ended in fix Games, A will be the Win¬ 
ner j and he has three Chances for it, which are thus collected. 


1 

2 

3 

4 

5 

6 


BA BA BA 
CB CB BC 
DC CD DB 
AD AC AD 
AB AB AC 
AC AD AB 


Fifthly , If the Set be ended in feven Games, then B will have 
three Chances to be the Winner, and C will have two, thus; 


1 

2 

3 

4 

5 

6 

7 


BA BA BA BA BA 
CB CB CB BC BC 
DC DC CD DB DB 
AD DA AC AD DA 
BA BD BA CA CD 
BC BC BD CB CB 
BD BA BC CD CA 


Sixthly , If the Set be divided in eight Games, then jD will 
have two Chances to be the Winner, C will have three, and B alfo 
three, thus ; 



BA BA BA BA BA BA BA BA 
CB CB CB CB CB BC BC BC 
DC DC DC CD CD DB DB DB 
AD AD DA AC AC AD AD DA 
BA AB BD BA AB CA AC CD 
CB CA CB DB DA BC BA BC 
CD CD CA DC DC BD BD BA 
CA CB CD DA DB BA BC BD 


Let now the Letters by which the Winners are denoted be written 
in order, prefixing to them the numbers which exprefs their feveral 
Chances for winning j in this manner. 


3 

4 

5 

6 

7 

8 

9 

io 

&c. 


iB 

iC 

2D 


3 a 

3B+2C 

3C -i- 2D -j- 3B 

3D + 2A + 3C 4-3D + 2A 

3 A + 2B + 3D + 3 a + 2B -f 2C + 3 A + 3D 


Then 











The . Doctrine of Chances. 141 

Then carrying this Table a littler farther, and examining the Forma¬ 
tion of thefe Letters, it will appear; Firji , that the Letter B is 
always found fo many times in any Rank, as the Letter A is found 
in the two preceding Ranks : Secondly , that C is found fo many times 
in any Rank as B is found in the preceding Rank, and D in the Rank 
before that. Thirdly, that D is found lb many times in any Rank, 
as C is found in the preceding, and B in the Rank before that: 
And, Fourthly, that A is found fo many times in any Rank as D is 
found in the preceding Rank, and C in the Rank before that. 

From all which it may be concluded, that the Probability which 
the Gamefter B has of winning the Set in any number of Games, i s 

— ot the Probability which A has of winning it one Game fooner, 

together with of the Probability which A has of winning it 
two Games fooner. 

The Probability which C has of winning the Set in any given 
number of Games, is j of the Probability which B has of win¬ 
ning it one Game fooner, together with - of the Probability which 
D has of winning it two Games fooner. 

The Probability which D has of winning the Set in any num¬ 
ber of Games is ~ the Probability which C has of winning it one 
Game fooner, and alfo ~ of the Probability which B has of win¬ 
ning it two Games fooner. 

The Probability which A has of winning the Set in any num¬ 
ber of Games is ~ of the Probability which D has of winning it one 

Game fooner, and alfo L of the Probability which C has of winning 
it two Games fooner. 

Thefe things being obferved, it will be eafy to compofe a Table 
of the Probabilities which B , C, D , A have of winning the Set in 
any number of Games, as alfo of their Expectations, which will be 
as follows: 


I 
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D4 X 4 7/> 

78-X4+ 


56 *4+ 9 P 


x 4 1 op 


T^X 4 +I2/»^X 4 + , 2/ ,_ X4 _ 1 . I2/( _A_ X4 + i2/ 


&c. &c 


The Terms whereof each Column of this Table is compofed, 
being not eafily fummable by any of the known Methods, it will 
be convenient, in order to find their Sums to ufe the following 

Aualyfis. 

Let B' + B /; + B* + W + B r + B", &c. reprefent the refpec- 
tive Probabilities which B has of winning the Set, in any number 
of Games anfwering to 3, 4, 5 , 6, 7, 8, &c. and let the Sum of 
thefe Probabilities in infinitum be fuppofed — y. 

In the fame manner, let C 1 + C u - 4 -C" -f- C v C v + C v \ &c. 
reprefent the Probabilities which C has of winning, which fuppofe 

Let the Probabilities which D has of winning be reprefented bv 
D / + D" + D'" + D^+ D y + D v \ &c. which fuppofe = u 7 

Laftly, Let the Probabilities which A has of winning be renre 
fented by A' + A" + A'" + A'"+ A"+ A 1 ", &c. which fuppofe 
z=x. r 

Now from the Obfervations fet down before in the Table of Pro¬ 
babilities, it will follow, that 
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B' = B l 
B 11 = B" 

B»=-jA b + ±A 1 
B^=i.A /7/ +J.A tf 
B r =-iA^+ —A w 

B yl —l.A v 4-±A!r 

0 2 4 
&c. 

From which Scheme we may deduce the Equation following, 
y = 7 4* 7*: for the Sum of the Terms in the firft Column 
is equal to the Sum of the Terms in the other two. But the Sum 
of the Terms in the firft Column is •=. y by Hypothefis; where¬ 
fore y ought to be made equal to the Sum of the Terms in the other 
two Columns. 

In order to find the Sum of the Terms of the fecond Column, I 
argue thus, 

A' + A ;/ + A"+ A Ifr + A v + A", &c. = * by Hypotb. 
Theref. A'' + A^-f- AT + A* 7 , &c. = * — A* 

and 7 A" + Z A'"+ ~ A'"+ Z A' + Z A r/ , &c. = .i * ~ d A 1 

Then adding B 7 B /7 on both Sides of the laft Equation, we 
fhall have 

B' + B" +±A« + Z A '»+ Z A*+ -i A' + - A**, &c. 

= 7*- dA' +B 7 +B 7 '. 

* 

But A 7 = o, B 7 = 7, B 7/ = o, as appears from the Table: 
wherefore the Sum of the Terms of the fecond Column is = -x 

2 

+ 7 * 

The Sum of the Terms of the third Column is Z x by Hypo- 
thefis; and confequently the Sum of the Terms in the fecond and 
third Columns is = -j-d , from whence it follows that the 
Equation y = d -j- l x had been rightly determined. 


And 



* = t y 
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And by a reafoning like the preceding, we fhall find 
4- jv, and alfo v = jz 4* and laftly x—^v 4- 4 ** 

Now thefe four Equations being refolved, it will be found that 


B 7 + B 77 4- B 777 4. B 77 '4~ B y + B r/ , &c. ~y = 

a 4-c 7/ 4-c 777 4- c /r 4- c r 4- c Fi , &c. =z=-£^ 

D 7 4- D 7/ 4- D 7// + D !tr + D r 4- D", Sc. = V = -ii- 
A 7 4- a 77 4 - A 777 4 - A'" 4- A" 4- A" &c. = * = 

149 

Hitherto we have determined the Probabilities of winning: but 
in order to find the feveral Expectations of the Gamefters, each 
Term of the Series expreffing thofe Probabilities is to be multiplied 
by the refpeCtive Terms of the following Series, 

4 + 3P> 4 + 4 P> 4 + 5 A 4 + 6 A 4 + 7P> 4 + 8 A &c. 

The firft part of each product being no more than a Multiplica¬ 
tion by 4, the Sums of all the firft parts of thofe Products are only 
the Sums of the Probabilities multiplied by 4 j and confequently are 

4 _y, 4», 4-v, 4*, °r refpettively. 

But to find the Sums of the other parts. 

Let 3 B >p 4- 4 B ll p + 5B 777 / + 6B 77 >, &c. be = pt. 

3C l p 4- 4C l P + 5 C ' 1 P + 6C 77 >, &c. be = ps. 

3 D'> 4 - 4D^ 4 - 50^4- 6D">, &c. be -=zpr. 

3 A 7 /> 4 - 4A 77 /) + 5 A 777 /, 4- 6A /7 >, &c. be = pq. 

Now fince 3 B 7 = 3 B 7 

4B 77 = 4B' 7 

JB»= 7A" 4 - j A' 

6B"'= 4A"' 4 . |A a 

7 B r =-^A"'+ 7A"' 

8B"=-A" 4 - -A r 

^ 1 4 


it follows that / — -^ + |?4-*; for 1 °, ‘he firft Column is 
= / by Hypothefs. 

2 °, 3 A' 4" 4 A 7 ‘ 4- 6A 7r 4- 7A r , &c. =r y by Hypothecs. 

3 °, A 7 + A 7/ 4- A 7 ' 7 4- A /r + A r , &c. has been found = —■ 
= to the value of *v Where 
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Wherefore adding thefe two Equations together, we (hall have 
4 A 7 + 5A" + 6 A ! 11 + 7 A" + 8A r , &c. == q + at, 
or -A 7 + jp + 4 A ®+ T A '"+ 7 A " &c. = 1* + > 

But A 7 = o, therefore there remains dill 

i A " + ±A"' + lA'r+ i A r , &c. = 4, + 

Now the Terms of this laft Series, together with 3B 7 + 4 B ;/ , 
compofe the fecond Column: but 3B'=— and 4 B W = o, as appears 
from the Table j confequently the Sum of the Terms of the fecond 
Column is = 7 + 7? + 7*. 

By the fame Method of proceeding, it will be found that the Sum 
of the Terms of the third Column is = ly + —*. 

From whence it follows, that ^ — -\- 1 ^ + 7*“b'”?-|---* 

or t = ± + ± q + x. 

And by the fame way of reafoning, we (hall find 
j = 7# + + \r + ~v, and alfo 

r= js + -j-a + + jy, and laftly 

? = 7 r + i v + + r z - 

But for avoiding confufion, it will be proper to reftore the va¬ 
lues of x, y, z, v, which being done, the Equations will ftand as 
follows. 


/ = i + } -a + -ii- or /=-ig- + •**. 

4 r 4* 1 *49 59 & ' 4* 

x=-ii-+lf + — r . 

149 1 .2 ^4 

r = —+ -*+ Lt - 

149 2 4 

?=-!*- +lr + lx. 

1 *49 1 2 4 

Now the foregoing Equations being folved, it will be found that 


._ 45536 


__ 33547 
2 22201 


22201 - . - 
From which we may conclude that the feveral Expectations or 

B } C , £>, &c. are refpe&ively, 


FirJ, 


U 


i^T U 


I46 
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7 P’ Secondly, 4 X-^ + 
~P> F^thly, 4 X-^- + 


2 2201 l 

■24S1I -p. 

22201 r 


Firft, 4X- 
Thirdly, 4 x 

The Expe&ations of the Gamefters being found, it will be ne 
ceflary to find the Rifks of their being fined, or otherwife what Sum 
each of them ought juftly to give to have their Fines infured. In or¬ 
der to which, let us form fo many Schemes as are fufficient to find 
the Law of their Procefs. 


And Firft , we may obferve, that upon the Suppofition of B beat¬ 
ing A the firft Game, in confequence of which A is to be fined, B 
and C have one Chance each for being fined the fecond Game a*s it 
thus appears: 


1 BA BA 

2 CB BC 


Secondly , that C has one Chance in four for being fined the third 
Game, B one Chance likewife, and D two - } according to the fol¬ 
lowing Scheme. 


1 BA BA BA BA 

2 CB CB BC BC 

3 DC CD DB BD 

Thirdly , that D has two Chances in eight for being fined the 
fourth Game, that A has three, and C one according to the follow¬ 
ing Scheme. 

1 | BA BA BA BA BA BA 

2 ! CB CB CB CB BC BC 

3 DC DC CD CD DB DB 

4 AD DA AC CA AD DA 


N. B. The two Combinations BA, BC, BD, AB, and BA, BC, 
BD, BA, are omitted in this Scheme as being fuperfluous ; their 
difpofition fhewing that the Set muft have been ended in three Games, 
and confequently not affefting the Gamefters as to the Probability of 
their being fined the fourth Game ; yet the number of all the Chances 
muft be reckoned as being eight; fince the Probability of any one 

Circumftance is but ~ . 

Thefe Schemes being continued, it will eafily be perceived that 
the circumftances under which the Gamefters find themfelves, in 
refpcd: of their Rifks of being fined, ftand related to one another 
in the fame manner as did their Probabilities of winning; from 

which 
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which coniideration a Table of the Riiks may eafily be compofed as 
follows. 


A Table of Ri/ks. 



Wherefore fuppofing B l + B 7 + B /u , &c. C' 4 - C JI 4 - C lu 
W + £« + T> ul y &c. A' + A /7 + A", &c. to reprefentthe feveral 
Probabilities; and fuppofing that the feveral Sums of thefe Probabi¬ 
lities are refpedively y t x , s, v , we (hall have the following Equa- 
tions y== ~ + l x . z — ± ±± v . v== i. + ^4. L y . 

x = 4- ±. z . Which Equations being folvcd wc lhall have y = 

—, 2=-^, — J 1 L 

H 9 » 49 * — 149 9 ** *” 149 • 

Let now every one of thofe Fractions be multiplied by p } and 

the Products -~A —-/> will exprefs the refpedive 

Riiks of B, C, Dy or the Sums they might jultly give to have 
their Fines infured. 


But if from the feveral Expectations of the Gamefters there be fub- 
tra&ed, 'Pirfty the Sums by them depofited in the beginning of the 
1 la y> * n d Secondlyy the Rifks of their Fines, there will remain the 
clear Gain or Lofs of each. W hcrefore 


U 2 


From 
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From the Expectations of B 
Subtrading his own Stake 
And alfo the Sum of his Rifles: 
There remains his clear Gain 


Chances. 

= 4. 4^36 

*49 "* 22201 1 

_ 243 

__J 4 


= — + 

H 9 1 


-22Lp. 

22201 1 


From the Expectations of C = 
Subtracting his own Stake = 
And alfo the Sum of his Rifles = 

>44 , 

149 T 

I 

38724 p. 

22201 2 

■ZU. 

*49 r 

There remains his clear Gain = 

— 5 —1- 

149 < 

1176 

22201 • 

From the Expectations of D — 
Subtracting his own Stake = 
And alfo the Sum of his Rifles = 

.28 , 

- 376o ° b 

149 1 

I 

22201 ?' 

—P- 

149^ 

T'Kpi'a rpmainc Jiic rlMr ix^in 1 " — 

_3_L 

4224 

1 XiCiC rCirmlllo Illo tlvdi vjaiii — 

,49 

222012 * 

From the Expectations of A = - 
Subtracting his own Stake = 
And alfo the Sum of his Rilks = 

Laftly, the Fine due to the 1 
Stock by the Lofs of the > = 
firft Game J 

100 . 

*49 ' 

I 

21147 . 

22201 -* * 

* 7 ? 

*49 

A* 

9 1 nprp rpm nine nic CrCJin M 

49 1 

JU729 . 

x iicrc rciiidiiio iiio cicdi vxdiu— 

*49 

22201 2 


The foregoing Calculation being made upon the Suppofition of 
B beating A in the beginning of the Play, which Suppofition nei¬ 
ther affeCts C nor Z), it follows that the Sum of the Gains between 
B and A ought to be divided equally; then their feveral Gains will 
ftand as follows: 


Gain 
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Sum of the Gains = 


149 

22201 P 

* 3 

2700 A 

*49 

22201 * 

_j_1 

1,76 

*49 1 

22201 ? 

. 21 -i-. 

4224 

149 

22201 * 

0 

0 


149 


If Ji- 22 21 .fi w hich is the Gain of A or B be made = o i 

149 2-2oi r * 

then p will be found = ; from which it follows, that if 

each Man’s Stake be to the Fine in the proportion of 2700 to 1937, 
then A and -Bare in this cafe neither Winners nor Lofers 5 but C wins 

—-— which D lofes. 

And in the like manner may be found what the proportion be¬ 
tween the Stake and the Fine ought to be, to make C or D play 
without advantage or difadvantage *, and alfo what this proportion 
ought to be, to make them play with any advantage or difadvantage 
given. 

Corollary r. # 

A Spectator S might at firft, in confideration of the Sum 4 -\-yp 
paid him in hand, undertake to furnifti the four Gamefters with 
Stakes, and pay all their Fines. 


Corollary 2. 

If the Stock is confiderably increafed, and the Gamefters agree 
either to pay no more Fines, or to give over playing, then 

i°. If we fuppofe B to have got the laft Game, by beating out 
A, and call the Stock Unity ; the Expectations, or Shares, belong¬ 
ing to B , C, D y A y refpedively, will be ~, -~T, -75-» 

If B has got 2 Games, by beating D and A fucceffively, the 
, 87 13 16 p or n 

Shares of B , C, D> A , are -7^, TIT * .49 * *49 

has now an equal Chance for the whole Stake, or for the 
Chance of the former Cafe : that is, his Expeftation is worth 
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T * 1 + ~TvT = -^T • C has an e< l ual Chance for o, and for 

149 » *^ a * * s > h* s Expedition is , and in the fame way the 
Numerators of the Expedations of D and Jure found. 

Corollary 3. 

If the proportion of Skill between the Gamefters be given, then 
their Gain or Lofs may be determined by the Method ufed in this 
and the preceding Problem. 

Corollary 4. 

If there be never fo many Gamefters playing on the conditions of 
this Problem, and the proportion of Skill between them all be fup- 
poled to be equal, then the Probabilities of winning or of being fined 
may be determined as follows. 

Let 15 ^ C', iy, fi! 7 P, A 7 *, denote the Probabilities which B , C, 
F, A have of winning the Set, or of being fined in any 
number of Games ; and let the Probabilities of winning or of being 
fined in any number of Games left by one than the preceding, be de¬ 
noted by B 7 , C ;/ , D", E ', F 7 , A": and fo on; then I fay that 

7A" + VV* + £a* + 

7B' + 7F" + jE^ + ^IF 
7?^ + 7B^ + + - 7 VE 7 

tIF + - je® + vr + ~W 

7 E“ +7D» + jcr+ -±W 
iw + 1I« + 

Now the Law of thefe relations being vjfible, it will be eafy to ex¬ 
tend it to any other number of Gamefters. 

Corollary 5. 

If there be feveral Series fo related to one another, that each Term 
of one Series may have a certain given proportion to fome one aligned 
Term in each of the other Series, and that the order of thefe propor¬ 
tions be conftant and uniform, then will all thofe Series be exaflly 
fiimmable. 


B' = 

cT = 
W = 
hT = 
F r = 


Re mark 
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Remark. 

As the Application of the Do&rine contained in thefe Solutions 
and Corollaries may appear difficult when the Gamefters are many, 
and when it is required to put an end to the play by a fair diftribu- 
tion of the money in the Poule j which I look upon as the moll ufeful 
Queftion concerning this Game; I fhall explain this Subject a little 
more particularly. 

1. Let us then Suppofe any number of Gamefters, n -f- 1 (as, 
in our Scheme, 6) and having written down fa many Letters 

as there are Gamefters 
in the Order they are 
to fucceed one another, 
place under them their 
refpeCtive final! Letters, 
to denote the Probabilities 
which the fevcral Game¬ 
fters have of winning the 
Poule , immediately after 
their Order of Succeflion 
is fixt, and before the play is begun. Where note that the Letter 
b figniiies ambiguoufly the Expectation of A or of B: and this Cafe 
being particular, not to occur again in the fame Poule, may be fepa- 
rated from the others by a line. 

We (hall always fuppofe B to be the Winner of the firft Game - t 
and that A takes the loweft place in the fecond Row of Capitals. 
Under thefe repeat »—i Rows of the fmall Letters which, with the 
fmall ftrokes or dots affixed to them mark the Expectations of the 
feverai Gamefters, when any one Gamefter has got as many Games as- 
is the Number of dots, or that which is marked in Roman Characters 
to the right of the Row. For it is to be obferved, that, after the 
firft Game, the fmall Letters thus marked do not, unlefs by accident, 
fignify the Expectations-of the particular Gamefters at firft denoted 
by their Capitals; but the Expectations which belong to the Rank 
and Column where any Letter ftands. For Example, b l1 does not 
denote the Expectations of him who was luppofed to get the firft 
Game, unlels perhaps he has got two more lucceffively; but indefi¬ 
nitely, thofe of whatever Gamefter has got 3 Games following. 
And the other Letters of the fame Row, as d n , d m , e tl , fignify the 
fimuitancous Expectations of the three Gamefters that follow him in 
the Order of playing. 



n — 5 

0 

b \ c d e f 

b c d e f 

Number 
of Games 

»—4 

I 

B C D E F A 
b l c' d e‘ f o' 

won by 

3 

II 

b" c“ J? e" f a" 

B 

n —2 

III 

b" r c“‘d!“ f/ 


71 — 1 

IV 

h* c"'d ,y e‘ l 'f y a ,p 


n 

V 

I O O O O O 
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2. This preparation being made, it will be obvious in what manner 
the Expectations are varied by the Event of every Game; and how 
they are always reducible to known Numbers. 

For if we fuppofe B , the Gamefter who is in Play, to have got 3 
Games, for inftance, and to want two more of the Poule ; then his 
prefent Expectation being b ni , if he wins the next Game which he is 
to play with C, the Confequence will be ; i°. His own Expectations 
will be changed into hF\ having now got 4 Games. 2 0 . All the 
other Expectations in the fame Row, will likewife be transferred to 
the next inferior (IV.) but marked each by the preceding Letter of 
the Alphabet: that is, d lu becomes ce‘ n becomes d !r t &c. ex¬ 
cepting only the Expectation of him who loft the Game, which 
is thereby reduced to the loweft Expectation a ltr . And if B had al¬ 
ready gained ( n —1=) 4 Games, and confequently wanted but one ; 
if he gains this, all the Expectations d v y d lpr , e lir , &c. will vanifh 
together, while b r/ becomes — j, the Exponent of Certainty. 

But if B lofes his Game with C, all the Expectations, of what¬ 
ever Rank, are transferred to the Rank I, and their Ratios are reftored 
as when the firft Game was won : only the Letters are changed into 
the next preceding. As b lu becomes a l t d u becomes b\ d m becomes 
c l 3 and To on. 

3. Now there being fuppofed an equal Chance of B’s winning 
and lofing a Game any Expectation of his, as when he has got 3 

Games, will be thus exprefted; b m = in which, fubfti- 

tuting for b lv its equal in our Example ■ 1 +a> ■ a we fhall have b 111 •= 

. The fame way, b n — ■ ~ - and b == 

■ • hn general ; when the number of Games that B wants of 

gaining the Poule is m 3 then fhall -■ + 2 ” ~ 1 x *-- be the value 
of his Expectations. 

4. The other Expectations are collected nearly in the fame man¬ 

ner. As c® = —- y 1 — , in which fubftituting for a un its equal (in 
our example) f -- , we have c m ■=. / j t 

The fame way, d l = 1 P -J- ^ f l -f- j e 1 : and c 1 — L b l 4. 1 ji 

j ^ 4 * d l > the number of Terms added to the Games won be¬ 
ing always = n t and the Letter a 1 always omitted. 


From 
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From all which it appears, that the Expectation of a Gamefter, 
in any State of the Play, is expreffed by the Expectations V, b 1 , c l y 
&c. after one Game is won : and that thefe, therefore, are firft to be 
computed. 

5. In order to which, I fay, that the Letters b , c y d y e , &c. ex¬ 
prefling, as above, the Chances of the Gamefters, B , C, D y E , &c. 
immediately after their Order of playing is fixt by lot, or otherwife ; 
thefe Chances are in the geometrical Progreflion of 1 -j- 2 * to 2 ». 

For either of the Gamefters (as A) who play the firft Game, has 1 
out of 2" Chances of beating all his Adverfaries in one Round. And 

therefore he may, in confideration of the Sum xb-\-c-\-d-\-e 

2 

give up his expectations arifing from the Probability of that Event, 
and take the lowed place with the Expectation e ; the Gamefter 
C fucceeding to his place, D to that of C y and fo on. But B hav¬ 
ing, on the fcore of Priority, the fame demand upon A y as A has 
upon B j that is, neither having any demand upon the other, the 

Term —~ x b is to be cancelled ; and the Value of A' s place, with 

2” 

refpeCt to the other Gamefters, reduced to X c -j-— X d -f- 

2 2 

&c. And now each of the Gamefters C, £), E t &c. being raifed 
to the next higher Expectation b y c y d y See. for whic h he h as paid 

—of his former Expectation ; it follows that b — 1 -J - j- x c , 

c = 1 -j—x d t Sc c. and that, before the play is begun, every 

2 

Expectation is to the next below it as i -f- —~ to 1, or as 1+2" 

to 2*. Which coincides with Theor. I. of Mr. Nicolas Bernoulli 
in Phil. Tranf. N. 341. 

Thus if the Gamefters are 3, (A) B y C; their firft Expectations 
are (5) ^ 4, with the common Denominator 14. If they are 4, 
(A) B y C, D y their Expectations are (81)81, 72, 64, with the Deno¬ 
minator 298. If there are 5 Gamefters, their Expectations are (17M 
I7 3 * *7*X 16, 17 X 16 2 , 163, with their Sum fora Denominator; that 
is, (4913), 4913, 4624, 4352, 4096, with the Denominator 22898. 
And the like for any number of Gamefters. 

6. It is plain likewife that the Expectations of all the Gamefters, 
excepting A and B y remain the fame after one Game is plaid, as 
they were at firft ; c l z=c y d l = d y e'~e, See. becaufe the conteli 

X in 
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in the firft Game concerns A and B alone j its Event making no 
alteration in the Expectations of the others: but only raifing B 's 
firft expectation, which was b> to the Value b l , and diminifhing 
the equal Expectation of A by the fame quantity: fo that a 1 -f- 
b l = 2 b. 


And therefore, to find all the Expectations after the firft Game 
is played, we have now only to compute the firft and laft of that 
Rank, b l and a!. 

But it was found already that if m reprefents the number of Games 
that the laft Winner B wants to gain the Po ule i his Expectations in that 


Circumftance will be equal to 



From which, putting 


m — n — i, which is the Cafe when B has got one Game, and the 
Expectation b l j and fubftituting for b l its equal 2 b—a\ we fhall get 



2* — I 


As when there are 3 Gamefters, n— 2, b— —- and a 1 = 

± _r=r = —. And fr ■= ib — a 1 — —-— — A . 

3 4 2 7 8f ‘4 1 4 7 

If there are 4 Gamefters, n — 3, b = —g-; and therefore a!z=. 


8 x _ 14 _! x-L = J'4 x .L = _!fL = JI.. And^=-ii- 

298 7 298 ~ 7 298 149 149 


•49 


•49 


If there are 5 Gamefters, n — 4, b = — 

55-10 1 




_ T .. 1 

1U * 22898 x 15 — 22898 ^ 

And bf — 2b a' ■= 


2898 , 
3714 - 


22898 


whence a 1 — 
_ 

*1449 * 

So that the Ex- 


11449 11 449 

peCtations of the Gamefters, B having got one Game, will ftand 
thus : 

B C D E A 


b l 


d l 


e l - 


3056, 2312, 2176, 2048, 1857; thefe numbers exprefling the 
Ratios of the Expectations; and with the Denominator 1 1449 
fcribed, their absolute quantity; or the Shares of the whole Stake 
due to each Gamefter, if they were to give over playing. 

7. And thus the Probabilities which the feveral Gamefters have 
of gaining the Poule may in all Cafes be computed, and difpofed into 
Tables. But the 6 following, will, ’tis thought, be more than fuffi- 
cientfor any Cafe that happens in play. Table 
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One Example will (hew the Ufe of the Tables: Suppofe c Game- 
fters engaged in a Poule, with this condition, that if it is not ended 
when a certain number of Games are played, they (hall give over and 
divide the Money in proportion to the Chances they fhall then have 
of winning the Poule. That number of Games being played, fuppofe 
the Poule rifen to 30 Guineas, and that a Gamefter ( B ) has got two 
Games: %. how the 30 Guineas are to be fhared ? 

Divide 3 1 7 ^ into Shares proportional to the numbers 4255, 
2046, &c. (in Tab. III.) which ftand in the Row of Games won II. 
and thofe Shares will be as follow : 31 7 /. X 7^--= the Share of 

B L *' d ' 

And the fame way thofe of C, &c. will be- C " \\ \ 

D 5 5 8 
-E 4 11 8 
A 4r \ 

# L . 31 10 o 


Note, the pricked Line which is drawn in each of the Tables fe- 
parates the Chances of the Gamefters who are necejfarily to come 
into the play before the Poule is won, from the Chances of thofe 
who may poj/tbly not come in again; which lie below that line 
And, jetting afide the Column B, all the Chances in any Row 
above the line are in the continued Ratio of 1 -f- 2" to 2*. As in 

Tab. III. < 2 l = ~-Y.c ", or 1920= 1--i- x 2040. 

The fame; is true of the Terms of any Row that lie both below the 
line. But if one lies above and the other below it, their Relation is 
different, and is to be found by Art. 3. of this Remark. 

It remains to compute the Profit and Lofs upon theVines p • as 
follows. r 


j. The prefent Expe&ations of a Gamefter who is entering, or to 
enter, into play, that he fhall be the Winner, are made up of his 
feveral prefent Expectations, upon the Events of his coining in once 
twice, thrice , &c. as is manifeft. And as, immediately after the 
Order of playing is fixt, it was fhewn that thofe total Expectations 
are in the geometrical Progreftion of 1 + 2M0 2% the number of 
Gamefters being n + 1 j fo, in any other State of the Poule their 
Ratio is always given. a 


But 
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But every time that a Gamefter enters, his Chance of winning in 
that Turn , is to his Chance of paying a Fine , as i to 2" — i : and 
therefore, componendo , the Sum of a Gamefters feveral Expectations 
of winnings is to the Sum of his feveral Rifks of paying a Fine , in 
the fame Ratio ; the whole Stake, and alfo each Fine p being 
put = i. And the whole Rijks of the feveral Gamefters are in the 
fame Ratios as their Expectations. 

Thus in. the Cafe of Three Gamefters, whofe Expectations are 
TT * TT > ~m~ ’ Chances of paying the Fine p will be the fame 
Fractions multiplied into 3 (= 2* —■ l); that is, they will be ~ > 

1 * 12 


And the firft Expectations of Four Gamefters being 81, 8j, 72, 
64, to the Denominator 298 ,• their Chances of being Fined will 
be the fame Numerators multiplied into 7 (— 2* — i), that is 

C67 167 ?Oi 448 r o- 1 

155-» refpea.vely. 

Hence again it appears, that the Total of the Fines, or the Sum 


for which they may be furnifhed throughout the Poule, is 2*— 1 
Xp. For the Sum of the Expectations upon the Stake 1, is 1; and 
thefe are to the Number of Fines as 1 to 2" — 1. 


2. Suppofe now that one of the firft Players of TJjree y as A, is 
beat out, and his Fine paid, as mull always necefl'arily happen; 
and thence, the Expectations of getting the Poule reduced to 
c B A 


C C i : then the Rifks of C and A will be ~ , A , refpeCtively : 

whofe Sum y taken from 2 (~2 n — 2) leaves i- for the Fines 
of B. 


In like manner, the Expectations of Four Gamefters, after one 
Game is won, being 56, 36, 32, 25, with the Denominator 149 ; 
the Numerators of the Rifks of the Three laft Gamefters C, Z), A , will 
be 36, 32, 25, multiplied by 7 (3= 2* —1) to the fame Denominator; 
and their Sum taken from the Fines to be paid after one Game is won,. 


which are 6 = 2” — 2, leaves for the Rifks of B , : thofe of C, 

A A, being refpeCtively. 

3- If B has got more than one Game, the Sums for which a 
Spectator R may furnifh all the fubfequent Fines, will be found as 
follows. 


Let 
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Let the Number of Fines which R rifks to pay. when B has 
I2L’> 2 ' 3 > 4 > Games, be x,_y, z, v , See. refpedively; then 
-x, 01 y — a 2,--- — y — x _ 2 . or 2 _ 


•H-‘-Kv-f 1 


* . T 2 ' +' 2 ’ And the fame way v = a: — See. j in an 

obvious Progrefiion. 

Becaufe when B has got 1 Game, there is an equal Chance of his 
winning or lofing the next; in the former Cafe, R pays the Fine 
1 X/> for C and comes to have the Rliky 5 but if C wins, R pays 

1 a P c ?' a u d hlS u lfk c the fame as before : and fo of the 
reft. s o that the number of pieces f for which R may engage to 

furmfh the fubfequent Fines, when B has got 2, 3, 4> & c Games 
is had by the continual Subtraaion of 2 and its Powers from 2-~ f 

Asm a Poult of four, when B has got 2 Games, the Sum of the 

Rifks is 6 2—14. Jn a Pou/e of five, x= 2” — 2=14 v — 12 

Z = 8, V = O. — iaS, 

f n m n h s fe " Umb T S fubtraai "g the Rifks of the other Game- 
„ :r l L ' r D ' E f &c - found as above, there will remain the Rifks of 
tne Lramelter who continues in play. 

4 . 1 he Expectations of the feveral Gamefters upon the Fines 
may likewife be determined by an obvious, but more troublefome 
Operation. » 

Gpi "''- a 5 ? ? t ™ 

II. b tl c !l d !l e 11 a ! 1 

III. b ni c m d ul e m a m 

,h, »-*,***.%£ 

expeft to find in it, B having already got fo many Games as the Dots 
affixed to the Letter: and to thefe Letters prefix their fractional Co¬ 
efficients taken from the Tables of Probabilities. Then, by the law 
of the Game, there will be formed a Series of Equations determining 
the Expectations fought. 


B 

I —V 

7 


As in the Cafe of 3 Gamefters, write 
C A 


v H 

II.IX^=2 O O \ 


l0 - 7 ^=T x l+7x^+1 

and the Equations^ 0 .7^= 7-X7X f 0 

3°-7^=Jx|.x7+T + 0 


Which 
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Which being reduced give B l (— jb l ) == O (— yc') = 
^ (= From which fubtra&ing their refpeCtive 

Rifks ; for B } j for C, — ; and for (= y + 1 , his Fines , 

and the Fine already paid in), remain the Gains + —, 4- — , — 
4 L, multiplied into />. 

If it is a Poule of four, the Expectations on the Fines will (land 
thus: B C D A 

I jLtf -ii-a' 

>49 >49 *49 >49 U 

II. — 

149 


149 149 “ 140 

■il** J^juALaii 

149 149 149 


III. i x^"'=3 o o o and fetting afide the 
common Denominator 149, the Equations will be; 

i*. 56b 1 ~~ x25. *'+1 -+-87^ 5 0 . 28^—d-x 56 £4-2+0 /. cU^P+z 

2 0 . 36c 1 ^4-i4-i6tf w 6°. ll d=c*+z 

3 0 . 32^=~X36. f‘+i+28c // 7 0 . a ll =d l + 2 

4«. 2^=-l x jT^H+iS'W 8*. *3+-^-' 2 '+ I - 

Whence will be found 

813— f 618— 

i'= —f;and (-£4 =)B - — l i"=-HZ and jg«_Zi!22 

149 \ ! 49 ' 22201 1 149 * 22201 

1075— . I mi — 

c*=-— j and C '=lHZ5±\ c"=, -Z. and C « = ilili 

*49 22201 \ / 149 7 ailu u 22201 

</>= 5 and D'= SSSS .1 \ 'V= 2 !!l. and D „ = H2* 

H 9 22201 I 49 22ZQl 

I49 * 22201X > I49 7 2-201 


And the like Computations may be made for the fuperior Poules ; 
the Compofition of the Equations to be reduced being regular and 
obvious. 


PRO- 
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PROBLEM XLVI. 

Of Hazard. 

To find at Hazard the Advantage of the Setter upon all 
Suppofitions of Main and Chance . 

Solution. 

Let the whole Money played for be confidered as a common 
Stake, upon which both the Carter and the Setter have their feverai 
Expectations; then let thofe Expedations be determined in the fol¬ 
lowing manner. 

Firjh Let it be fuppofed that the Main is vii : then if the Chance 
of the Carter be vi or vlu, it is plain that the Setter having 6 Chan¬ 
ces to win, and 5 to lofe, his Expectation will be ~ of the Stake: 
but there being 10 Chances out of 36 for the Chance to be vi, or 
viii, it follows, that the Expectation of the Setter refiilting from the 
Probability of the Chance being vi or vm, will be multiplied 
by or divided by 3 6. 

Secondly , If the Main being vii, the Chance fhould happen to be 
v or ix, the Expectation of the Setter would be ~ divided by 
3 6 * 

Thirdly, If the Main being vit, the Chance fhould happen to be 
iv or x, it follows that the Expectation of the Setter would be 4. 
divided by 36. * 

Fourthly, If the Main being vii, the Carter fhould happen to 
throw 11, in, or xii , then the Setter would necertarily win, by the 
Law of the Game; but there being 4 Chances in 36 for throwing 
11, hi, or xii, it follows that before the Chance of the Carter is 
thrown, the Expectation of the Setter refulting from the Probability 
of the Carter’s Chance being 11, m, orxn, will be 4 divided by 
3 6 - 

Lajlly , If the Main being vi 1, the Caller fhould happen to throw 
vii, or xi, the Setter lofes his Expectation. 

From the Solution of the foregoing particular Cafes it follows 
that the Main being vii, the Expectation of the Setter will be ex- 

prefled 
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— + — 4 - 1 + 7 

prefled by the following Quantities, viz. —- 1 —-- 1 -- 

which may be reduced to now this fradion being fubtrad- 

ed from Unity, to which the whole Stake is fuppofed equal, there 
will remain the Expedation of the Cafter, viz. , 

But the Probabilities of winning being always proportional to the 
Expedations, on Suppofition of the Stake being fixt, it follows that 
the Probabilities of winning for the Setter and Carter are refpedively 
proportional to the two numbers 251 and 244, which properly de¬ 
note the Odds of winning. 

Now if we fuppofe each Stake to be i, or the whole Stake to 
be 2, the Gain of the Setter will be exprefled by the fradion , 
it being the difference of the numbers exprefling the Odds, divided 
by their Sum, which fuppoflng each Stake to be a Guinea of 21 
Shillings will be about 3^- 2 j f 

By the fame Method of Procefs, it will be found that the Main 
being vi or vi 11, the Gain of the Setter will be which is about 
$d .— 3 -^in a Guinea. 

It will be alfo found that the Main being v or ix, the Gain of 
the Setter will be —, which is about 3* — 3 jf in a Guinea. 

Corollary i. 

If each particular Gain made by the Setter, in the Cafe of any 
Main, be refpedively multiplied by the number of Chances which 
there are for that Main to come up, and the Sum of the Produds 
be divided by the number of all thofe Chances, the Quotient will 
exprefs the Gain of the Setter before a Main is thrown : from whence 
it follows that the Gain of the Setter, if he be refolved to fet upon 
the firft Main that may happen to be thrown, is to be eftimated by 

^TzT ~z l'ls > w h°l e t0 b e divided by 24, which be¬ 

ing reduced will be ---- - - # or about 4^— 2 jf in a Guinea. 


Corollary 2. 

The Probability of no Main, is to the Probability of a Main as 
109 + 2 to 109 — 2, or as 111 to 107. 


Coro- 
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Corollary 3. 

If it be agreed between the Carter and Setter, that the Main (hall 
always be vn, and it be farther agreed, that the next Chance hap¬ 
pening to be Ames-ace, the Carter fhall lofe but half bis Stake, then 

the Carter s Lofs is only ' of his Stake, that is about —f in a 
Guinea. 35 + 


Corollary 4. 

The Main being vi or vm, and the Carter has ~ of his money 
returned in cafe he throws Ames-ace, what is his + Lofs ? And if the 
Main being v or ix, and he has j of his Money returned in cafe 
he throws Ames-ace, what is his Lofs? In anfwer to the firft, the 
Gain of the Setter or Lofs of the Carter is _ - _ 


In anfwer to the fecond the Lofs of the Carter would be but 


781. 


29 


Corollary 5. 

If it be made a ftanding Rule, that whatever the Main mayhap- 
pen to be, if the Carter throws Ames-ace immediately after the 
Main, or in other words, if the Chance be Ames-ace, the Carter 
fhall only lofe j of his own Stake, then the Play will be brought 
fo near an Equality, that it will hardly be diftinguifhable from it; 

the Gain of the Carter being upon the whole but —1_ 0 f his own 
Stake, or of a farthing in a Guinea. 

The Demonftration of this is eafily deduced from what we have 


faid before viz. that the Lofs of the Carter is —— ■ now let us 

confider what part of his own Stake (hould be returned him in cafe 
he throws Ames-ace next after the Main ; Let 2 be that part, but 

the Probability of throwing Ames-ace next after the Main is -L 

36 > 

therefore, the real Value of what is returned him is 

and rtnee the Play is luppofed to be reduced to an Equality, then 
what is returned him muft equal his Lofsj for which reafon, we 

have the Equation ~ = -^_, 0 tz=-~ which being very 


near 
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near ~ , it follows that — of his own Stake ought to be returned 
him. 3 

Or thus; if the Carter has returned him when that happens, he 
loles nothing; but there being but 1 Chance in 36 for that Cafe 
to happen ; the real Value of what is returned is but ; and in 

the fame manner if j is returned, the real Value is • and fo, 

the Difference —— -—- l — is the Gain of the 

3x36 56X36 6048 

Carter. 

PROBLEM XLVII. 

To find at Hazard the Gain of the Box: for any number 
of Games divtfible by 3. 


Solution. 

Let a and b refpe&ively reprefent the Chances for winning a Main 
or for lofing it, which is ufually called a Main and no Main ; then, 
i°, It is very vifiblethat when the four laft Mains are baaa, other- 
wife that when a Main has been loft, if the three following Mains 
arc won fucceffively, then the Box muft be paid. 

2 0 , That the laft 7 Mains being baaaaaa , there is alfo a Box to 
be paid. 

3 0 , That the laft 10 Mains being baaaaaaaaa, the Box is to be 
paid, and fo on. 

Now the Probability of the 4 laft Mains being baaa is , 

and confequently, if the number of Mains thrown from the beginning 
is reprefented by n> the Gain of the Box upon this account will be 

*But to obviate a difficulty which may perhaps arife concerning the 
foregoing Expreffion which one would naturally think muft be 
, it muft be remembered that the Termination baaa be- 

longs to 4 Games at leafr, and that therefore the three firfl Games 
are to be excluded from this Cafe, tho’ they (hall be taken notice of 
afterwards. 


V 2 


Again 
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Again the Probability of the 7 laft Mains terminating thus baaaaaa , 
will be ==^7 > but this Cafe does not belong to the 6 firft Mains, 

therefore the Gain of the Box upon this account will be 
and fo on. a+b ' 7 

And therefore the firft part of the Expedition of the Box is ex- 
prefled by the Series 

”~3 x ^ 3 1 »—6 x&a 6 , w—q xba9 , »—12 xta' z t 

+ + > &c - 

of which the number of Terms is —■ ~ 3 ~ . 

The fecond part of the Expectation of the Box arifes from all 
the Mains being won fucceflively without any interruption of a no 
Main, and this belongs particularly to the three firft Mains, as well 
as to all thofe which are divifible by 3, and therefore the fecond 
part of the Expectation of the Box will be exprefled by the Series 

l^iT + -j=ir + -=^- + ^r, &C. of which the number of 

Terms is -. 

3 

Thofe who will think it worth their while to fum up thefe Series, 
may without much difficulty do it, if they pleafe to confult my Mif- 
cellanea , wherein fuch forts of Series, and others more compound, are 
largely treated of. 

In the mean time, I fhall here give the Refult of what they may 
fee there demonftrated. 

If the firft Series bediftinguifhed into two others, the firft pofitive, 
the other negative, we fhall now have three Series, the Sums of which 

will be, fuppofing - * -• — r. 


- -Ji-> 

a + b * 


the fum of all which will be reduced to the Expreffion f -L 

_ 1 —, when a and b are in a Ratio of Equality. 

49 X 2* 

Corollary i. 

If n be an infinite number, the Gain of the Box will be univer- 
fally exprefled by-^-x but when a and b are in a 

Ratio of Equality by — . Coro- 
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Corollary 2. 

The Gain of the Box being fuch as has been determined for an 

infinite number of Mains, it follows that, one with another, the 

Gain of the Box for one fingle Main ought to be eftimated by 

— — x ■==r-, ° r “77" if a and b are equal. 

Corollary 3. 

And confequ ently, it fo llows that in fo many Mains as are exr- 

prefled by ■ a + i ’? a +^ i ~ a ' , or in 14 Mains if a and b are equal, the 

Expectation of the Box is 1, calling 1 whatever is ftipulated to 

belong to the Box, which ufually is 1 Half-Guinea. 

Corollary 4. 

Now fuppofing that a and b are refpedtively as 107 to 111, a 
Box is payed one with another in about 14.7 Mains. 

After I had folved the foregoing Problem, which is about 12 years 
ago, 1 fpoke of my Solution to Mr. Henry Stuart Stevens, but with¬ 
out communicating to him the manner of it: As he is a Gentleman 
who, befides other uncommon Qualifications, has a particular Sagacity 
in reducing intricate Queftions to fimple ones, he brought me, a 
few days after, his Inveftigation of the Conclufion fet down in my 
third Corollary; and as I have had occafion to cite him before, in 
another Work, fo I here renew with pleafure the Expreflion of the 
Efteem which I have for his extraordinary Talents: Now his Invef¬ 
tigation was as follows. 

Let a and b refpeCtively reprefent the number of Chances for a 
Main and no Main ; Let alfo 1 be the Sum which the Box mull re¬ 
ceive upon Suppofition of three Mains being won fucceffivelyj now* 

the Probability of winning a Main is , and the Probability of 
winning three Mains is , and therefore the Box-keeper 

might without advantage or difad vantage to himfelf receive from the 
Cafter at a certainty, the Sum - X 1, which would be an Equi¬ 
valent for the uncertain fum 1, payable after three Mains. 


Let 
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Let it therefore be agreed between them, that the Carter {hall pay but 
the Sum X i for his three Mains j now let us fee what con- 

fideration the Box-keeper gives to the Carter in return of that Sum. 
i°, he allows him one Main fure, 2°, he allows him a fecond Main 
conditionally, which is provided he wins the firft, of which the 

Probability being , it follows that the Box allows him only, 

if one may lay fo, the portion of a fecond Main, and for the 

fame reafon the portion of a third Main, and therefore the 

Box allows in all to the Carter 1 + Mains, or 

3 ‘"TpV +M 5 and therefore for Sum received x 1, 

there be the allowance of — fr™ Mains, how many are 



ny Mains as are denoted by the foregoing Expreffion, the Box gets the 
Sum I ; which Expreffion is reduced to 14 if ,zand b are equal. 


PROBLEM XL VIII. 

Of Raffling. 

If any number of Gameflers A, B, C, D, &c. play at 
Raffles, what is the Probability that the firjl of them 
having thrown his Chance , and before the other Chances 
are thrown, wins the Money of the Play f 

Solution. 

In order to folve this Problem, it is neceflary to have a Table ready 
compofed of all the Chances which there arc in three Raffles, which 
Table is the following. 


4 
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A Table of all the Chances which are in three Raffles, 


Points Chances to Chances to Equality of 

winorlofe. winorlofc. Chance. 


LIV 


nx 

88 4735 

0 

I 

LIII 


X 

884726 

I 

9 

LII 


XI 

884681 

10 

45 

LI 


XII 

884534 

55 

*47 

L 


XIII 

884165 

202 

369 

XLIX 


XIV 

CO 

00 

0 

0 

57 1 

76 s 

XLV1II 


XV 

881954 

1 336 

1446 

XLVII 


XVI 

879470 

2782 

2484 

XLVI 


XVII 

8 755° 1 

5266 

3969 

XLV 


XVIII 

869632 

9235 

5869 

XLIV 


XIX 

861199 

15104 

8433 

XL 1 II 

> or < 

XX 

849706 

23537 

11 493 

XLII 

{ 

XXJ 

834679 

35°3° 

15027 

XLI 


XXII 

8i 539 2 

50057 

19287 

XL 


XXIII 

791506 

69344 

23886 

XXXIX 


XXIV 

762838 

Q323O 

28668 

XXXVIII 


XXV 

728971 

I2l898 33867 

XXXVII 


XXVI 

690100 

*55765 38871 

XXXVI 


XXVII 

646929 

194636 43171 

XXXV 


XXVIII 

599472 

237807 

47457 

XXXIV 


XXIX 

548865 

28r264 C0607 

XXXIII 


XXX 

49 6 3H 33J 8 7 r 

5 2 55 I 

XXXII j 

1 

lXXXI 

442368 388422 

53946 


The Sum of all the numbers exprefling the Equality of Chance 
being 442368, if that Sum be doubled it will make 884726, which 
is equal to the Cube of 96. 

The firft Column contains any number of Points which A may be 
fuppofed to have thrown in three Raffles. 

The fecond Column contains the number of Chances which A has 
for winning, if his Points be above xxxi, or the number of Chances 
he has for loling, if his Points be either xxxi or helow it. 

The third Column contains the number of Chances which A has 
for lohng, if his Points be above xxxi, or for winning, if they be either 
xxxi or below it. 


The 
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The fourth Column, which is the principal, and out of which the 
other two are formed, contains the number of Chances whereby any 
number of Points from ix to liv can be produced in three Raffles 7 
and confequently contains the number of Chances which any of the 
Gamefters B , C, Z), &c. may have for coming to an equality of 
Chance wit h.A. 1 

The Conftru&ion of the fourth Column depends chiefly on the 
number of Chances which there are for producing one Angle Raffle, 
whereof xvm or in have i Chance 

xvii or iv have 3 Chances 

xvi or v have 6 Chances 

xv or vi have 4 Chances 

xiv or vii have 9 Chances 

xiii or viii have 9 Chances 

xii or ix have 7 Chances 

xi or x have 9 Chances 

Which number of Chances being duly combined, will ^fford all the 
Chances of three Raffles. 

But it will be convenient to illuftrate this by one Inftance; let it 
therefore be required to find the number of Chances for producing 
x 11 Points in three Raffles. 

i°, It may plainly be perceived that thofe Points may be produ¬ 
ced by the following Angle Raffles in, 11 t, vi, or 1 1 1, iv, v, or 
iv, iv, iv } then considering the firft Cafe, and knowing from > the 
Table of Angle Raffles, that the Raffles in, hi, vi, have refpec- 
tively 1, 1, 4 Chances to come up, it follows from the Docftrine of 
Combinations that thofe three numbers ought to be multiplied toge¬ 
ther, which in the prefent Cafe makes the produdt to be barely 4, 
but as the difpofition, hi, in, v t, may be varied twice; viz. by 
in, vi, hi, and vi, in, hi, which will make in all three dif- 
pofitions, it follows that the number 4, which exprefles the Chances 
of one difpofition, ought to be multiplied by 3, which being done, the 
produdt 12 muft be fet apart. 

2 0 , The Difpofition hi, iv, v, has for its Chances the pro- 
dutf: of the numbers 1, 3, 6, which makes 18 j but this being 
capable of 6 permutations, the number 18 ought to be multiplied 
by 6, which being done, the produdt jo8 muft likewife be fet 
apart. 

3 0 , The DifpoAtion iv, iv, iv has for its Chances the product of 
3 * 3 > 3 > which makes 27 j but this not being capable of any varia¬ 
tion, we barely write 27, which muft be fet apart. 


4°, 
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4% Adding together thofe numbers that were feverally fet apart, 
the Sum will be found to be 147, which therefore exprefles the num¬ 
ber of Chances for producing xii Points in three Raffles: and in 
the fame manner may all the other numbers belonging to the Table 
of three Raffles be calculated. 

This being laid down, let us fuppofe that A has thrown the Points 
xl in three Raffles, that there are four Gamefters befides himfelf, 
and that under that circumftance of A , it be required to find the Pro¬ 
bability of his beating the other four. 

Let m univerfally reprefent the number of Chances which any 
other Gamefter has of coming to an equality with A , which number 
of Chances in this particular Cafe is 23886; Let a univerfally reprefent 
the number of Chances which A has for beating any one of his 
Adverfaries, which number of Chances is found in the Table to 
be 791506; Let f reprefent the number of all the Chances that 
there are in three different Raffles, which number is the Cube of 
96, by reafon that there are no more than 96 Angle Raffles in three 
Dice, and therefore f conflantly ffands for the number 884736 ; 
Let p univerfally reprefent the number of Gamefters in all, which in 
this Cafe will be 5 j then the Probability which A has of beating the 


other four will be 


P - a" 


and therefore if each of the 


mpyf* 1 

Gamefters ftake 1, the Expectation of A upon the whole Stake p t 
-\ f P 

will be exprefled by --—-; and confequently his Gain, or 

m r 

what he might clearly get from his Adverfaries by an equitable 
compofition with them for the Value of his Chance, will be 

a -+- P — a ^ 


mj*-' ‘ _ 

Now the Logarithm of <7 + m = 5.9 113665, Log. a— 5.8984542, 
Log. m = 4.3781 434, L og, f — 5.9468136 ; and therefore Log. 
a-\-m p =or Log. j + otV = 29.5568325, Log.^ = 29 4922710, 
Log. mfp— 1 =28.1653978 ; from which Logarithms it will be conve¬ 
nient to rejeCt the leaft index 28, and treat thofe Logarithms as if they 
were refpeCtively 1*5568325, 1 4922710, o. 1653978: but the num¬ 
bers belonging to the two firft are 36.044 and 31.065, whofe diffe¬ 
rence is 4.979 from the Logarithm of which, viz. 0.6971421, if 
the Log. 0.1653978 be fubtraCted, there will remain the Log. 
0.5317433, of which the correfponding number being 3.402, it fol¬ 
lows that the Gain of A ought to be eftimated by 2.402. 


Z 


Demon- 
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Demonstration. 

i°, When A has thrown his Chance, the Probability of B’s hav¬ 
ing a worfe Chance will be j ; wherefore the Probability which 
A has of beating all his Adverfaries whofe number is/ — 1, will be 

J*~' ' 

2°, The Probability which B has in particular of coming to an 
Equality with A is j , which being fuppofed, the Probability 
which A has of beating the reft of his Adverfaries whofe number is 

a p — 2 

p — 2 , is f _, i which being again fuppofed, the Probability 
which ^ now has of beating B, with whom he muft renew the 
Play, is j; wherefore the Probability of the happening of all thefe 

I p —2 

. . . ttt J~ z , 7 ma 

things is — / x ^_ 2 x 7= fP~ l : ^ ut becaufe & or D or 

E, &c. might as well have come to an equality with A as B him- 
felf, it follows that the preceding Fraction ought to be multiplied 
by />—1, which will make it, that the Probability which A 
has of beating all his Adverfaries except one, who comes to an 
equality with him, and then of his beating him afterwards, will be 

3 0 , The Probability which both B and C have of coming to an 
equality with A is - ; which being fuppofed, the Probability 

which A has of beating the reft of his Adverfaries whofe number is 

P 3 > 1S ~jp— 3 ; which being again fuppofed, the Probability 

which A now has of beating B and C with whom he muft re¬ 
new the Play, (every one of them being now obliged to throw 

for a new Chance) is j ; wherefore the Probability of the hap- 

pening of all thefe things will be = ~ x * 1 

ff jP-i * 3 — 

1 p —3 

—mma 

: but tIle number of the Adverfaries of A being p— j, 

and 
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and the different Variations which that number can undergoby elec¬ 
tions made two and two being — x —, as appears from the 
Doftrine of Combinations, it follows that the Probability which any 
two, and no more, of the Adverfaries of A have of coming to an 
Equality with him, that A fhall beat all the reft, and that he (hall 
beat afterwards thofe two that were come to an Equalitv is 

p—\ P — Z p— 3 “ 

--x —- mm a 3 

—---and fo of the reft. 

From hence it follows that the Probability which A has of beat¬ 
ing all his Adverfaries, will be exprefled by the following Series, 

-'~'+*=W“ , +*=!W" } +<=ix«=ix«=-’«V-+, &c. 




the Terms of whofe Numerator are continued till fuch time as their 
number be =/; now to thofe who underftand how to raife a Bino¬ 
mial to a Power given, by means of a Series, it will plainly appear 

that the foregoing Expreflion is equivalent to this other . 

mpxf? —* * 

which confequcntly denotes the Probability required. 


PROBLEM XLIX. 

The fame things being given as in the preceding Problem , 
to find how many Gamefiers there ought to be in all , to 
make the Chance of A, after he has thrown the Point 
xl, to be the mofl advantageous that is poffible . 

Solution. 

It is very eafily perceived that the more Adverfaries A has, the 
more his Probability of winning will decreafe; but he has a Com- 
penfation, which is, that if he beats them all, his Gain will be 
greater than if he had had fewer Competitors: for which realon, 
there being a balance between the Gain that he may make on 
one fide, and the decreafe of the Probability of winning on the 
other, there is a certain number of Gamefters, which till "it be at¬ 
tained, the Gain will be more prevalent than the decreafe of Proba¬ 
bility ; but which being exceeded, the decreafe of Probability will 
prevail over the Gain j fo that what was advantage, till a certain time, 
may gradually turn to equality, and even to difadvantage. This 
Problem is therefore propofed in order to determine thofe Circum- 
ftances. Z 2 Let 
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Let Log./—Log. a be mader^, letalfo Log./—Log. a -\- m be 
made =/ which being done, then the number of Gamefters re- 
quifite to make the Advantage the greateft poflible will be exprefled 

by the fradtion j-— ^ , fo that fuppofing as in the pre¬ 

ceding Problem that a — 791506, m— 23886, and confequently 
a +>0 = 815392, as alfo /= 884736, and Log. / — 5.9468136 
Log.^ —5.8984542, Log. wm4.378i434L°g.^ + wz=:5.9i 1366^, 
then g will be =; 0.0483594, and/will be = 0.354471. Theref. 
Log. g — L °g./= o. 1349014, and Log. a + m — Log. a—o.o \29123 

and therefore the number of Gamefters will be - 

129123 1U *4 

nearly, which fhews that the number required will be about ten or 
eleven. 

As the Demonftration of this laft Operation depends upon prin¬ 
ciples that are a little too remote from the Dodtrine of Chances, I 
have thought fit to omit it in this place; however if the Reader will 
be pleafed to confult my Mifcellanea Analytical therein he will find it, 
pag. 223 and 224. 

It is proper to obferve, that the method of Solution of this laft: 
Problem, as well as of the preceding, may be applied to an infinite 
variety of other Problems, which may happen to be fo much eafier 
than thefe, as they may not require Tables of Chances ready calcu¬ 
lated. 


PROBLEM L. 

Of Whis k. 

If four Gamefters play at Whifk , to find the Odds that 
any two of the Partners , that are pitched upon , have 
not the four Honours . 

Solution. 

Firft , Suppofe thofe two Partners to have the Deal, and the laft 
Card which is turned up to be an Honour. 

From the Suppofition of thefe two Cafes, we are only to find 
what Probability the Dealers have of taking three fet Cards in twenty- 
five, out of a Stock containing fifty-one. To refolve this the fhorteft 
way, recourfe muft be had to the Theorem given in the Remark be¬ 
longing to our xx vh Problem, in which making the Quantities n y 

** 
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c,d,p, a , refpedlively equal to the numbers 51, 25, 26, 3, 3, the 
Probability required will be found to be - 2; - * 24 * 2 ? . or 

J ^ _ 51x^0x49 8^3 

Secondly, If the Card which is turned up be not an Honour, then 
we are to find what Probability the Dealers have of taking four given 
Cards in twenty-five out of a Stock containing fifty-one ; which by 

the aforefaid Theorem will be found to be .-: V2 22 or 

51x50x49x4s 

4998 * # 

But the Probability of taking the four Honours being to be efli- 
mated before the lafl Card is turned up; and there being fixteen 
Chances in fifty-two, or four in thirteen for an Honour to turn up, 
and nine in thirteen againfl it, it follows that the Probability of the 
firfl Cafe ought to be multiplied by 4; that the fraction expreffing 
the Probability of the fecond ought to be multiplied by 9; and that 
the Sum of thofe Products ought to be divided by 13, which being 
done, the Quotient -—I- or nearly, will exprefs the Probability 
required. 

And by the fame Method of proceeding it will be found, that 
the Probability which the two Eldefl have of taking four Honours is 

-, that the Probability which the Dealers have of taking three 
Honours is - 4 ^? —, and that the Probability which the Eldefl have of 
taking three Honours is ■■ *** . Moreover, that the Probability that 

there are no Honours on either fide will be ~J o ° Q - . 

Hence it may be concluded, i°, that it is 27 to 2 nearly that the 
Dealers have not the four Honours. 

That it is 23 to 1 nearly that the Eldefl have not the four 
Honours. 

That it is 8 to 1 nearly that neither one fide nor the other have 
the four Honours. 

That is 13 to 7 nearly that the two Dealers do not reckon Honours. 

That it is 20 to 7 nearly that the two Eldefl do not reckon 
Honours. 

And that it is 25 to 16 nearly that either one fide or the other do 
reckon Honours, or that the Honours are not equally divided. 

Corollary i. 

From what we have faid, it will not be difficult to folve this Cafe 
at Whifk; viz. which fide has the befl, of thofe who have v 111 
of the Game, or of thofe who at the fame time have ix ? In 
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In order to which it will be neceflary to premife the following 
Principle. 

i°. That there is but i Chance in 8192 to get vi i by Triks. 

2°, That there are 13 Chances in 8192 to get vi. 

3 0 , That there are 78 Chances in 8192 to get v. 

4°, That there are 286 Chances in 8192 to get iv. 

5 0 , That there are 715 Chances in 8192 to get m. 

6°, That there are 1287 Chances in 8192 to get 11. 

7°, That there are 1716 Chances in 8192 to get 1. 

All this will appear evident to thofe who can raife the Binomial 
a-\-b to its thirteenth power. 

But it mijft carefully be obferved that the foregoing Chances ex- 
prefs the Probability of getting fo many Points by Triks, and nei¬ 
ther more nor lefs. 


For if it was required, for Inftance, to afllgn the Probability of 
getting one or more by Triks, it is plain that the Numerator of the 
Fra&ion exprefling that Probability would be the Sum of all the 
Chances which have been written, viz, 4096, and confequently that 
this Probability would be or ~ . 

2°, That the Probability of getting two or more by Triks would be 

3,380 uqo 

8192 * 4C90 

3°, T ^ at the Probability of getting three or more by Triks would 
be 

00 8102 • 

4°, That the Probability of getting iv or more by Triks would 

8192 

5 0 , That the Probability of getting v or more by Triks would be 
92 

8192 

6°, That the Probability of getting vi or more would be 


8192 


7 0 , That the Probability of getting v 1 1 would be . 

This being laid down, I proceed thus. 

i°, If thole that have vi 11 of the Game are Dealers, their Proba¬ 
bility of getting 11 by Honours is : for the Dealers will get 
11 by Honours if they have either 3 of the 4 Honours, or all the 
4 Honours, but the Probability of taking three Honours is 

Ib66 * 

and the Probability they have of taking the four Honours is 
and the Sum of this is -—7 . T i 
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The Probability which they have of getting them by Triks is 


2380 MOO 

8192 0F 4095 ' 

And therefore adding thefe two Probabilities together, the Sum 


"W be 

Now fubtraCting from this, the Probability of both circum 
fiances happening together, viz. the remainder will be 


5 and t ^ s exprefles their Expectation upon the common 
Stake which we fuppofe to be = 1. 

But they have a farther Expectation, which is that of getting one 
fingle Game by Triks, which is or ; and their Proba¬ 
bility of not getting by Honours is (—1 -i£i_). an d there- 

fore their Probability of getting one fingle Game by Triks indepen¬ 
dently from Honours is ~ 1 f Q ° 7 8 - ; but then if this happen they will be 
but equal with their Adverfaries, and therefore this Chance entitles 
them to no more than half of the common Stake; therefore taking 

the half of the foregoing fraction, it will be ; and therefore 


the whole Expectation of the Dealers is -±! C? M L - 

r bSzmb - 6823936 * 


whence there remains for thofe who have ix of the Game 2 ' 9t . 
which will make that the Odds for the vi 11 againft the ix will be 
4H ! 345 t0 2682591, which is about 3 to 2, or fomething more, 
viz. 17 to 11. 

2 0 , But if thofe who have Vi 11 of the Game are Eldeft, then their 
Probability of having three of the four Honours is ~~, and their 
Probability of having the four Honours is -7^- , and therefore their 


Probability of getting their two Games by Honours is 

. The Probability of getting them by Triks is as before -C 22 . ? 
now adding thefe two Probabilities together, the Sum will be 
T T i ~ 3936 ' > ^ rom w hich fubtraCting, the Probability of both circumftan- 
ces happening together, viz. , there will remain ' ?s _ 

° ® ^393° ob, 39 30 * 

and this expreffes the Expectation arifing from the ProfpeCt of their 
winning at once either by Honours or by Triks. 


But 
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But their Expectation arifing from the Profped of getting one fn- 
gle Game, and then being upon an equal foot with thtir Adverfari'es 
i0Un ^ s . t ^ e ^ ame Wa ^ as lt was * n ^ le Suppoiition of their being Dealers* 
* s 6823930 * For the Probability of the Eldeft taking 4 Honours is 

’ and of their takin g 3 Honours, ; whofe Sum taken 
fiom Unity, leaves q—, for the Probability of their not getting by 
Honours j and this multiplied by ^ 9 - the Probability of their get¬ 
ting one Game by Triks, gives the half of which is 

• And therefore their Expeflation upon the whole is 

■ 114 ° *38+528957 _ 37 { 979 S j r 11 

6823936 — — “239^“ > and confequently there remains for the 

305414.1 

Ix » *"6823936”* and therefore the Odds of the viu againft the ix 
are now 3769795 to 3054141, which is nearly as 95 to 77. 

*rom whence it follows that without confidering whether the 
vii 1 are Dealers or Eldeft, there is one time with another the Odds 
01 lomewhat lefs than 7 to 5; and very nearly that of 25 to 18. 

Corollary 2. 

} z a Queftion likewife belonging to this Game, what the Proba¬ 
bility is that a Player has a given number of Trumps dealt him : par¬ 
ticularly it has been often taken as an equal Wager that the Dealer 
has at leaft 4 Trumps. 

t ^ le Solution of all fuch Queftions is included in our 
xx Problem j yet as this Game is much in ufe, I have, for the 
Reader’s eafe computed the following Tables j Ihewing, for the 
Dealer as well as the other Gamefters, what the Probability is 
of taking precifely any afiigned number of Trumps in one deal. 

And thence by a continual addition of the numbers, or of fuch 
part of them as is neceflary, it is eafily found what the Probability is 
01 taking at leaji that number. 


Chances 
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Chances of the Dealer to have 
befides the Card turned up. 

Trumps 

Chances of any other Game¬ 
fter to have precifely. 

3910797436 
20112672528 
41959196136 
46621329040 
3 0 45425526 o 

12181702104 

3014663652 

_ , 455999544 

lab. I. 4 0 7H245 

2010580 
48906 
468 
1 

0 

I. 

II. 

III. 

IV. 

V. 

VI. 

VII. 

VIII. 

IX. 

X. 
XL 
XII. 

»122425444 

46929569232 

110619698904 
*39863987120 
104897990340 

48726808416 

14211985788 

2583997416 

284999715 Tab. II. 
18095220 

6°3i 74 

8892 

39 

Sum = 158753389900 is the 
commom Denominator j be¬ 
ing the Combinations of 12 
Cards in 51. 


476260169700 = Sum, is 
the common Denominator; 
being the Combinations of 
13 in 51. 


By the help of thefe Tables feveral ufeful Queflions may be re¬ 
vived ; as i°. If it is alked, what is the Probability that the Dealer 
has precifely III Trumps, befides the Trump Card? The Anfwer, 

by Tab. I. is > and the Probability of his having fome other 

number of Trumps is But if the Queftion had been. What 

is the Probability that fome other Gamefter, the eldeft hand for 
mltance, has precifely IV Trumps? The anfwer, by Tab II is 

10+898 J 

476260 

2°. To find the Chance of the Dealer’s not having fewer than IV 
Trumps: add his Chances to take o, 1 , II, which are 39108, 
201127, 419^92; and their Sum 659827 taken from the Deno¬ 
minator 1587534, and the Remainder made its Numerator, the 

Probability of the Dealer having IV or more Trumps will be — 7707 
329 . 1 I 5 ° 753 + 

—7^' a little above —. The Wager therefore that the Dealer 
has not IV Trumps is fo far from equal, that whoever lays it throws 
away above + of his Stake. 

A a But 
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But if the Wager is that the Dealer has not V Trumps, then 
466213 (the Chances of his having III. befides the Trump Card) 
is to be added to the Chances for o, I, II; which will make the 
Chance of him who lays this Wager to be nearly -ilL-and that of his 
Adverfary -ii . 

And hence, if Wagers are laid that the Dealer has not IV 
Trumps, and has not V Trumps* alternately, the advantage of 
him who lays in this manner will be nearly 11 ~ per Cent, of his 
Stakes. 

3 0 . To find the Odds of laying that the eldeft hand has at leaft 
III, and at lead; IV Trumps, alternately ; the Numerator of the one 
Expectation is (by Tab. II.) 31501119, and of the other 17^14720,. 
to the Denominator 4762.6017 ; whence the advantage of the Bet will 
be , or 3 per Cent, nearly. 

Again, if it is laid that the Trumps in the Dealer’s hand fhall be either 
I, II, III or VI; the difadvantage of this Bet will be only 15 A y or 

about , per Cent. 

In like manner, the Odds of any propofed Bet of this kind may be 
computed : And from the Numbers in the Tables, and their Combi- 
nations, different Bets may be found which fhall approach to the Ratio 
of Equality; or if they differ from it, other Bets may be afligned, 
which, repeated a certain Number of Times, fhall ballance that 
difference. 

4 0 , And if the Bet includes any other Condition befides the num¬ 
ber of Trumps, fuch as the Quality of one or more of them ; then 
proper Regard is to be had to that reftridtion. 

Let the Wager be that the Eldeft has IV Trumps dealt him ; and 
that two of them fhall be the Ace and King. The Probability of 

his having IV Trumps precifely is, by Tab II. : and the dif¬ 

ferent fours in 12 Cards are x ~ x,~- x ~ . But becaufe 
2 out of the 12 Trumps are fpecified, all the Combinations of 4 i n 
12 that are favourable to the Wager are reduced to the different two’s 

that are found in the remaining 10 Cards, which are And 

this number is to the former as 1 to 11: the Probability therefore is. 
reduced by this reftriction to , of what elfe it had been : that is, 
it is reduced from near to about —, 


Note 1 
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Note; thefe Tables and others of a like kind, which different 
Games may require, are beft computed and examined by beginning 
with the loweft number, and obferving the Law by which the others 
are formed fucceflively. As in Tab. I, putting A = i) and the Let¬ 
ters B , C, D , Sec. landing for the other Terms regularly afcending; 

we fhall have 2 ? = x-7- X C=~x- 7 x ^> & = X 
y- X C, See. till we arrive at the Term N = — x X Af. 

And if the correfponding Terms in Tab. II. are marked by the fame 
Letters dotted, then is A ' m x A , B' = -7- X £, C' = X C, 
D ^-^-xD, See. up to 2 V'= X AT. 


PROBLEM LI. 

Of P I QJJ E T. 

To find at Piquet the Probability which the Dealer has 
for taking one Ace or more in three Cards , he having 
none in his Hand\ 


Solution. 

From the number of all the Cards which are thirty-two, fub- 
tra&ing twelve which are in the Dealer’s Hands, there remain twenty, 
among which are the four Aces. 

From which it follows that the number of all the Chances for 
taking any three Cards in the bottom, is the number of Combinations 
which twenty Cards may afford being taken three and three j which by 

the Rule given in our xv Problem is ^ or 1140. 

The number of all the Chances being thus obtained, find the 
number of Chances for taking one Ace precifely with two other 
Cards; find next the number of Chances for taking two Aces pre¬ 
cifely with any other Card 5 laftly, find the number of Chances for 
taking three Aces* then thefe Chances being added together, and 
their Sum divided by the whole number of Chances, the Quotient 
will exprefs the Probability required. 

A a 2 


But 
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Bat the number of Chances for taking one Ace are 4, and the 
number of Chances for taking any two other Cards, are — . -il 
and therefore the number of Chances for taking one Ace and two 
other Cards are “X-~ a - = 480, as appears from what we have 
faid in the Do&rine of Combinations. 

If there remains any difficulty in knowing why the number of 
Chances for joining any two other Cards with the Ace already taken 
is —j > it will be ealily refolved if we confider that there 
being in the whole Pack but 4 Aces and 28 other Cards, out of 
which other Cards, the Dealer has 12 in his Hands, there* remain 
only 16, out of which he has a Choice, and therefore the num¬ 
ber of Chances for taking two other Cards is what we have de¬ 
termined. 

In like manner it will appear that the number of Chances for 

taking two Aces precifely are -J—L or 6, and that the number of 

Chances for taking any other Card are -it or 16; from whence 

it follows that the number of Chances for taking two Aces with an- 
other Card are 6 x 16 or 96. 

Laftly, it appears that the number of Chances for taking three 
Aces is equal to — 4 * 

Wherefore the Probability required will be found to be 
4 or or "7 f~ > which fra&ion being fubtrafted from 

Unity, the remainder will be . 

From whence it may be concluded that it is 29 to 28 that the 
Dealer takes one Ace or more in three Cards, he having none in his 
Hand. 

The preceding Solution may be contra&ed by inquiring at firft 
what the Probability is of not taking any Ace in three Cards, which 
may be done thus. 

The number of Cards in which the four Aces are contained be¬ 
ing twenty, and confequently the number of Cards out of which 
the four Aces are excluded being lixteen, it follows that the num¬ 
ber of Chances which there are for the taking of three Cards, among 
which no Ace fhall be found, is the number of Combinations which 
fixteen Cards may afford being taken three and three, which num¬ 
ber 
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ber of Chances by our 18 th Problem will be found to be y ' ^ 

or 560. 

But the number of all the Chances for taking any three Cards in 
twenty has been found to be 1140; from whence it follows that 

the Probability of not taking any Ace in three Cards, is or 

, and therefore the Probability of the contrary, that is of taking 

one Ace or more in three Cards is as we had found it before. 

PROBLEM LII. 

To find at Piquet the Probability which the Eldefl has 
of taking an Ace in five Cards , he having no Ace in 
bis Hand\ 


Solution. 

Firft , Find the number of Chances for taking one Ace and four 
other Cards, which will be 7280. 

Secondly , The number of Chances for taking two Aces and three 
other Cards, which will be found to be 3360. 

Thirdly , The number of Chances for taking three Aces and two 
other Cards, which will be found to be 480. 

Fourthly , The number of Chances for taking four Aces and any 
other Card, which will be found to be 16. 

Laftly , The number of Chances for taking any five Cards in 
twenty, which will be found to be 15504. 

Let the Sum of all the particular Chances, •viz. 7280 -F- 3360 -\- 
480 + be divided by the Sum of all the Chances, viz. by 15504* 

and the Quotient will be or - which being fubtraded 

from Unity, the remainder will be —7- ; and therefore the Odds 
of the Eldeft hand taking an Ace or more in five Cards areas 232 to 
91, or 5 to 2 nearly. 

But if the Probability of not taking an Ace in five Cards be in¬ 
quired into, the work will be confiderably fhortened; for this Pro¬ 
bability will be found to be exprefled by ^ 1 — or 

' ^ ‘ 4368 
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4368 to be divided by the whole number of Chances, viz by iccoa 
or 91 by 323 j which makes the Probability of takingone or more Aces 
as before. 


PROBLEM LIII. 

J 0 fi n d oit Piquet the Probability which the Pldefl has 

of taking both an /Ice and a King in five Cards , he 

having 7ione in his Hand . 

Solution. 

Let the following Chances be found ; viz. 

1°, For one Ace, one King, and three other Cards. 

2 , For one Ace, two Kings, and two other Cards. 

3 0 , For one Ace, three Kings, and any other Card. 

4 0 , For one Ace, and four Kings. 

5 0 , For two Aces, one King, and two other Cards. 

6°, For two Aces, two Kings, and any other Card. * 

7 0 , For two Aces, and three Kings. 

8°, For three Aces, one King, and any other Card. 

9 0 , For three Aces, and two Kings. 

10°, For four Aces, and one King. 

Among thefe Cafes, there being four pairs that are alike viz 
the fecond and fifth, the third and eighth, the fourth and tenth the 
feventh and ninth ; it follows that there are only fix Cafes to be cal 
culated, whereof the firft and fixth are to be taken finely but the 
fecond, third, fourth and feventh to be doubled j now the Opera- 
ration is as follows. r 

lihcjirjl Cafe has -p x-7 x f " 3° or 3 5 20 Chances. 

The fecond. -X - ^ X i z or 15$4, the double of which 

is 3168. 

The third 7 X -7 ^ * ' j x-7- or 192, the double of which is 
384 Chances. 


The 
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Th t fourth x -7————7 or 4, the double of which is 8 
Chances. 

The flxth -* x * ' \ X ~ or 432 Chances. 

The feventb -7-77* X -f ’ ’ ] 3 " X or 24, the double of which is 
48 Chances. 

Now the Sum of all thofe Chances being 7560, and the whole 

number of Chances for taking any five Cards out of 20 bein<* 
20 . iq . 18 . 17 . 16 . ^ „ _ o 

1 . 2 . 3 . 4 . 5 ■ or I 55°4> follows that the Probability re¬ 
quired will be or -ill # an d therefore the Probability of the 

contrary will be , from whence it follows that the Odds againft 

the Eldeft hand taking an Ace and a King are 331 to 31 c or 2 1 to 
20 nearly. 


PROBLEM LIV. 

To find at Piquet the Probability of having twelve Cards 
dealt to , without King , < 2 (ueen or Knave , which Cafe 
is commonly called Cartes Blanches. 

Solution. 

Altho’ this may be derived from what has been faid in the xx tH 
Problem, yet I fhall here prefcribe a Method which will be fome- 
what more eafy, and which may be followed in many other In- 
ftances. J 

Let us therefore imagine that the twelve Cards dealt to are taken 
up one after another, and let us confider, i°, the Probability of the 
firft’s being a Blank; now there being 20 Blanks in the whole Pack* 

and 32 Cards in all, it is plain that the Probability of it is — . 
2°, Let us confider the Probability of the fecond’s being a Blank, 
which by reafon the hrit Card is accounted for, and becaufe, there 
remain now but 19 Blanks and 31 Cards in all, will be found to be 

and in like manner the Probability of the third Card’s 
being a Blank will be ~~, and fo on 3 and therefore the 

Proba.- 
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Probability of the whole will be expreffed by the Fra&ion 

20 .19. iS. 17. 16. 1? . ia. 13. 12. ir . 10. o , 

71 . 3o . 29 . 28 . ? 7 . 2 .-j . 5 . 24 . 23 . 22 . 21 thenun ^berof Mul- 

tiplicators in both Numerator and Denominator being equal to twelve. 

Now that Fraction being fhortened will be reduced to T^S-or 

"T79 T near ty> an ^ therefore the Odds againft Cartes Blanches are 
1791 to 1 nearly. 


PROBLEM LV. 

To find how many different Sets , effentially different from 
one another , one may have at Piquet before taking in . 

Solution. 

Let the Suits be difpofed in order, and let the various difpofitions 
of the Cards be written underneath, together with the number of 
Chances that each difpofition will afford, and the Sum of all thofe 
Chances will be the thing required. 

Let alfo the Letters D, H, S, C refpedtively reprefent Diamonds, 
Hearts, Spades, and Clubs. 
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D , 


s , c 

Chances . 

1! 

Or 

0, 

4, 8 = . . 

70 

2 

O, 

0, 

5 » 7 = 

448 

3 

O, 

0, 

6, 6 = 

748 

4 

O, 

1, 

3, 8 = 

448 

5 

O, 

L 

4 > 7 = 

4480 

6 

O, 

1, 

5, 6 = 

12544 

7 

O, 

2, 

2, 8 = 

784 

8 

0, 

2 , 

3 > 7 = 

812544 

9 

0, 

2 , 

4, 6 = 

54880 

10 

0, 

2 , 

5 . 5 = 

87808 

11 

0, 

3 » 

3 » 6 = 

87808 

12 

0, 

3 » 

4 > 5 = 

219520 

*3 

0, 

4 > 

4 » 4 — 

343000 

14 

I, 

1, 

2, 8 == 

1792 

*5 

I, 

L 

3 » 7 = 

28672 

16 

I, 

1, 

4, 6 = 

125440 

l l 

I, 

1, 

5 . 5 = 

200704 

18 


2, 

2 > 7 = 

50176 

l 9 

I, 

2, 

3, 6 = 

351232 

20 

I, 

2, 

4 , 5 “ 

878080 

21 

1, 

3 » 

3 » 5 = 

1404928 

22 

L 

3 > 

4 * 4 = 

2195200 

2 3 

2, 

2, 

2, 6 = 

614656 

2 4 

2, 

2, 

3 . 5 = 

2458624 

2 5 

2, 

2, 

4 > 4 = 

3851600 

26 

2, 

3 . 

3 * 4 = 

6146560 

27 

_Ll__ 

3 > 

3 » 3 = 

9834496 


Sum 



28,967,278 


Which Sum would feem incredibly great, if Calculation did not 
prove it to be fo. 

But it will not be inconvenient to fhew by one Example how 
the numbers exprefling the Chances have been found, for which 
we mud have recourfe to our xx th and xxi th Problems, and there ex¬ 
amine the Method of Solution, the fame being to be obferved in this 
place. Let it therefore be required to aflign the 19 th Cafe, which is 
for taking 1 Diamond, 2 Hearts, 3 Spades and 6 Clubs. Then it 
will eafily be feen that the variations for taking 1 Diamond are 8, 
that the variations for taking 2 Hearts are ~~ = 28, and that 
B b the 
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the variations for taking 3 Spades are -i- ; \ \ * = 56, and that the 
variations for taking 6 Clubs are ■■■ ' — ' ■ — 2 g. And 

therefore that the number of Chances for the 19 th Cafe is the pro¬ 
duct of the feveral numbers 8, 28, 56, 28, which will be found 
35 12 3 2 * . 

There is one thing worth obferving, which is, that when the 
number of Cards of any one Suit being to be combined together, ex¬ 
ceed one half the number of Cards of that Suit, then it will be Ef¬ 
ficient to combine only the difference between that number and the 
whole number of Cards in the Suit, which will make the operation 
fhorter; thus being to combine the 8 Clubs by fix and fix, I take 
the difference between eight and fix, which being 2, I combine the 
Cards only two and two, it being evident that as often as I take 6 
Cards of one Suit, I leave 2 behind of the fame Suit, and that there¬ 
fore I cannot take them oftner fix and fix, than I can take them two 
and two. 

It may perhaps feem ftrange that the number of Sets which we 
have determined, notwithftanding its largenefs, yet fhould not come 
up to the number of different Combinations whereby twelve Cards 
might be taken out of thirty-two, that number being 225792840; 
but it ought to be confidered, that in that number feveral fets of the 
lame import, but differing in Suit might be taken, which would not 
introduce an effential difference among the Sets. 

Remark. 

It may eafily be perceived from the Solution of the preceding 
Problem, that the number of variations which there are in twelve 
Cards make it next to impoflible to calculate fome of the Probabi¬ 
lities relating to Piquet, fuch as that which refults from the priority 
of Hand, or the Probabilities of a Pic, Repic or Lurch ; however 
notwithftanding that difficulty, one may from obfervations often re¬ 
peated, nearly eftimate what thofe Probabilities are in themfelves, 
as will be proved in its place when we come to treat of the reafon- 
able conjectures which may be deduced from Experiments; for which 
reafon I fhall fet down fome Obfervations of a Gentleman who has a 
very great degree of Skill and Experience in that Game, after which 
I fhall make an application of them. 

Hypotheses. 

1 That ’tis 5 to 4 that the Eldeft hand wins a Game. 
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2®, That is 2 to i, that the Eldeft wins rather without lurch¬ 
ing than by lurching. 

3 0 , That it is 4 to 1, that the Youngeft Hand wins rather with¬ 
out lurching than by lurching. 

But it muft carefully be obferved that thefe Odds are retrained to 
the beginning of a Game. 

From whence, to avoid Fractions, we may fuppofe that the Eldeft 
has 75 Chances to win one Game, and the Youngeft 60. 

That out of thefe 75 Chances of the Eldeft, he has 50 to win 
without Lurch, and 25 with a Lurch. 

That of the 60 Chances of the Youngeft, he has 48 to win with¬ 
out a Lurch, and 12 with a Lurch. 

This being laid down, I (hall proceed to determine the Probabi¬ 
lities of winning the Set, under all the circumftances in which A 
and B may find themfelves. 

i°. When A and B begin, he who gets the Hand has the Odds 
of 6478643 to 3362857 or 23 to 20 nearly that he wins the 
Set. 

2 0 , If A has 1 Game and B none. 

Before they cut for the Hand, the Odds in favour of A are 
682459 to 309067 or 38 to 23 nearly. 

If A has the Hand, the Odds are 4627 to 1448, or 16 to 5 
nearly. 

If B has the Hand, the Odds in favour of A are 511058 to 309067, 
or 38 to 23 nearly. 

3 0 , If A has 1 Game, and B 1 Game. 

He who gets the Hand has the Odds of 10039 to 8186 or 27 to 
22 nearly. 

4 0 , If A has 2 Gaines and B none. 

Before they cut for the Hands the Odds are 59477 to 13423, or 
31 to 7 nearly. 

If A has the Hand, the Odds are 5117 to 958, or 16 to 3 
nearly. 

If B has the Hand, the Odds in favour of A are 1151 to 307, or 
25 to 7 nearly. 

5 0 , If A has 2 Games and B 1. 

Before they cut for the Hand, the Odds are 92 to 43, or 15 to 
7 nearly. 

If A has the Hand, the Odds are 11 to 4. * 

J t r 


* In this Cafe B has 12 Chances for 1, and 48 for ~ , but the number of all the 

B b 2 Chances 
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If B has the Hand, the Odds in favour of A are 17 to 10. 

6°, If A has 2 Games and B 2 Games, he who gets the Hand 
has 5 to 4 in his favour. 

I hope the Reader will eafily excufe my not giving the Demon- 
ftration of the foregoing Calculation, it being fo eafily deduced 
from the Rules given before, that this would feem entirely fuper- 
fluous. 


PROBLEM LVI. 

Of Saving Clauses. 

A has 2 Chances to beat B, and B has 1 Chance to beat 
A ; but there is one Chance which intitles them both to 
withdraw their own Stake , which we fuppofe equal to f; 
to find the Gain of A. 

Solution. 

This Queftion tho’ eafy in itfelf, yet is brought in to caution Be¬ 
ginners againft a Miftake which they might commit by imagining 
that the Cafe, which intitles each Man to recover his own Stake, needs 
not be regarded, and that it is the fame thing as if it did not exifl:: 
This I mention fo much more readily, that fome people who have 
pretended great fkill in thefe Speculations of Chance have them- 
felves fallen into that error. Now there being 4 Chances in all 
whereof A has 2 to gain f ’tis evident that the Expe&ation of that 

Gain is worth but A having 1 Chance in 4 to lofe / the Riik 
of that is a Lofs which muft be eftimated by -J, and therefore the 

abfolute Gain of A is — ~S° x ^f' But fiippofing the faving 

Claufe not confidered, A would have 2 Chances in 3 to win p and 
1 Chance in 3 to lofe an d therefore the Expe&ation of his Gain 


Chances between A and B are 135, therefore B has — 2+24 ■ Al - 

135 =—* 3 S u » 

Odds 11 to 4. If B has the Hand, then he has 25 for 1, 50 for — — _ so 

jo ^ ~ 13s 

= “ 7 T* *7 t0 I0 * ® ut k e f° re they cut for the Hand B has 1 . _* 

/Li *5 ~ *7 a 

= T?r> 0d<ls 9 2to «- 


would 
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would be worth and the Rilk of his Lofs would be edimated 

3 

by 5 which would make his Gain to be jf — 

From whence it may evidently be feen that the condition of drawing 
Stakes is to be confidered; and indeed in this lad Cafe, there are the 
Odds of 2 to 1 that A beats B , whereas in the former it cannot be 
faid but very improperly that A has 2 to 1 the bed: of the Gamej, 
for if A undertakes without any limitation to beat B, then he muft 
lofe if the faving Claufe happens, and therefore he has but an equa¬ 
lity of Chance to beat or not to beat; however it may be faid with 
fome propriety of Expreflion, that it is 2 to 1 that A rather beats 
B than that A beats him^ 

But to make the Quedion more general, let A and B each depo- 
fite the Sum f ; let a reprefent the Chances which A has to beat B, 
and b the Chances which B has to beat A ; let there be alfo a certain 
number in of Chances which may be called common, by the hap¬ 
pening of which A fhall be entitled to take up fuch part of the com¬ 
mon Stake 2/ as may be denominated by the fraction , and B 

fhall be entitled to take the remainder of it. 

Then i°, it appears that the number of all the Chances being 
a + b + whereof there are the number a which intitle A to gain f y 

thence his Gain upon that fcore is m a+ “ h +;- X f- 

2° y It appears that the number of Chances whereby A may lofe, 

being b , his Lofs upon that account is X f. 

3 0 , It appears that if the Chances m fliould happen, then A would 

take up the part -£■ of the common Stake 2 f y and thereby gain 

— f, or zp ~ r - x f. But the Probability of the happening of 

t hi s i s — JUL .— j and therefore his Gain arifing from the Proba- 

_ 0 

bility of this circumftance is 

From all which it appears that his abfolute Gain is 

~a+b+m e-\-b+m X /"t~ a+b+^T X r 

Now fuppofe there had been no common Chances, the Gain of A 
would have been X f* 

Let it therefore be farther required to aflign what the proportion 
of p to r ought to be, to make the Gain of A to be the fame in 
both Cafes. 


This 
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This will be eafily done by the Equation 


2pm—r m 
r-na+b-^-m 


— 7+T 5 wherein multiplying all the Terms by a 4. b 4. m we 
fhall have the new Equation a — b A — 

1 - *+b 

'—rm 2t> — r a—b 


or 


2pm—r 


, or -S=- = , or 2 pa - ra + 

2 bp br ■=. ra — br , or 2/><z -f- 2^ = 2 ra, and therefore 


t a + bp—ra , and £ = . From which we may conclude, 

that if the two parts of the common Stake 2/which A and B are 
refpeCtively to take up, upon the happening of the Chances m are 
refpe&ively in the proportion of a to b , then the common Chances 
give no advantage to A above what he would have had if thev had 
notexifted. y 


PROBLEM LVII. 

Odds of Chance and Odds of Money compared. 

A and B playing together depofet C L - apiece ; A has 2 
Chances to win f, and B 1 Chance to win f, whereupon 
A tells B that he will play with him upon an equality 
of Chance , if he B will fet him 2f to if, to which 
B ajfents : to find whether A has any advantage or dif- 
advantage by that Bargain . 

Solution. 

In the firft circumftance, A having 2 Chances to win f and 1 
Chance to lofe / his Gain, as may be deduced from the Introduction 

is JtL = ±f 

3 

In the fecond circumftance, A having 1 Chance to win 2/J and 1 
Chance to lofe J] his Gain is — z J = and therefore he gets 
~/by that Bargain. 

But if B } after the Bargain propofed, fhould anfwer, let us play 
upon an equality of Chance, and you fhall ftake but -/; and I fhall 
flake /, and fo I fhall have fet 2 to 1, and that A fhould aflent: then 
he has 1 Chance to win / and 1 Chance to lofe and therefore 

his 
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his Gain is -and therefore he is worfe by — f 

2 

than he was in the firft circumftance. 

But if after this propofal of B> anfwers; let us preferve the quan¬ 
tity of the whole Stake 2\f but do you flake -/, and I (hall flake 
whereby the proportion of 2 to 1 will remain, and that B aflents* 
then A has 1 Chance to win —/ and 1 Chance to lofe j f which 

± r- L f 

makes his Gain to be —-—— =“/ — jf — -j f , which 
is the fame as in the firft circumftance. 

And univerfally, A having a Chances to win /, and B having b 
Chances to win f, if they fliould agree afterwards to play upon an 
equality of Chance, and fet to each other the refpedtive Stakes 

“a + T f anc * /> t ^ ien t ^ ie Gain ^ would thereby receive no al¬ 
teration, it being in both Cafes —ffy f 

PROBLEM LVIII. 

Of the Duration of Play. 

Two Gamejlers A and B whofe proportion of Jkill is as a 
to b, each having a certain number of Pieces , play to¬ 
gether on condition that as often as A wins a Game , 
B fhall give him one Piece ; and that as often as B 
wins a Game , A Jhall give him one Piece ; and that 
they ceafe not to play till fuch time as either one or the 
other has got all the Pieces of his Adverfary : now let us 
fuppofe two SpeElators R and S concerning the?nfelves 
about the ending of the Play y the firjl of them laying 
that the Play will be ended in a certain number of 
Games which he ajfgnSy the other laywg to the con¬ 
trary. To fnd the Probability that S has of winning 
his wager . 


SoLtr- 
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Solution. 

This Problem having feme difficulty, and it having given me 
occafion to inquire into the nature of feme Series naturally re fuT 
‘"S l° m , “j S ?‘ utlon ’. wh ereby I have made feme improvements in 
the Method of fummmg up Senes, 1 think it neceffary to begin with 
the fimpleft Cafes of this Problem, in order to bring the Reader by 
degrees to a general Solution of it. " 

Case I. 

Let 2 be the number of Pieces, which each Gamefter has • let 
alfo 2 be the number of Games about which the Wager is laid • L 
becaufe 2 is the number of Games contended for, let a+b be'raif H 
to its Square viz aa + 2 ab + bb ; then it is plain that the Term 
2ab favours and ‘bat the other two are againft him, and conf” 

quentlythat the Probability he has of winning is . 

Corollary 

Ha and b are equal neither R or S’ have any Advantage or Dis¬ 
advantage 1 but if <1 and b are unequal, R has the Advantage. 

Case II. 

Let 2 be the number of Pieces of each Gamefter as before 
but let 3 be the number of Games about which the Wager is laid • 
be, "S ra ' fed to “» Cube, viz. + 3 aab 4. \ abb If,' 
it will be feen that the two Terms and * are contral to S, they 
denoting the number of Chances for winning three times tog«her 
,t will alfo be teen that the other two Terms Z aab and Ibb lr'c 
partly for him, partly againft him. Let therefore "thofe two 3 Terms 
be divided into their proper parts, viz. 2 aab into aab+ a ba± bZ 
and iabb into abb + bab -f bba, and it will plainly be perceived 
that out of thofe fix parts there are four which are favourable to 5, viz 
fr* t aa : ° bb \ bba ” k 2 ^ + whence it follows that 

l-T[°M y Wh ‘ ch ^ haS of winni "S bis Wager will be 
■’”^ 1 ' ’ or dividin g both Numerator and Denominator by 

* +\ il wil1 be found «o be -=^r, which is the fame as in the 
preceding Cafe. The reafon of which is, that the winning of a certain 
number of even Pieces in an odd number of Games is impoffible un- 
lefs tt was done the even number of Games immediately preceding 

the 
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the odd number, no more than an odd number of Pieces can be 
won in an even number of Games, unlefs it was done in the odd 
number immediately preceding it ; but ftill the Problem of winning 
an even number of Pieces in an odd number of Games is rightly 
propofed ; for Inftance, the Probability of winning either of one 
fide or the other, 8 Pieces in 63 Games; for, provided it be done 
either before or at the Expiration of 62 Games, he who undertakes 
that it fhall be done in 63 wins his Wager. 

Case HI. 

Let 2 be the number of Pieces of each Gamefter, and 4 the num¬ 
ber of Games upon which the Wager is laid : let therefore a -j* b 
be raifed to the fourth Power, which is a 4 -\- 4 a^b + baabb 
-\-b+- y which being done, it is plain that the Terms a* ^b -f- 
4^3 £+ ar e wholly againft S y and that the only Term 6 aabb is 

partly for him, and partly againft him, for which reafbn, let this 
Term be divided into its parts, 'viz. aabb , abab y abba , baab y baba y 
bbaa y and 4 of thefe parts, viz. abab y abba , baab y baba , or 4 aabb 
will be found to favour S ; from which it follows that his Probability 

of winning will be ~=pj7 . 


Case IV. 

If 2 be the number of Pieces of each Gamefter, and 5 the num¬ 
ber of Games about which the Wager is laid, the Probability which S 
has of winning his wager will be the fame as in the preceding Cafe, viz. 

\aabb 

Univerfally y Let 2 be the number of Pieces of each Gamefter, 
and 2 d the number of Games upon which the Wager is laid ; 

2 afi 1 + 4 d 

and the Probability which *S has of winning will be 


if d be an even number j or 
inftead of d. 




if d be odd, writing d —1 


Case V. 

If 3 be the number of Pieces of each Gamefter, and 3 +</the 
number of Games upon which the Wager is laid, then the Probabi- 

C c lity 
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hty which S has of winning will be — if d be an 

—i +J 

3 ab - 

even number, or — * if it be odd. 


Case VI. 

If the number of Pieces of each Gamefter be more than 3, the 
Expedation of S, or the Probability there is that the Play (hall not 
be ended in a given number of Games, may be determined in the 
following manner. 

A General Rule for determining what Probability there is that the 
Play Jhall not be determined in a given number of Games . 

Let n be the number of Pieces of each Gamefter. Let alfo n^d 
be the number of Games given; raile a -j- b to the Power //, then 
cut off the two extream Terms, and multiply the remainder by 
aa + lab + bb: then cut off again the two Extreams, and multi¬ 
ply again the remainder by aa + lab -j- bb, ftill rejeding the two 
Extreams j and fo on, making as many Multiplications as there are 

Units in d-d- } ma k e the laffc Produd the Numerator of a Fradion 

whofe Denominator let be + and that Fradion willexprefs 

the Probability required, or the Expedation of S upon a common 
Stake 1, fuppofed to be laid between R and S ; ftill obferving that 
if d be an odd number, you write d — i in its room. 

Example I. 

Let 4 be the number of Pieces of each Gamefter, and io the 
number of Games given: in this Cafe k = 4, n-\- dz= io 5 where¬ 
fore d — 6, and —d— 3. Let therefore a -f- b be raifed to the 

fourth Power, and rejeding continually the extreams, let three Mul¬ 
tiplications be made by aa lab bb. Thus, 

a 4 1 ^^b-^taabb-^^ab^W b 4 
aa -4-2 ab -f -bb 
^a*b\-\-6a 4 bb-\- yi-b* 

• 4 - 8 tf 4 £ 34 “i 2 * 3 £ 3 -j- Saab 4 

4 - 4 a 3 ^ 3 -{- baab 4 W‘^abs 


i^bb 
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i\a^bb-\-ioa y fr-\- \& ( aab t ' 
aa + 2 ^ + bb 
l4. (, abb\-\'2caib' i -\- 14 a+b+ 

+28 a s b^-\- 40 a*b*-\- 2%a 7 b* 

4 - 14 a*b*-\- 2 oa 3 £ s | + i4^ 6 
48rf 5 ^ 3 + 68tf 4 ^*+ q&a^b'* 

+ 2^ + M 

48^1 + 68# 6 M+ 48tf 5 ^| 

+ Q 6 tf 6 £ 4 +i 360 5 £ 5 + 96 tf 3 £ 6 

-f 48^ s +68a 4 £ 6 l+48a 4 ^ 

164^+232*^+16 W 


Wherefore the Probability that the Play will not be ended in 10 Games 
win be , which Expreffion will be reduced 

to < 6o _ if there be an equality of Skill between the Gamefters ; 
now this Fradtion or-^- being fubtrafted from Unity, the 

remainder will be , which will exprefs the Probability of the 

Play’s ending in 10 Games, and,confequently it is 35 to 29 that, if 
two equal Gamefters play together, there will not be four Stakes 
loft on either fide, in 10 Games. 

N. B. The foregoing operation may be very much contracted by 
omitting the Letters a and b, and reftoring them after the laft Mul¬ 
tiplication ; which may be done in this manner. Make n + ~d— i 
r=/», and -d + 1=^; then annex to the refpeCtive Terms re- 
fulting from the laft Multiplication the literal Produds atbi , aP-'b- K, 
aP— 2 b?+ 2 , &c. 

Thus in the foregoing Example, inftead of the firft Multiplicand 
Aa>b 4 - 6 aabb + 4^ 3 , we might have taken only 4 + 6+4, and 
inftead of multiplying three times by aa -\- 2 ab + bb t we might 
have multiplied only by 1 + 2 + 1, which would have made the 
laft Terms to have been 164 + 232 + 164. Now nnce that 
n = 4 and d= 6, p will be = 6 and q = 4, and confequently the 
literal Produ&s to be annexed refpedtively to the Terms 164 + 2 3 2 
+ 164 will be a 6 b\ a’b\ a*b*, which will make the Terms retak¬ 
ing from the laft Multiplication to be 164^ + 232 a b*> + 164* b , 
as they had been found before. 


C c 2 
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Example II. 

Let 5 be the number of Pieces of each Gamefter, and 10 the 
number of Games given: let alfo the proportion of Skill between A 
and B be as 2 to 1. 

Since n — 5, and n + d = 1 o, it follows that ^—5. Now d 
being an odd number muft be fuppofed = 4 , fo that = 2 : 

let therefore 1 -f-1 be raifed to the fifth Power, and always rejecting 
the Extreams, multiply twice by 1 + 2 + 1, thus 


j|+5+i°-fio+5l+i 

1+ 2 + 1_ 

5|+io+io+5 
+ 10+20+20+10 

_ + 5+10+10I+5 

2 °+ 35 + 35+20 


20 + 35 + 35 + 20 

_1 +2+ 1_ 

20I+35+ 35 + 2 ° 

+ 4 °+ 7 °+ 7 °+ 4 ° 
_ + 20+ 3 5+351 +20 

75+125+125+75 


Now to fupply the literal Produces that are wanting, let 
» + — 1 be made = />, and ~d + I = q, and the Pro- 

duCts that are to be annexed to the numerical quantities will be aPbi 
aP-*bi+2, aP—^bi+i, &c. wherefores, in this Cafe, being 
= 5, and dz=z 4 , then p will be = 6, and y = 3, it follows that 
the Products to be annexed in this Cafe be a^b*, a^b^ a^b 6 
and confequently the Expectation of S will be found ’to be 

7Sa 6 />i+i2y4 5 />+- \-i z^a^ls+yzgib 6 


N. B. When n is an odd number, as it is in this Cafe, the Ex¬ 
pectation of S will always be divifible by a + b. Wherefore divid¬ 
ing both Numerator and Denominator by a + L the foregoinz Ex- 
prefiion will be reduced to 


7 ;a 5 ^-+ ,-0^44.7^5 Xa./iA- fnh-i- thb 

= ^V- or 25^3 x - ~ A f 3 — 


Let now a be interpreted by 2, and b by 1, and the Expedation of S 
will become . 

0501 


PRO- 
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PROBLEM LIX. 

7 *he fame things being given as in the preceding Problem , 
to find the Expectation of R, or otherwife the Proba¬ 
bility that the Play will be ended in a given number of 
Games . 


Solution. 

Fir/i , It is plain that if the Expectation of S obtained by the pre¬ 
ceding Problem be fubtraCted from Unity, there will remain the 
Expectation of R. 

Secondly , Since the Expectation of S decreafes continually, as the 
number of Games increafes, and that the Terms we rejected in the 
former Problem being divided by aa + -lab + bb are the Decrement 
of his Expectation; it follows that if thof e rejected Terms be divided 
continually by aa + 2 ab+ bb or a + bV, they will be the Incre¬ 
ment of the Expectation of R. Wherefore the Expectation of R 
may be expreffed by means of thofe rejected Terms. Thus in the 
fecond Example of the preceding Problem, the Expeftation of R 
expreffed by means of the rejected Terms will be found to be 



or 


In like manner, if 6 were the number of the Pieces of each 
Gamefter, and the number of Games were 14, it would be found 
that the Expectation of R would be 



X 1 + 


baa 


2laabb 


1 1 oa ’■ b 


7" a*b*. 


And if 7 were num ^ er °f Pieces of each Gamefter, and the 
number of Games were 15, then the Expectation of R would be 
found to be 


,74-47 ; ~t> , . ft *-" 4 *! 

1 + tj :fr + 


N. B. The number of Terms of thefe 
equal to \d + i, if d be an even number, 


Series will always be 
or to if it be 


odd. 


Thirdly , 


or to 
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Thirdly, All the Terms of thefe Series have to one another cer¬ 
tain Relations, which being once difcovered, each Term of any Se¬ 
ries refulting from any Cafe of this Problem, may be eafily generated 
from the preceding ones. 

Thus in the firft of the two la ft foregoing Series, the numerical 
Coefficient belonging to the Numerator of each Term may be derived 
from the preceding, in the following manner. Let K, L, M be 
the three laft Coefficients, and let N be the Coefficient of the next 
Term required; then it will be found that N in that Series will con- 
ftantly be equal to 6M — 9L -f- 2K. Wherefore if the Term which 

would follow in the Cafe of 16 Games given, were defired; 

then make M — 429, L = iio, K = 27, and the following 
Coefficient will be found 1638. From whence it appears that the 

Term itfelf would be 

a+b\'° * 

Likewife, in the fecond of the two foregoing Series, if the Law 
by which each Term is related to the preceding were demanded, it 
might thus be found. Let K, L, M be the Coefficients of the three 
laft Terms, and N the Coefficient of the Term defired ; then N 
will in that Series conftantly be equal to 7M—or 
M —* 2L + K x 7. Now this Coefficient being obtained, the Term 
to which it belongs is formed immediately. 

But if the univerfal Law by which eac^i Coefficient is generated 
from the preceding be demanded, it will be exprefied as follows. 

Lex n be the number of Pieces of each Gamefter : then each Co¬ 
efficient contains 

n times the laft 

— « X f ' times the laft but one 

4 “ n X X ■ ” 7- times the laft but two 

— n x - X ~ 7 ~~ X times the laft but three 

* 4 " « X - - X X — b - X —f times the laft but four. 

&C. 

Thus the number of Pieces of each Gamefter being 6, the firft 
Term n would be = 6, the fecond Term n x - would be = 9, 

the third Term n x x —would be— 2. The reft of the 

Terms vaniftnng in this Cafe. Wherefore if K, L, M are the three 

laft 
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laft Coefficients, the Coefficient of the following Term will be 6M — 
0L+ 2K. 

Fourthly , The Coefficient of any Term of thefe Series may be 
found independently from any relation they may have to the pre¬ 
ceding : in order to which, it is to be obferved that each Term of 
thefe Series is proportional to the Probability of the Play’s ending in 
a certain number of Games precifely: thus in the Series which ex- 
prefles the Expectation of R , when each Gamefter is fuppofed to 
have 6 Pieces; viz. __ 

a b -\-b b tab ? Z an kb 1' d a^L*- 

~a+S \ 6 ^ 1 ' a+b^ ' a+A* 

the laft Term being multiplied by the common Multip licator 

fet down before the Scries, the Produdt A?0ia 1 V/ 1 ' " 1 

will denote the Probability of the Play’s ending in 14 Games pre¬ 
cifely. Wherefore if that Term were defired which exprefles the 
Probability of the Play’s ending in 20 Games precifely, or in any 
number of Games denoted by n + d, I fay that the Coefficient of 
that Term will be 


n ti-X-d — 1 nA-d — 2, n+d—% nA-d —4 . . „ 

- X - x -:— X —X -~ r — - , &c. continued 

42 3 4 5 

to fo many Terms as there are Units in — d. 

- -C. x X X X ■*&=*- , &c. continued 

to fo many Terms as there are Units in — d — n. 

+ -7-X ~ n X ~y' x X -, &c. continued 

to fo many Terms as there are Units in d- d — in. 

7 n n-\-d —1 n-\-d —2 tt+d — 3 n-\-d— 4. 

- X 2 x 3- X-- X -—— , &c. continued 

to fo many Terms as there are Units in l-d —3 n. 

&c. 

Let now n -f- d be fuppofed =20, n being already fuppofed 
= 6, then the Coefficient demanded will be found from the general 
Rule to be 


&c. continued 


&c. continued 


&c. continued 


)8 t 7 

•*Tx —x- 


X-J- = 23256 
= — t8 


Where- 
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Wherefore the Coefficient demanded will be 23256_ 18 = 

23238, and then the Term itfelf to which this Coefficient does be- 

. 23238^7 

long, will be , and confequently the Probability of the 


a 6 +l 6 2 u I8a7i7 

'X 


Play’s ending in 20 Games precifely will be — x 

But fome things are to be obferved about this formation of the 
Coefficients, which are, 


Firft, that whenever it happens that 7 d , or ^d — n f or jd _ 277 , 

or ~d — 3«, &c. expreffing refpeCtively the number of Multiplica- 

tors to be taken in each Line, are = o, then 1 ought to be taken 
to fupply that Line. 

Secondly , That whenever it happens that thofe quantities ~d, or 


•7 d—n , or -d — 2/7, or ^d — 3/7, See. are lefs than nothing, other- 
wife that they are negative, then the Line to which they belong, as 
well as all the following, ought to be cancelled. 


PROBLEM LX. 

Suppofing A and B to play together till fuch time as four 
Stakes are won or lofl on either Jide ; what mujl be 
their proportion of Skill , otherwife what mujl be their 
proportion of Chances for winning any one Game affgned y 
to make it as probable that the Play will be ended in four 
Games as not ? 


So lu t 1 o N. 

The Probability of the Play’s ending in four Games is by the pre- 
ceding Problem “7777“ X 1 : now becaufe, by Hypothefis, it is to 
be an equal Chance whether the Play ends or ends not in four 
Games; let this Expreffion of the Probability be made =' 7, then 

we (hall have the Equation “^7 = 7 ’• which, making b } a :: 

1, s, is reduced to -==^7 = 7, or z* — 4s 3 — 6 zz —jz 
-j- 1 = o. Let 12 zz be added on both fides of the Equation, then 
will z 4 — 4« 3 + — 42+1 be = 12 zz } and extracting the 

Square- 
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Square-root on both fides, it will be reduced to this quadratic Equa¬ 
tion, zz — 2Z -(- i = z sj 12, of which the two Roots are 

z = 5.274 and z = 2 ' ~ • Wherefore whether the Skill of A 

be to that of B , as 5.274 to 1, or as 1 to 5.274, there will be an 
Equality of Chance for the Play to be ended or not ended in four 
Games. 

PROBLEM LXI. 

Suppojing that A and B play till fuch time as four Stake s 
are won or lojl: What mufi be their proportion of Skill 
to make it a Wager of three to one, that the Play will 
be ended in four Games ? 

Solution. 

The Probability of the Play’s ending in four Games arifing from 
the number of Games 4, from the number of Stakes 4, and from 

the proportion of Skill, viz. of a to b , is ; the fame Pro¬ 

bability arifing from the Odds of three to one, is ~: Wherefore 
= * , and fuppofmg b, a : : 1, z, that Equation will be 

changed into "==^7 = \ or z* — 122 3 -f- 3 Szz — 122; -J- 1 

= $6zz, and extrading the Square Root on both fides, zz — 6z 
-|- 1 = zd5 6, the Roots of which Equation will be found to be 
13.407 and - ' : Wherefore if the Skill of either be to that of 

the other as 13 .407 to 1, ’tis a Wager of three to one, that the Play 
will be ended in 4 Games. 

PROBLEM LXIL 

Suppojing that A and B play tillfuch time as four Stakes 
are won or lof- y What mufl be their proportion of Skill 
to make it an equal Wager that the Play will be ended 
in fix Games ? 

Solution. 

The Probability of the Play’s ending in fix Games, arifing from 
the given number of Games 6, from the number of Stakes 4, and 

D d from 
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from the proportion of Skill a to b, is -=±£ , the fame 

Probability arifing from an equality of Chance, is = ' from 

_ 2 1 

whence refults the Equation which ma- 

king b y a : : i, z mull: be changed into the following z 6 + 6 z s 
— j 3* 4 — 202 3 — I 3 ZZ + 6 z + i = o. 

In this Equation, the Coefficients of the Terms equally diftant 
from the Extreams, being the fame, let it be fuppofed that the Equa¬ 
tion is generated from the Multiplication of two other Equations of 
the fame nature, viz. zz —yz + i = o, and z + -4- p%\ q ZZ 
pz -1- i = o. Now the Equation refulting from the Multiplication 
of tliofe two will be 

Z 6 — yz3 +12+ + 2/23 +/2; + I r= o. 

+/2 5 — pyz *— £)'2 3 —yz 
+ qz* 

which being compared with the firft Equation, we lhall have 
P y i — py + q = — 13, 2 / — qy — — 20, from whence 

will be deduced a new Equation, viz. y* -j-’6yy — 16^ — 32 = 0, 
of which one of the Roots will be 2.9644, and this being fubftitu- 
ted in the Equation zz — yz + 1 = 0, we fhall at laft come to 
the Equation 22 — 2.96442 +1 = 0, of which the two Roots 

will be 2.576 and it follows therefore that if the Skill of 

either Gamefter be to that of the other as 2.576 to 1, there will be an 
equal Chance for four Stakes to be loft or not to be loft, in fix Games. 

Corollary 

If the Coefficients of the extream Terms of an Equation, and 
Iikewife the Coefficients of the other Terms equally diftant* from 
the Extreams be the fame, that Equation will be reducible to another, 
in which the Dimenfions of the higheft Term will not exceed half 
the Dimeniions of the higheft Term in the former. 

PROBLEM LXIII. 

Suppofng A and B whofe proportion of Skill is as a to b, 
to play together till fuch time as A either wins a cer¬ 
tain nwnber q of Stakes , or B fome other number p of 
them : what is the Probability that the Play will not be 
ended in a given number of Games (n) f 


Sour* 
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Solution. 

Multiply the Binomial a + b fo many times by it felf as there are 
Units in n — 1, always obferving after every Multiplication to 
rejedl thofe Terms in which the Dimenfions of the Quantity a exceed 
the Dimenfions of the Quantity b , by q\ as alfo thofe Terms in 
• which the Dimenfions of the Quantity b exceed the Dimenfions of 
the Quantity a , by p ; then fhall the laft Product be the Numera¬ 
tor of a Fraction exprefling the Probability required, of which Frac¬ 
tion the Denominator muff be the Binomial a \ b raifed to that 
Power which is denoted by n. 

Example. 

Let p be =3, q = 2, and let the given number of Games be 
— Let now the following Operation be made according to the 
foregoing Directions. 

a-\-b 

a-\-b 

dd \-{- 2 ubA^bb 
a+b 

2aab-\-2abb\+b* 

a*\-b 

a-\-b 

l^bb-^^aab^W^ab^ 
cl b 

$a*bb\-\-~i''ici i b i -\~ %aab+ 
ci At b 

From this Operation we may conclude, that the Probability of 

the Play’s not ending in 7 Games is equal to —-. Now 

if an equality of Skill be fuppofed between A and B , the Expref- 
fion of this Probability will be reduced to ' ■ ,**' or : Where¬ 
fore the Probability of the Play’s ending in 7 Games will be 
from which it follows that it is 47 *° 1 7 ^at, in (even Games, either 
A wins two Stakes of £, or B wins three Stakes of A. 


D d 2 


PRO- 
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PROBLEM LXIV. 

"Thefame things being fuppofed as in the preceding Problem> 
to find the Probability of the Play s ending in a given 
number of Games. 


Sol u t i on. 

Pirft , If the Probability of the Play’s not ending in the given 
number of Games, which we may obtain from the preceding Pro¬ 
blem, be iubtradted from Unity, there will remain the Probability of 
its ending in the fame number of Games. 

Secondly , This Probability may be expreffed by means of the 
Terms reje&ed in the Operation belonging to the preceding Problem: 
Thus if the number of Stakes be 3 and 2, the Probability of the Play’s 
ending in 7 Games may be expreffed as follows. 


+ zab , 




X I 


•\ah 


+ 



baabb 




Suppofmg both a and b equal to Unity, the Sum of the firfl: 

Series will be = , and the Sum of the fecond will be -li. . 

°4 64 ’ 

which two Sums being added together, the aggregate expreffes 

the Probability that, in feven Games, either A fhall win two Stakes 
of B t or B three Stakes of A. 

Thirdly , The Probability of the Play’s ending in a certain num¬ 
ber of Games is always compofed of a double Series, when the Stakes 
are unequal: which double Series is reduced to a fingle one, in the 
Cafe of an Equality of Stakes 

The firfl: Series always exprefles the Probability there is that A> in 
a given number of Games, or fboner, may win of B the number q 
of Stakes, excluding the Probability there is that B before that time 
may have been in a circumftance of winning the number p of 
Stakes; both which Probabilities are not inconfiftent together: for 
A , in fifteen Games for In fiance or fooner, may win two Stakes of 
By though B before that time may have been in a circumfiance of 
winning three Stakes of A . 

The fecond Series always exprefles the Probability there is that 
B x in that given number of Games, may win of A a certain num¬ 
ber. 
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ber f of Stakes, excluding the Probability there is that A , before 
that time, may win of B the number q of Stakes. 

The firft Terms of each Series may be reprefented refpe&ively by 
the following Terms. 


a q gab 7 • 7-M ■ aabb 

~^rb\q * 1 ^ ' l_- 2 • 

— &c . 
r* i . 2 . 3 . 4 ■ a + b\ ___ 

c p pab p p+1 ■ aabb 

+ + ■ • 

. p - P+t • P+ n - P+ 7 • « 

“T" i . 2 . 3 . 4 • * + ’ 


r . g -f- d <7 -^-^ . a*b 
1.2.3. «+*Y 


p . h- 4 • H-s • 

”* 1.2.3. ^-pA 0 


Each of thefe Series continuing in that regularity till fuch time 
as there be a number p of Terms taken in the firft, and a number q 
of Terms taken in the fecond ; after which the Law of the conti¬ 
nuation breaks off. 

Now in order to find any of the Terms following in either of 
thefe Series, proceed thus: let p + q — 2 be called / ; let the 
Coefficient of the Term defired be T ; let alfo the Coefficients of 
the preceding Terms taken in an inverted order, be S, R, Q, P, 

&c. then will T be equal to IS -x -^7— R + ~T~ x ~T~ * 


— &c. Thus \i p be = 3 

and q = 2. then / will be 3 + 2 — 2 = 3, wherefore IS — 
'“"l- x -i^-R would in this Cafe be equal to 3S — R, which fhews 

that the Coefficient of any Term defired would be three times the 
laft, minus once the laft but one. 

To apply this, let it be required to find what Probability there is 
that in fifteen Games or fooner, either A Ihall win two Stakes of B % 
or B three Stakes of A ; or which is all one, to find what Probability 
there is that the Play (hall end in fifteen Games at fartheft ; A and 
B refolving to play till fuch time as A either wins two Stakes or 


U1LCC. 

Let 2 and 3, in the two foregoing Series, be fubftituted refpec- 
tively in the room of q and />, the three firft Terms of the firft Se¬ 
ries will be, fetting afide the common Multiplicator, 1 + 



like wife the two firft Terms of the fecond will be 

. Now becaufe the Coefficient of any Term defired in 

each 


206 "The Doctrine of Chances. 

each Series is refpe&ively three times the laft, minus once the laft 
but one, it follows that the next Coefficient in the firft Series 
will be found to be 13, and by the fame Rule the next to it 
34, and fo on In the fame manner, the next Coefficient in 
the fecond Series will be found to be 8, and the next to it 21, 
and fo on. Wherefore rcftoring the common Multiplicators the 
two Series will be 


o-f-A 


■X >+T 




, C aabb t i\a^bi t 34 a*b‘ 

+ -r T+ff 3- + 1 


;4^+ 

a+W 


+ + 


J±^_ 


^-.-xi + Tpr + 

* -4^* 5 . : 


Kaabb zia^bi ^^a^b* 




If we fuppofe an equality of Skill between A and B y the Sum of 
the firft Series will be , the Sum of the fecond will be 

, } ?™L _ and the Aggregate of thofe two Sums will be -T 1 ,? 1 . 

3 2 (jX 5 . . . * 

which will exprefs the Probability of the Play’s ending in fifteen Games 
or fooner. This laft Fraction being fubtraCted from Unity, there 

will remain , which exprefles the Probability of the Play’s 

continuing beyond fifteen Games: Wherefore ’tis 31171 to 1597, 
or 3 9 to 2 nearly that one of the two equal Gamefters that fhall be 
pitched upon, fhall in fifteen Games at fartheft, either win two 
Stakes of his Adverfary, or lofe three to him. 

N. B. The Index of the Denominator in the laft Term of each 
Series, and the Index of the common Multiplicator prefixed to it 
being added together, muft either equal the number of Games 
given, or be lefs than it by Unity. Thus in the firft Series, the 
Index 12 of the Denominator of the laft Term, and the Index 2 
of the common Multiplicator being added together, the Sum is 14, 
which is lefs by Unity than the number of Games given. So like- 
wife in the fecond Series, the Index 12 of the Denominator of the 
laft Term, and the Index 3 of the common Multiplicator being 
added together, the Sum is 15, which precifely equals the number 
of Games given. 

It is carefully to be obferved that thofe two Series taken together 
exprefs the Expectation of one and the fame perfon, and not of two 
different perfons; that is properly of a Spectator, who lays a wager 

that 
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that the Play will be ended in a given number of Games. Yet in 
one Cafe, they may exprefs the Expectations of two different perfons: 
for Inftance, of the Gamefters themfelves, provided that both Series 
be continued infinitely; for in that Cafe, the firft Series infinitely 
continued will exprefs the Probability that the Gamefter A may 
fooner win two Stakes of B, than that he may lofe three to him: 
likewife the fecond Series infinitely continued will exprefs the Pro¬ 
bability that the Gamefter B may fooner win three Stakes of A, 
than lofe two to him. And it will be found, (when I come to 
treat of the Method of fumming up this fort of Series, whofe Terms 
have a perpetual recurrency of relation to a fixed number of prece¬ 
ding Terms) that the firft Series infinitely con tinued is to the fecond 
infinitely continued, in the proportion of aa X aa 4- ab -j- bb to b' X 
a-\- b \ that is in the Cafe of an Equality of Skill as 3 to 2, which 
is conformable to what I have faid in the ix lh Problem. 

Fourthly , Any Term of thefe Series may be found independently 
from any of the preceding : for if a Wager be laid that A (hall either 
win a certain number of Stakes denominated by q , or that B fhall win a 
certain number of them denominated by/>, and that the number of 
Games be exprefled by q 4- d ; then I fay that the Coefficient of any 
Term in the firft Series anfwering to that number of Games will be 


J|- L * ,. qJr . d ~r x - x x > &c. continued to fo 

many Multiplicatorsas there are Units in fd. 

- -x X Adr d T. z . x ? & c , continued to fo 

many Terms as there are Units in ~d — p. 

+ J 2 ±IL x ~ d ~ x x — X — d ~-- ■, Sec. continued to fo 
many Terms as there arc Units in — p — q. 

_ x ' qJr ~' x X ? , See. continued to fo 

many Terms as there are Units in ~d —2 p—q. 

4- -AidL x J.+ d ~ l . x A + d -.*-. x — - , See. continued to fo 
many Terms as there are Units in jd —2 p — 2q. 

— - 2 ±S«-x -±--U X X , &c. continued tofo- 

many Terms as there are Units in 7^—3/— H' 
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4. JS±hL v J ±±zi x -£ +'+» x ?+'-j - . , 

• i x 2 x 3 x j-» &c. continued to lo 

many Terms as there are Units in -d _ ^p _ ^q. 

And fo on. 


And the lame Law will hold for the other Series, calling p- 
the number of Games given, and changing q into p, and p into y, as 
alfo d into <?, Hill remembring that when d is an odd number, i 
ought to be taken in the room of it, and the like for £ 

And the fame obfervation mull be made here as was made at the 
end of the Lix th Problem, viz. that if or -d—p t or -d—p _ q y 

or *</—2 p — q, or jd — 2p — 2 q, &c. expreffing refpedtively 
the number of Multiplicators to be taken in each Line, are 
= °> * hen 1 0U S ht t0 be taken for that Line, and alfo, that if 
7^, or -d p, or — d — p —y, &c. are lefs than nothing, other- 
wife negative, then the Line to which they belong as well as all the 
following ought to be cancelled. 


PROBLEM LXV. 

If A and B, whofe proportion offkill is fuppofed as a to b, 
play together: What is the Probability that one of 
them, fuppofe A, may in a number of Games not ex¬ 
ceeding a number given , win of B a certain number of 
Stakes ? leaving it wholly indifferent whether B. before 
the expiration of thofe Games , may or may not have 
been in a circumflance of winning the fame, or any 
other number of Stakes of A. 

Solution. 

Suppofing n to be the number of Stakes which A is to win of B 
and n + d the number of Games; let a + b be raifed to the Power 
whofe Index is n-\-d ; then if d be an odd number, take fo many 

Terms of that Power as there are Units in ; take alfo fo 
many of the Terms next following as have been taken already, but 
prefix to them in an inverted order, the Coefficients of the preceding 
Terms. But if d be an even number take lo many Terms of the 

faid 
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faid Power as there are Units in ~d -f-1 then take as many of 
the Terms next following as there are Units in and prefix to 
them in an inverted order the Coefficients of the preceding Terms, 
omitting the laft of them; and thofe Terms taken all together will 
compofe the Numerator of a Fraction expreffing the P robabil ity re¬ 
quired, the Denominator of which Fradion ought to be<T+ 4 V+* 

Example I. 

Suppofing the number of Stakes, which A is to win, to be Three ,, 
and the given number of Games to be Ten ; let a 4 h be raifed to 
the tenth power, viz. a" + + 45 **" + 120ft' + 

2 ic M+ + 252*5# 4. 210 a*b 6 4- 4- 4 S a “ h + 1 o^ 9 + b'°. 

Then by reafon that * = 3, and n + d— io, it follows that d is 
_^ an( i ^ +1 — 4. Wherefore let the Four firft Terms of 

the faid Power be taken, viz. a 10 4 1 oa '4 4 5 a% bb -|- 120 a 7 b\ 
and let the four Terms next following be taken likewife without re¬ 
gard to their Coefficients, then prefix to them in an inverted order, 
the Coefficients of the preceding Terms: thus the four Terms fol- 
lowing with their new Coefficients will be 120* # + 45 *;* s + 
10^6 J- ja l b\ Then the Probability which A has of winning 
three Stakes of B in ten Games or fooner, will be expreffed by the 
following Fradion 

a"+ jl l 

which in the Cafe of an Equality of Skill between A and J 3 will be 
reduced to or-jj-. 


Example II. 

, n r in( r the number of Stakes which A has to win to be Four, 
and the given number of Games to be Ten ; let a + b be raifed to 
the tenth Power, and by reafon that n is = 4, and n -\- d — 10, 
it follows that 4\s = 6, and ±d+ » =4 i wherefore let the four 

firft Terms of the faid Power be taken, viz. a'° + 10 fb + 4 i a%bb 
4 -1 20a 7 M ; take alfo three of the Terms following, but prefix to 
them, in an inverted order, the Coefficients of the Terms already 
taken, omitting the laft of them; hence the three Terms following 
with their new Coefficients will be ioa s b' + I<2+ ^ • Then 

E e thf 
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the Probability which A has of winning four Stakes of B in ten Games 
or fooner, will be exprefled by the following Fraction 

which in the Cafe of an Equality of Skill between A and B will be 
reduced to or . 

1024 128 


Another Solution. 

Suppofing as before that n be the number of Stakes which A is 
to win, and that the number of Games be n 4- d , the Probability 
which A has of winning will be exprefled by the following Series 

—~ ; «*** . ” ■ ”4-4 • • u b i " 

a+b\ n _ ‘ 1 .2. V+TV 4 » ” I .2.3 . ' a -f-' t\° 

* i . 2 .3.4 -, &c. which Series ought to be con¬ 

tinued to fo many Terms as there are Units in ^d + 1 ; always ob- 

ferving to fubftitute d— 1 in the room of d in Cafe d be an odd num- 
ber, or which is the fame thing, taking fo many Terms as there are 
Units in -f • . 

Now fuppofing, as in the firft Example of the preceding Solution, 
that Three is the number of Stakes, and Ten the given number of 
Games, and alfo that there is an equality of Skill between A and 
B, the foregoing Series will become -1 y j -J- 1 _j_ 1 28 

8 1 4 * »6 “ &4 

— , as before. 

32 * 


Remark. 

In the firft attempt that I had ever made towards folving the ge¬ 
neral Problem of the Duration of Play, which was in the Year 
1708, I began with the Solution of this Lxv th Problem, well 
knowing that it might be a Foundation for what I farther wanted, 
ft nee which time, by a due repetition of it, I folved the main 
Problem : but as I found afterwards a nearer way to it, I barely 
publifhed in my firft Eflfay on thofe matters, what feemed to me 
moft fimple and elegant, ftill preferving this Problem by me in or¬ 
der to be publifhed when I fhould think it proper. Now in the 
year 1713 Mr. de Monmort printed a Solution of it in a Book by him 
publifhed upon Chance, in which was alfo inferted a Solution of 
the fame by Mr. Nicolas Benjoulli; and as thofe two Solutions feemed 

to 
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to me, at fir ft fight, to have fome affinity with what I had found 
before, 1 confidered them with very great attention; but the Solu¬ 
tion of Mr. Nicolas Bernoulli being very much crouded with Symbols, 
and the verbal Explication of them too fcanty, I own I did not 
underftand it thoroughly, which obliged me to confider Mr. de Mon- 
mort's Solution with very great attention : I found indeed that he 
was very plain, but to my great furprize I found him very erroneous; 
ftill in my Do&rine of Chances I printed that Solution, but rectified 
and afcribed it to Mr. de Monmort , without the leaft intimation of 
any alterations made by me ; but as 1 had no thanks for fo doing, I 
refume my right, and now print it as my own: but to come to the 
Solution. 

Let it be propofed to find the number of Chances there are for 
A to win two Stakes of 2 ?, or for B to win three Stakes of A y in 
fifteen Games. 

The number of Chances required is exprefled by two Branches 
of Series; all the Series of the firft Branch taken together exprefs 
the number of Chances there are for A to win two Stakes of B , 
exclufive of the number of Chances there are for B before that time, 
to win three Stakes of A. All the Series of the fecond Branch 
taken together exprefs the number of Chances there are for B to win 
three Stakes of A , exclufive of the number of Chances there are for 
A before that time to win two Stakes of B. 


Firjl Branch of Series. 

m'i a l *b a'lb* a'*b* a rt b* e l °bs a9b b « 8 # <* 3 b t% 

* + 15 +105 + 4554-1365+3003 + 5005 + 5005 + 3003-1-1365+455+ X05 + 15 +» 

— 1 — 15 — 105 — 455 —455 — 105 — 15 — 1 

+ 1+15+15+1 


Second Branch of Series. 

jij b'*a b"a % b"a* b'*a* b9a 6 b'd> &a % b 6 a9 b*a" b*a" foa* b x a'\ 
I+ , 5 + ,05 + 455+1365 + 3003 + 5005 + 3003 + 1365 + 455+105 + 15 +l 

— i — 15 — 105 - 455 —*365—455— IO S — 15 — * 

+ I + 15 + I 

The literal Quantities which are commonly annexed to the nu¬ 
merical ones, are here written on the top of them which is done, 
to the end that each Series being contained in one Line, the de¬ 
pendency they have upon one another, may thereby be made more 
confpieuous. 


E e 2 
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The firft Series of the firft Branch expreffes the number of Chan¬ 
ces there are for A to win two Stakes of B, including the number 
of Chances there are for B before, or at the Expiration of the fifteen 
Games, to be in a Circumftance of winning three Stakes of A - y 
which number of Chances may be deduced from the lxv h Pro¬ 
blem. 

The fecond Series of the firft Branch is a part of the firft, and 
expreffes the number of Chances there are for B to win three Stakes 
of A , out of the number of Chances there are for A, , in the firft 
Series to win two Stakes of B. It is to be obferved about this Se¬ 
ries, Firft, that the Chances of B expreffed by it are not reftrained 
to happen in any order, that is, either before or after A has won two 
Stakes of B. Secondly , that the literal products belonging to it are 
the fame with thofe of the correfponding Terms of the firft Series. 
Thirdly, that it begins and ends at an Interval from the firft and 
laft Terms of the firft Series equal to the number of Stakes which 
B is to win. Fourthly, that the numbers belonging to it are the 
numbers, of the firft Series repeated in order, and continued to one 
half of its Terms 5 after which thofe numbers return in an inverted 
order to the end of that Series: which is to be underftood in cafe 
the number of its Terms fhould happen to be even; for if it fhould 
happen to be odd, then that order is to be continued to the greateft 
half, after which the return is made by omitting the laft number. 
Fifthly, that all the Terms of it are affedted with the fign minus. 

The Third Series is part of the fecond, and expreffes the num¬ 
ber of Chances there are for A to win two Stakes of B, out of the 
number of Chances there are in the fecond Series for B to win 
three Stakes of A ; with this difference, that it begins and ends at 
an Interval from the firft and laft Terms of the fecond Series, equal 
to the number of Stakes which A is to win j and that the Terms of 
it arc all pofttive. 

It is to be obferved, that let the number of thofe Series be what 
it will, the Interval between the beginning of the firft and the 
beginning .of the fecond, is to be equal to the number of Stakes which 
B is to win and that the Interval between the beginning of the fe¬ 
cond and the beginning of the third, is to be equal to the number 
of Stakes which A is to win ; and that thefe Intervals recur alter¬ 
nately in the fame order. It is to be obferved likewife that all thefe 
Series arc alternately pofitive and negative. 

All the Obfervations made upon the firft Branch of Series be- 
longing alfo to the fecond, it would be needlefs to fay any thing 
more of them. 


Now 
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Now the Sum of all the Series of the-flrft Branch, being added 
to the Sum of all the Series of the lecond, the Aggregate of thel'e 
Sums will be the Numerator of a Fraction expreffing the Proba¬ 
bility of the Play’s terminating in the given number of Games; 
of which the Denominator is the Binomial a + b raifed to a Power 
whofe Index is equal to that number of Games. Thus fuppofing 
that in the Cafe of this Problem both a and b are equal to Unity, 
the Sum of the Series in the firft Branch will be 18778, the Sum of 
the Series in the fecond will be 12393, and the Aggregate of both 
31171; and the Fifteenth Power of 2 being 32768, it follows that 
the Probability of the Play’s terminating in Fifteen Games will be 

^ -- 7 * - , which being; fubtradfed from Unity, the remainder will be 

3Z; DO J ° * 

. l -ffiL ; From whence we may conclude that it; is a Wager of 3117 r 

to i 597 > that either A in Fifteen Games (hall win two Stakes of B> 
or B win three Stakes of A : which is conformable to what was 
found in the Lxiv th Problem. 

PROBLEM LXVI. 

To find what Probability there is that in a given number 
of Games A may be winner ofi a certain number q of 
Stakes . and at fome other time B may likewife be 
winner of the number p of Stakes, fo that both cir- 
cumftances may happen. 

Solution. 

Tind by our Lxv th Problem the Probability which A has of win¬ 
ning, without any limitation, the number q of Stakes: find alfo 
by the ixm d Problem the Probability which A has of winning 
that number of Stakes before B may happen to win the number 
p t hen from the firft Probability fubtrafting the fecond, the re¬ 
mainder will exprefs the Probability there is that both A and B may 
be in a circumftance of winning, but B before A. In the like man¬ 
ner from the Probability which B has of winning without limita¬ 
tion, fubtraifting the Probability which he has of winning before A 
the remainder will exprefs the Probability there is that both A 
and B may be in a circumftance of winning, but A before B: 
wherefore adding thefe two remainders together, their ^um will ex¬ 
prefs the Probability required. 


Thus 
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Thus if it were required to find what Probability there is, that 
in Ten Games A may win Two Stakes of B t and that atVome 
other time B may win Three : 

The firft Series will be found to be 

- aa , 2ab ■ Zanbb ^ i tab 

"2+a* XI ' + r+J'* +7i3\« 

The fecond Series will be 



The difference of thefe Series being X -= ^f! ■ 

expreffes the firft part of the Probability required, which in the Cafe 
of an equality of Skill between the Gamefters would be reduced to 

3 

256 * 

The third Series is as follows, 

| lab , qa«bb ( 28 ai&* 

‘a+sv~ X I “T + *-f-A4 "T" 7 qT£\‘ 

The fourth Series is 



The difference of thefe two Series being -===p~ x 
expreffes the fecond part of the Probability required, which in the 
Cafe of an equality of Skill would be reduced to —7 . Wherefore 
the Probability required would in this Cafe be ' s ' z • 

Whence it follows, that it is a Wager of 495 to 17, or 29 to 1 very 
near, that in Ten Games A and B will not both be in a circumftance 
of winning, viz. A the number ?and B the number p of Stakes. 
But if by the conditions of the Problem, it were left indifferent 
whether A or B fhould win the two Stakes or the three, then the 
Probability required would be increafed, and become as follows > 
viz. 



which 
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which, in the Cafe of an equality of Skill between the Gamefters, 
would be double to what it was before. 

PROBLEM LXVII. 

To find what Probability there is, that in a given num¬ 
ber of Games A ?nay win the number q of Stakes ; 
with this farther condition, that B during that whole 
?jumber of Games may never have bee?i winner of the 
number p of Stakes. 

Solution. 

From the Probability which A has of winning without any li¬ 
mitation the number q of Stakes, fubtraCt the Probability there is 
that both A and B may be winners, viz. A of the number q, and 
B of the number p of Stakes, and there will remain the Probability 
required. 

But if the conditions of the Problem were extended to this alter¬ 
native, viz . that either A Ihould win the number q of Stakes, and B 
be excluded the winning of the number p j or that B fliould win 
the number p of Stakes, and A be excluded the winning of the num¬ 
ber q y the Probability that either the one or the other of thefe two 
Cafes may happen, will eafily be deduced from what we have faid. 

The Rules hitherto given for the Solution of Problems relating, 
to the Duration of Play are eafily practicable, if the number of 
Games given is but fmall; but if that number is large, the work 
will be very tedious, and fometimes fwell to that degree as to be 
in fome manner impracticable : to remedy which inconveniency, I 
fhall here give an ExtraCt of a paper by me produced before" the 
Royal Society, wherein was contained a Method of folving very 
expeditioufly the chief Problems relating to that matter, by the help 
of a Table of Sines, of which I had before given a hint in the firft 
Edition of my Dcftrine of Chances, pag. 149, and 150. 

PROBLEM LXVIir. 

To folve by a Method different from any of the pre¬ 
ceding, the Problem lix, when a is to b in a ratio of 
Equality. 


Soli:- 
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Solution. 

Let n be the number of Games given, and p the number of 
Stakes j let Q reprefent 90 degrees of a Circle whofe Radius is 
equal to Unity; let C, D, E, F, &c. be the Sines of the Arcs 

~ > ~j~ , , &c. till the Quadrant be exhaufted ; 

let alfo, c, d , e , f &c. be the Co-fines of thofe Arcs: then if the 
difference between n and p be an even number, the Probability of 
the Play’s not ending in the given number of Games will be repre- 
fented by the Series 

2 __ d * +l f n+x 

p ^ C D * E F > &cc. 


of which Series very few Terms will be fufficient for a very near 
approximation. But if the difference between n and p be odd, then 

the Probabity required will be j x ---^-(- -L_ — 

&c. 


In working by Logarithms, you are perpetually to fubtraft, from 
the Logarithm of every Term, the Produdt of 10 into the number 
n , in cafe the number n — p be even; but in cafe it be odd, you 
are to fubtradl the Product of io into n — 1, and if the Subtrac¬ 
tion cannot be made without making the remainder negative, add 
10, 20, or 30, &c. and make fuch proper allowances for thofe addi¬ 
tions as thofe who are converfant with Logarithms know how to 
make. 

To apply this to fome particular cafes, let it be required to find 
the Probability of Twelve Stakes being not loft in 108 Games. 

Here becaufe the difference between 108 and 12 is 96, I take 
the firft form, thus 


The 


Arcs — , 
p 


3 Q. 


_ 

p * f p * 

being refpedtively y d —30', 22 

9 d - n r\ c\—rd 


& C. 


"Q qQ iiQ 

P P ’ P 3 P 

, „ . , - , — 3°. 37 y — 30', 52^— 30’, 

67 ^— 3 °> 8 z d — 3 ° > 97 d — 3 °) &c - I take only the fix firft, 

as not exceeding 90^ 

Now the Logarithm of the Co-fine of 7 d — 30' being 9.9962686 
I multiply it by « 4 - 1, that is in this Cafe by 109, and the product 
will be 1089.5932774, which is the Logarithm of the Numerator 
«+1 

of the firft Fra&ion —-— . 


From 
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From that Logarithm, I fubtrad the Logarithm of the Sine of 
7 d 7” 3 q/ here reprefented by C, which being 9.1156977, the re¬ 
mainder will be 1080.4775797, out of which rejeding 1080 pro- 
dud of 10 by the given number of Games 108, and taking only 
0.4775797 the number anl'wering will be 3.00327, which being 
multiplied by the common Multiplicator ~, that is in this Cafe by 

T 7 or Z> the produd will be 0.50053, which Term alone de¬ 
termines nearly the Probability required. 

For if we intend to make a Corredion by means of the fecond Term 

we (hall find the Logarithm of —— to be 1076.6692280 
to which adding 10, and afterwards fubtrading 1080, the remain¬ 
der will be 6.6692280, to which anfwers 0.0004669, of which 
the 6 th part is 0.0000778, which being almoft nothing may be 
fafely rejeded. And whenever it happens that n is a large number 
in refped to />, the hrft Term alone of thefe Series will exceeding 
near determine the Probability required. 

Let it now be required to find the Probability of 45 Stakes being 
not loft on either fide in 1519 Games. 

The Arcs -y , , ~~, &c. being refpedively z J , 6 7 , 10*^ 

&c. I take, i°, the Logarithm of the Co-fine of 2 d which is 
9 - 9997354 * which being multiplied by n + j, that is in this Cafe 
by 1520, the produd will be 15199.5988080, out of which fub¬ 
trading the Logarithm of the Sine of 2 7 , viz. 8.5428192, the re¬ 
mainder will be 15191.0559888, out of which rejeding 15190, 
the number anfwering will be 11.3759, which being multiplied by 
j, that is, in this Cafe by , the produd will be .50559 
which nearly determines the Probability required. 

Now if we want a Corredion by means of the fecond Term 

d »+ i * 
we (hall find— jj — —.00002081, which Term being fo very 

inconfiderable may be entirely rejeded, and much more all the 
following. 

Confidering therefore that when the Arc -y is fmall, the firft 
Term alone is fufficient for a near approximation, it will not be 
amifs to inquire what muft be the number of Games that fhall 
make it an equal Probability of the Play’s being ended in that num¬ 
ber of Games $ which to do, 

F f 


Suppole 
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f »+t z j 

Suppofe X “ = 7 , hence 4<r+» = C/>, then fup- 

pofing p a large number, whereby the number « muft be ftill 
much larger, we may barely take for our Equation 4 c* />C, then 
taking the Logarithms, we (hall have Log. 4 + n Log. c = Log.C 

“V hog. />, let the magnitude of the Arc be fuppofed —: #j 
now fince the number has been fuppofed very large, it follows 
that the Arc z muft be very fmall j wherefore the Sine of that Arc 
will alfo be nearly = z , and its Co-fine 1 — jzz nearly, of which 
Co-fine the Logarithm will be — ~zz nearly ; we have therefore 
the Equation Log. 4 — \nzz — Log .p -f Log* 2;; let now the Mag¬ 
nitude of an Arc of 90^ to a Radius equal to Unity, be M, 
hence we fhall have = z , and Log. z = Log. M — Log. p % 
wherefore the Equation will at laft be changed into this, Log. 4 

-hMM . . __ 

_ —= Log. M, and therefore n = -■ . "fr * MM ■ X//, 

but 215 4 ju vi ] ° g ' = °’75b nearly, and therefore n = 0.756/^. 

N. B. The Logarithms here made ufe of are fuppofed to be Hy¬ 
perbolic Logarithms, of which I hear a Table will foon be pub- 
lifhed. 

Mr. de Monmort in the fecond Edition of his Trad, Des jeux de 
Hazard , tells us that he found that if p denoted an odd number of 

Stakes to be won or loft, making — /, that then the Quan¬ 
tity 3 ff —3/+ 1 would denote a number of Games wherein there 
would be more than an equal Probability of the Play’s being ended j 
but at the fame time he owns, that he has not been able to find a 
Rule like it for an even number of Stakes. 

Whereupon I fhall obferve, JirJl , that his Exprefiion may be 

reduced to ~pp ~ . Which tho’ near the Truth in fmall 
numbers, yet is very defedive in large ones, for it may be proved that 
the number of Games found by his Exprefiion, far from being above 
what is requifite, is really below it. Secondly , that his Rule does not 
err more in an even number of Stakes than in an odd one ; but that 
Rule being founded upon an indudion gathered from the Solution of 
fome of the fimpleft Cafes of this Problem, it is no wonder that he 
reftrained it to the odd Cafes, he happening to be miftaken in deter¬ 
mining 
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mining the number of Games requifite to make it an even Wager 
that twelve Stakes would be won or loft before or at the expiration 
of thofe Games, which he finds by a very laborious calculation to 
have been 1225 in which however he was afterwards rectified by 
Mr. Nicolai Bernoulli , who informed him that he had found by his 
own Calculation that the number of Games requifite for that purpofe 
was above 108, and below i io; and this is exactly conformable to 
our Rule, for multiplying fp — 144 by 0.756, the Product will 
be 108.864. 

For a Proof that his Rule falls fhort of the Truth, let us fuppofe 
/> = 45, then/will be = 23, and iff —3/+1 will be =1519, 
let us therefore find the Probability of the Play s terminating in 
that number of Games; but we have found by this Lxvm th Pro¬ 
blem, that the Probability of the Play’s not terminating in that 
number of Games is 0.50559; and therefore the Probability of its 

terminating within them is 0.49441; which being lefs than j , 
(hews ’tis not more than an equal Wager that the Play would be 
terminated in 1519 Games. 

But farther, let us fee what number of Games would be neceflary 
for the equal’wager, then multiplying 2025 fquare of 45 by 0.756, 
the Product will be 1530.9 ; which fliews that about 1531 Games 
are requifite for it. 

PROBLEM LXIX. 

The fame things being given as in the preceding Problem, 
except that now the ratio of a tob isfuppofed of inequa¬ 
lity, to folve the fame by the Sines of Arcs. 


Solution. 

Let n reprefent the number of Games given, p the number of 
Stakes to be won or loft on either fide, let alfo A be the Semi¬ 
circumference of a Circle whofe Radius is equal to Unity : let C, 

D, E, F, &c. be the Sines of the Arcs , -y-, —, —. & c - 
till the Semi-circumference be exhaufted ; let alfo c, d, e,f, &c. be 

the refpediveverfed Sines of thofe Arcs; let j==^ - be made = L, 



let c, 2r \: CC, m ; d, zr :: DD, q ; 
F f 2 e > 
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e,zr,-. EE, / &c. then the Probability of the Play not ending in 
n Games will be expreffed by the following Series 6 


X m 


zrc-\-t * "* 2 rd+ t *9 

the whole to be multiplied by 


1 2 re+f 

2L 


x/ 


n , &c. 


pxr‘ 


~P 1 


As there are but few Tables of Sines, wherein the Logarithms of 
the verfed Sines are to be found, it will be eafy to remedy that in- 
conveniency, by adding the Logarithm of 2 to the excefs of twice 
the tabular Logarithm of the Sine of half the given Arc above 10 • 
for that Sum will give the Logarithm of the verfed Sine of the whole 
Arc. 

be eafily perceived that inftead of referring the Arcs to the 
Dwifion of the Semi-circumference, we might have referred them to 
the Divifion of the Quadrant, as in the Cafe of the preceding Problem. 


Of the Summation of recurring Series. 

The Reader may have perceived that the Solution of feveral Pro¬ 
blems relating to Chance depends upon the Summation of Series; I 
have, as occafion has offered, given the Method of fumming them 
u.P i hut r as ^ere are others that may occur, I think it necelfary to 
give a fummary View of what is moil requifite to be known in this 
matter ; defiring the Reader to excufe me, if I do not give the De- 
monftrations, which would fwell this Trad too much j efpecially 
confidering that I have already given them in my Mifcellanea Ana- 
lytica. 

I call that a recurring Series which is fo conflicted, that having 
taken at pleafure any number of its Terms, each following Term 
fhall be related to the fame number of preceding Terms, according 
to a conflant law of Relation, fuch as the following Series 

A B C D E F 
i + 2 * + 3 ** + I0 * 3 + 34 * 4 + 97* 5 , &c. 
in which the Terms being refpe&ively reprefented by the Capitals 
A, B, C, D, &c. we fhall have r 

D = 3C.V — 2Bxx + 5 Ax* 

E =3 Da: — zCxx + 5BX 3 
F — 3 E.X—2Dxx-f~ 5 C * 3 
&c. Now 
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Now the Quantities 3* — 2xx + 5* 3 , taken together and con¬ 
nected with their proper Signs, is what I call the Index, or the Scale 
of Relation ; and fometimes the bare Coefficients 3 — 2+5 are 
called the Scale of Relation. 

Proposition I. 

If there be a recurring Series a + bx + cxx + dx* + ex*, &c. 
of which the Scale of Relation be/x — gxx the Sum of that Series 
continued in infinitum will be 

a-\-bx 
—fax 

i—fx+gxx 
Proposition II. 

Suppofing that in the Series a + bx + cxx + dx* -|- ex*, &c. 
the Law of Relation be fx — gxx + hx* j the Sum of that Series 
continued in infinitum will be 

a \bx -f- cxx 
— fax — fbxx 

_ +**** 

1 — fx +■gxx — hx 3 

Pr o posi t i on III. 

Suppofing that in the Series, a -f- bx cxx , &c. the Law of Re¬ 

lation be Jx — gxx + hx' — kx*, the Sum of the Series will be 

a -f- bx —f- cxx -f- dx* 

—fax — fbxx — fcx* 
gaxx -\- gbx* 

_ — bax z _ 

I —fx gxx — kxi + kx* 

As the Regularity of thofe Sums is confpicuous, it would be need- 
lefs to carry them any farther. 

Still it is convenient to know that the Relation being given, it will 
be eafy to obtain the Sum by obferving this general Rule. 

i°, Take as many Terms of the Series as there are parts in the 
Scale of Relation. 

2°, Subtract the Scale of Relation from Unity, and let the re¬ 
mainder be called the Differential Scale. 


3 0 , MuL 


222 The Doctrine of Chances. 

3°, Multiply thofe Terms which have been taken in the Series 
by the Differential Scale, beginning at Unity, and fo proceeding or¬ 
derly, remembering to leave out what would naturally be extended 
beyond the laft of the Terms taken. 

Then the Product will be the Numerator of a Fradlion exprefling 
the Sum, of which the Denominator will be the Differential Scale. 
Thus to form the preceding Theorem, 

Multiply a -f- bx -f- cxx -f* dx 3 
by i — fx -\- gxx — hx* . . . 

and beginning from Unity, we {hall have 

a -f- bx -|~ cxx -1~ dx* 

—fax — Jbxx — fix* ... 

+ gaxx -f- gbx* . . . 

— box' . . . 

omitting the fuperfluous Terms, and thus will the Numerator be 
formed; but the Denominator will be the Differential Scale, viz . 
I — fx + gxx — hx 3 kx + . 


Corollary. 

If the firft Terms of the Series arc not taken at pleafure, but be¬ 
gin from the fecond Term to follow the Law of Relation, in fo 
much that 

b {hall be = fa 
c = fb — ga 

d =fc-gl>-S r ha 

&c. 

then the Fra&ion exprefling the Sum of the Series will have barely 
the firft Term of the Series for its Numerator. 


Proposition IV. 


If a Series is fo conftituted, as that the laft Differences of the 
Coefficients of the Terms whereof it is compofed be all equal to no¬ 
thing, the Law of the Relation will be found in the Binomial 
i —fx\ *, n denoting the rank of thofe laft Differences; thus fup- 
pofing the Series 


A B C D E F C 
i \x -J- ioxx -f- 20X i + 3 -r|- 56*5 84X 5 , &c. 

whereof the Coefficients are, 

1 + 4 
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1+4 +10 +20 +35 +56 + 84 
i ft Differences - -3+6 +10 +15 + 21 +20 


2 d Differences-3 +4 + 5 + 6 + 7 

3 d Differences- 1+1+1+t 

4 th Differences--- 0 +0 +0 


I fay that the Relation of the Terms will be found in the Binomial 
j __ which being expanded will be i —4* + 6xx — 4** +x + 
and is the Differential Scale, and therefore the Scale properly fo cal¬ 
led will be 4* — 6** + 4^5 _ *4 . thus, in the foregoing Series, 
the Term 

G =• 4FX — 6Exx + 4DX 3 — 1 Cx*. 

Corollary. 

The Sums of thofe infinite Series which begin at Unity, and - 
have their Coefficients the figurate numbers of any order, are 

always expreffible by the Fra&ion > wherein p denotes the 

rank or order which thofe figurative numbers obtain; for Inftance if 
we take the Series . . 

1 JU IX + ixx + 1 X 3 + IX* + 1 X 5 4. ,x 6 , &c. which is a geo¬ 
metric Progreffion, and whofe Coefficients are the numbers of the 

firft order, the Sum will be -~T* anc * ^ we ta ^ e ^ er * eS 
1 Jj- 2x + 3xx + 4x5 4. 5*4 4- 6x 3 4- 7a; 6 , &c. whofe Coefficients 
compofe the numbers of the fecond order, the Sum will be -7^4*-; 

and again, if we take the Series 1 +3X+ 6xx + iox 3 + 15x 4 , 
&c. whofe Coefficients are the numbers of the third order, other- 

wife called Triangular numbers, the Sum will be v . 

Proposition V. 

The Sum of any finite number of Terms of a recurring Series 
a A~bx + cxx + dx 5 4- ex*, to. is always to be obtained. 

Thus fuppofing the Scale of Relation to be fx gxx ; n the 
number of Terms whofe Sum is required; and ax'+ the 

two Terms which would next follow the laft of the given Terms, if 
the Series was continued; then the Su m w ill be 
a 4 bx — x» x « + fix 
--ia x_ —focx 

T^fx+gx* 


But 
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But if the Scale of Relation be fx —gxx + bx\ n the number 
of Terms given, and «*• + 0 **+* +yx'+* 9 the three Terms that 
would next follow the laft of the given Terms, then the Sum will be 

a -\-bx + cxx — x « -j- 2x -|- yxx 
—fax —flxx — fotx —/fix 

+ gaxx _ -f gctxx 

i — fx -f- gxx — hx' 

The continuation of which being obvious, thofe Theorems need 
not be carried any farther. 

But as there is a particular elegancy for the Sums of a finite num¬ 
ber of Terms in thofe Series whofe Coefficients are figurate num¬ 
bers beginning at Unity, I ffiall fet down the Canon for thofe Sums 

Let n denote the number of Terms whofe Sum is to be found 
and p the rank or order which thofe figurate numbers obtain, then 
the Sum will be 



_ *••+*• »+ « • *” _ n . f>+ t . n 4-2 . »+ ^ 

i . 2 3 * ~~ x ^ ^ i z . 2 4 |_ x f —4 t &C, 

which is to be continued till the number of Terms be ~p. 

Thus fuppofing that the Sum of twelve Terms of the Series 
i + 3 * + (> xx + I0 * 3 + ij**, &c. were demanded, thac Sum 
will be 



Proposition VI. 


In a recurring Series, any Term may be obtained whofe place is 
aligned. 1 

It is very plain, from what we have faid, that after having taken 
fo many Terms of the Series as there is in the Scale of Relation, 
the Series may be protraded till it reach the place affigned ; however 
if that place be very diifant from the beginning of°the Series, the 
continuation of thofe Terms may prove laborious, efpecially if there 
be many parts in the Scale. 

But there being frequent Cafes wherein that inconveniency may 
be avoided, it will be proper to (hew by what Rule this may be 
known; and then to (hew how we are to "proceed. 

The Rule will be to take the Differential Scale, and to fuppofe it 
= o> ^en if the roots of that fuppofed Equation be all real and 
unequal, the thing may be effeded as follows. Let the Series be re- 
prefented by a + br 
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a br 4 -err dr 1 -\- er &c. 

and i® if fr ■—grr be the Scale of Relation, and confequently 1 f r 
4- grr the differential Scale, then having made 1 —Jr 4 “ g rr — 0 > 
multiply the Terms of that Scale refpeftively by x, I, fo as to 
have xx _ frx -j- grr — o, let m and p be the two roots of that 

Equation, then having made A == r -Jf - and B = — , and 

fuppofing / to be the interval between the firft Term and the place 
afligned, that Term will be Am 1 + Bp'. 

Secondly , If the Scale of Relation be fr — grr -]- hr\ make 
! — fr -j- grr — hri o, the Terms of which Equation being 
multiplied refpedtively by x\ xx, x , 1, we (hall have the new E- 
quation x* — frxx 4- grrx — hr 3 == o, let m , p, <7 be t he roots of 

err — p 4- q x br pqa 

that Equation, then having made A =-\ * 

„ err — tn-\- q X br-^mqa ^ _ err —p -f w x br + *nqa 

* q -m* q -p J 

And fuppofing as before / to be the Interval between the firft Term 
and the Term whofe place is affigned, that Term will be A m‘ + 
Bp' + Cq'. 

‘ thirdly , If the Scale of Relation be fr - grr f bp - br* 
make 1 — fr 4* grr — hr 3 4" ^ r4 == °> anc ^ mu l u Pty eims 
refpeaively by a;*, x\ xx, x, i, fo as to have the new Equation 
#+ f rx i grrx 1 — hr'x 4” hr* = o, let m, p, q, f be roots or 
that Equation, then having made 


A — 
B== 
C = 
D = 


dr\ — q -j-/ X err + fq + pf + 7/ * x a 

m — p x m — f x « — f 

,— y -f- / 4 - x frr -4- ?/-f- a ^ m v * 

_/' — q * p — J * P — ,n 

Jrl — / -+- m p x ert + Jm ~\-fp-\-mp x br — fmp X a 

7 —/ X? - w v 17 - " P 

rf r l _ w -p p q y err -f- rnp mq + pq X br — mpg x a 

/—» x /—P *J — <1 


then ftill fuppofing / to be the Interval between the firft Term and 
the Term whofe place is aftigned, that Term will be Am 1 4 " + 


^Altho’^one may by a narrow infpe&ion perceive the Order of thofc 
Theorems, it will not be amifs to exprefs them in words at length. 


General Rule. 

Let the Roots m, p } g, f See. determined as above, be called re- 
G g fpeftively, 
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fpedively, fir ft, fecond, third, fourth Root, &c. let there be taken 
as many Terms of the Series beginning from the firft, as there are 
parts in the Scale of Relation : then multiply in an inverted order, 
i°, the laft of thefe Terms by Unity; 2°, the laft but one by 
the Sum of the Roots wanting the firft ; 3 0 , the laft but two, by 
the Sum of the Products of the Roots taken two and two, exclud¬ 
ing that product wherein the firft Root is concerned; 4 0 , the laft 
but three, by the Sum of the Produds of the Roots taken three 
and three, ftill excluding that Product in which the firft Root is 
concerned, and fo on ; then all the feveral parts which are thus ge¬ 
nerated by Multiplication being conneded together by Signs alter¬ 
nately pofitive and negative, will compofe the Numerator of that 
Fradion to which A is equal; now the Numerator of that Fradion 
to which B is equal will be formed in the fame manner, excluding 
the fecond Root inftead of the firft, and fo on 

As for the Denominators, they are formed in this manner: From 
the firft Root fubtrad feverally all the others, and let all the remain¬ 
ders be multiplied together, and the Produd will conftitute the De¬ 
nominator of the Fradion to which A is equal ; and in the fame 
manner, from the fecond Root fubtrading all the others, let all the 
remainders be multiplied together, and the Produd will conftitute 
the Denominator of the Fradion to which B is equal, and fo on 
for the Reft. 

Corollary i. 

If the §eries in which a Term is required to be afligned, be the 
Quotient of Unity divided by the differential Scale 1 — fr -f- grr — 
hr 3 + multiply the Terms of that Scale refpedively by x+, 

xi, x 2 , x , 1, fo as to make the firft Index of x equal to the laft of 
r, then make the Produd x+ — frx * + grrxx — hr*x + kr* to 
be = o. Let as before m , />, y, f be the Roots of that Equation, 
let alfo z be the number of thofe Roots, and / the Interval between 
the firft Term, and the Term required, then make 



m — / X m — q x m —/ 



q— tn x q — pxq -f 


, B=- 


• m x p — q x/> —/ 


,D = 


J m xf—pxf—i 


and the Term required will be A m! -f- Bp 1 + -f D q 1 -, and the 

Sum of the Terms will be 


Ax 
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/4- t 7X7 7+7 t /- /+I 

Ax^r +B X 1 = 1 — + Cx^5- +D X —V 
It is to be obferved, that the Interval between the firft Term and the 
Term required is always meafured by the number of Terms want¬ 
ing one, fo that having for Inftance the Terms, a, b, c , d\ e , f 
whereof a is the firft and / the Term required, the Interval be¬ 
tween a and/ is 5, and the Number of all the Terms 6. 


Corollary 2. 

If in the recurring Series a -f- br 4 - err + dr 1 -J- er + , &c. where¬ 
of the Differential Scale is fuppofed to be 1 — fr 4“ g rr ““ ' jr1 J"> 
we make x + — fxr 1 -f grrxx — hr'x -f- kr* = o, and that 
the Roots of that Equation be m , />, y, f and that it fo happen that 
fo many Terms of the Series a + br -J- err 4* dr % -j- & c - as 

there are Roots, be every one of them equal to Unity, then any 
Term of the Series may be obtained thus; let / be the Interval be¬ 
tween the firft Term and the Term required, make 

A— 1 } B = - 1 ~~ q * 1 f —- 

m — p x m — q X m —f * p — q x p—f x p — hi 

p \ —/x 11 — mx 1 — p p x y \ —p x l — q 

2 —/ x ?— mxq—p * / — tnxf—pxf— 2 

and the Term required will be Am 1 4 " Bp 1 + C q l + 1 . 


Proposition VII. 

If there be given a recurring Series whofe Scale of Relation is 
fr — grr , and out of that Series be compofed two other Series, 
whereof the firft fhall contain all the Terms of the Series given 
which are pofited in an odd place, and the fecond fhall contain all 
the Terms that are pofited in even place; then the Scale of Relation 
in each of thefe two new Series may be obtained as follows: 

Take the differential Scale i —Jr + grr , out of which compofe 
the Equation xx — frx + grr = o ; then making xx = z, expunge 
the Quantity x, whereby the Equation will become z — /rv z-+ 

„ rf -or z -\- grr — fr z ; and fquaring both parts, to take 

away the Radicality, we ihall have the new Equation zz : 4 - 2grrz 
4- ggr* = ffrrz , or 2:2: + 2 grrz 4 gg r * = 0 * and hiding lts 
—ffrrz 

Terms refoedively by zz, z , 1 , we (hall have a new differential 
Scale for each of the two new Series into which the Senes given 
was divided, which will be 1 + 2 grr 4- ggr* : and this being ob- 

— ffrr 

G g 2 tamed. 
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rained, it is plain from our firft Proportion, that each of the two 
new Series may be fummed up. 

* But if the Scale of Relation be extended to three Terms 
fuch as the Scale Jr —grr -f- hr*, then the differential Scale for 
each of the two Series into which the Series given may be fuppofed 
to be divided, will be i — Jfrr - 2 fhr* — hhr\ whereby it ap- 

+ 2 grr+ggr* 

pears that each of the two new Series may be fummed up. 

If inftead of dividing the Series given into two Series, we di¬ 
vide it into three, whereof the firft fhall be compofed of the 
I ft > 4 th » 7 th » IQth » &c * Terms; the fecond of the 
2 d , 5 th , 8 th , II th , See. Terms; the third of the 
3 d , 6 th , 9 th , 12 th , &c. Terms; and that the Scale of R e 
lation be fuppofed fir grr \ then taking the differential Scale 

* “/ r + £ rr > and havin g out of it formed the Equation ** — 

Jrx + $rr = o, fuppofe ler now * be expunged, and 

the Equation will be changed into this zz $fgr*z g'r 6 = o, 

- - J^r^Z 

of which the Terms being divided refpedtively by zz, z, i, we 
fliail have a differential Scale , — fr' + s 'r\ which will ferve 

+ Zfg r * 

for every one of the three Series into which the Series given is di¬ 
vided ; and therefore every one of thofe three Series may be fummed 
up, by help of the two firft Terms of each. 

n n f f h u S e ale ° f - Re| at'°n be compofed of never fo many parts, 
lhil if the Series given be to be divided into three other Series' • from 
the fuppofition of x< being made = z, will be derived a Scale of 
Relation for the three parts into which the Series given is to be di 
vided. ° 

But if the Series given was to be divided into 4 c 6 7 &c 
Series given, fuppofe accordingly *+ — *s — z> x *~ z ’ X 7 = z 
&c and x being expunged by the common Rules of Algebra, the 
Scale of Relation will be obtained for every one of the Series into 
which the Series given is to be divided. 


Proposition VIII. 

If there be given two Series, each having a particular Scale of 
Relation, and that the correfponding Terms of both Series be added 
together, fo as to compofe a third Series, the differential Srale fnr 
this third Series will be obtained as follows. SCale f ° r 


Let 
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L e t 1 — fr grr be the differential Scale of the firft, and 
1 — mr prr y the differential Scale of the fecond ; l et thofe two 
Scales be multiplied to gether, a nd the Product i — m + f X r 
g 4- mfx rr — mgpf xr' + pg x will exprefs the 
differential Scale of the Series refulting from the addition of the 

0t *And the fame Rule will hold, if one Series be fubtra&ed from 
the other. 


Proposition IX. 

If there be given two recurring Series, and that the correspond¬ 
ing Terms of thofe two Series be multiplied together, the differen¬ 
tial Scale of the Series refulting from the Multiplication of the other 
two may be found as follows. 

Suppofe 1 •— Jr 4 - grr to be the differential Scale of the firft, and 

j ma 4- paa the differential Scale of the fecond, fo that the firft 

Series fhall proceed by the powers of r, and the fecond by the 
powers of a ; imagine thofe two differential Scales to be Equations 
equal to nothing, and both r and a to be indeterminate quantities ; 
make ar = z, and now by means of the three Equations, 1 —fr 
4- grr = o, 1 — ma paa =0, ar = z , let both a and r be 
expunged, and the Equation refulting from that Operation will be 

1 — jmz +ffpzz — fgmpz 5 + ggppz* = o 

4- mmgzz 

— 2 gpzz 

or 1 — fmar + fjp<?r* —fgmpa'r* + ggppa'r* — o 
4 mmga^r* 

— 2gpa*r 2 

by fubftituting ar in the room of z ; and the Terms of that Equa¬ 
tion without any regard to their being made = o, which was 
purely a fitfion, will exprefs the differential Scale required : and in 
the fame manner may we proceed in all other more compound 

Ca jBu t it is very obfervable, that if one of the differential Scales be 
the Binomial 1 — a raifed to any Power, it will be Sufficient to 
raife the other differential Scale to that Power, only fubftituting 
ar for r, or leaving the Powers of r as they are, if a be reftrained 
to Unity ; and that Power of the other differential Scale will confti- 
tute the differential Scale required. 

Some 
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Some ZJfes of the foregoing Propofitions. 

We have feen in our LVlii th Problem , that if two Adverfaries, 
whofe proportion of Skill be as a to b, play together till fuch time 
as either of them wins a certain number of Stakes, fuch as 4 for 
inftance, the Probability of the Play’s not ending in any given num¬ 
ber of Games will be determined by 


46aaW4 r 

-- - -for 4 Games. 

a 4 - b\ ~ 

\^bb~\- zca*b' 4 - 1 4aab± r , ^ 

-r+W- f° r 6 Games. 

4.8 aSf>* 4 - 68 a*b* 4- tfiaW e n ^ 

—:—7■>« for 8 Games. 

a-\-b \ 

I 64<i 6 M 4" 2 ? 2 * 5^5 _f_ 164 a*b 6 c _ 

--for 10 Games. 

** , ** ” f£P&* for i 2 Games. 
See. 


Wherein it is evident that each Term in each of the three Columns 
written above is referred to the two preceding by a conftant Scale 
of Relation, fb that if the Terms of the firft Column which are 

4 a'b 14 &+bb 48 asbi 164 a 6 b* ftp alb* 

’ T+f' 6 ’ > ~7+Fv° ’ qp" > &c * be refpeaive- 

ly called E, F, G, H, K, See. and that for fhortnefs fake we fuppofe 
—— r > we G^a .11 find G = 4rF — 2rrE, H = 4^G — 2rrF, 
and fo on; and therefore confidering the Sum of every three Terms 
whereby each Probability is exprefied as one fingle Term, and de¬ 
noting thofe Sums refpedtively by S, T, U, X, See. we fhall find 
U = 4rT — 2rrS, X = 4HJ — 2rrT, and fo on j from which 
it follows that the Method of determining the Probability of the 
Play’s not ending in any number of Games given, is no more than 
the finding of a Term in a recurring Series. 

Let it therefore be required to find the Probability of 4 Stakes not 
being loft in 60 Games, to anfwer this, let it be imagined that the 
Probabilities of not ending in 

o, 2, 4, 6, 8, 10-60 Games, 


are exprefied by C, D, E, F, G, H,.K refpedtively; 

then calling / the number of Games given, it is evident that the 
Term K is diftant from the Term C by an Interval = -i/, in this 
Cafe= 30, the odd numbers being omitted, by reafon it is impofii- 

ble 
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ble an even number of Stakes fhould be won or loft exactly in an 
odd number of Games: moreover it being a certainty that the Set 
of 4 Stakes to be won or loft can neither be concluded before the 
Play begins, nor when no more than two Games are played off, it 
follows that the two Terms C, and D, are each of them equal to 
Unity; for which reafon, if out of the Scale of Relation 4 r — 2rr, 
or rather out of the differential Scale 1 — 4^ + 2rr, we form the 
Equation, xx — 4 rx + zrrz=o, and that the roots of that Equa¬ 
tion be m and />, and then make A =: , B = ~~ »the 


Z-i h 

two Terms alone km 2 -f- B/> 2 * will determine the Probability 
required. This being conformable to Corollary 2 d of our vi th Pro¬ 
portion, it will be proper to confult it. 

But becaufe in higher Cafes, that is when the number of Stakes 
to be won or loft: is larger, it would fometimes be infinitely labori¬ 
ous to extract the Roots of thofe Equations, it will be proper to 
{hew how thofe Roots are actually to be found in a Table of Sines. 
Of which to give one Inftance, let it be propofed to find the Pro¬ 
bability of the Play’s not ending in any number of Games /, when 
the number of Stakes to be won or loft is 6 •, then arguing in the 
fame manner as in the preceding Cafe, let the Probabilities of the 

Play’s not being concluded in o, 2, 4, 6, 8, 10-/Games 

be refpe£tively D, E, F, G, H, K -- z ; then 

we may conclude that the three Terms D, E, F {landing refpedtively 
over-againfi: the number of Games o, 2, 4, are each of them equal 
to Unity, it being a certainty that the Play cannot be concluded in 
that number of Games. Wherefore having taken the differential 
Scale 1 — 6 r -\- grr — 2r 3 , which belongs to that number of Stakes 6, 
and formed out of it the Equation x i — 6rxx -f- 9 rrx — 2= o,.. 
let the Root s of th at Equatio n be denoted by w, />, q ; then making 


A = 


I " x i — P 

q— m x f — f> 


-, the 


Probability required will be Aw 2 + Bp 2 + Cq z ’ 

Now I fay that the Roots m , f , q of the Equation above written,, 
may be derived from a Table of Sines; for if the Semi-circumfe¬ 
rence of a Circle whofe Radius is 2r, be divided into 6 equal parts, 

and we take the Co-verfed Sines of the Arcs that are —, ^ 

of the Semi-circumference, fo that the Numerators of thofe Frac¬ 
tions be all the odd numbers contained in 6, thofe Co-verfed Sines 

will 
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will be the Values of m, />, q 9 and the Rule is general and ex¬ 
tends to all Cafes; ftill it is obfervable that when the number of 
Stakes is odd, for Inftance 9, we ought to take only ^ i. 

of the Semi-circumference, and rejed the lafl Term ~ ex- 
preffing the whole Semi-circumference. 

But what ought chiefly to recommend this Method is, that flip¬ 
ping m to be the greateft Co-verfed Sine, the firft Term alone 

U 

A?n 2 will give a fufhcient approximation to the Probability re¬ 
quired, efpecially if / be a large number in itfelf, and it be alfo 
large in refped to the number of Stakes. 

Still thefe Rules would not be eafily practicable by reafon of the 
great number of Fadors which might happen to be both in the 
Numerator and Denominator to which A is fuppofed equal, if I 
had not, from a thorough infpedtion into the nature of the Equations 
which determine the Values of m, p, q, &c. deduced the following 
Theorems. 6 

i°, If n reprefents the number of Stakes to be won or loft, 
whether that number be even or o dd, t hen the Numerator of the 
Fradtion to which A is equal, viz. 1 — p x 7 —~q x 1 _ ~jx 1_ 7 , 

o n - 1 — b n 

See. will always be equal to the Fraction ' ■- . and in the 

fame manne r that th e Nume rator of the Fraction to which B is equal, 
viz. 1 — q x 1 —-/X 1 — t , &c. will always be equal to the Fradion 
• . — - - ■ , and fo on. 

a -j- b 1 x i — p 

2 0 , If n be an even number, and that tri be the right Sine 
correlponding to the Co-verfed Sine m ; t hen the Denominator of 
the Fradion to which A is equal, viz. m—p x m^~q x m—fx 

1 

—n 

&c. will always be equal to the Fradion — , - 5 and in the fame 

771 

manner if p reprefent the right Sine belonging to the Co-verfed 
Sine p t then the D e nomina tor of the Fradion to which B is equal, 
viz. p—qy.p—f Xp — t, &c. will always be equal to the Fradion 

1 

-n 
nr 2 

—7,—, and fo on. 

f 

3 0 , If n be an odd number, and that m be, as before, the right 
Sine correfponding to the Co-verfed Sine Wj then the* Denomi¬ 
nator 
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nator of the Fra&ion to which A is equal will be » and 

the Denominator of the Fraction to which B is equal will be 



Corollary 


From all which it follows, that the Method of determining the 
Probability of a certain number n of Stakes not being loft in a given 
number / of Games, may be thus expreffed. 

Let L be fuppofed = , and r = > then that 

Probability will be 

_ , Ll U U , -l 

T . . m 2 p 
into- -xm -7*— 


1 —A 


a 2' s 

— x q - xs 

1 —P 2 I —s 


Sec. when n is an even number, or 

/—i I —1 

L . rri sf m ~ p 'V p ~ 

-into- xm ———xp 

> 1 —m 1 —P r 


nr z 


See. when n is an odd nnmber. 


/-i /-i 

q J q 2 sjs z 

--- -Xq -Xi 

1 —q * 1 —i 


But becaufe m 2 xn/w, p 2 xs/p, Sec. are the fame as m 2 ,p z 
refpedlively, it is plain that both Cafes are reduced to one and the 
fame Rule. 

It was upon this foundation that I preferibed the Rule to be feen 
in my Lxix th Problem, wherein I did not diftinguifti the odd Cafes 
from the even. 

But altho’ the Rule there given feems fomewhat different from 
what it is here, yet at bottom there is no difference; it confifting 
barely in this, that whereas 2r in this place is the Radius of the 
Circle to which the Calculation is adapted, there it is Unity> and 
that there the Co-verfed Sines were expreffed by their Equivalents in 
right Sines; there was alfo this little difference, that the Denomi¬ 
nators 1 —1 —/>, &c. were expreffed by means of the verfed 
Sines of thofe Arcs, to which m and p are co-verfed Sines. 

Other Variations might be introduced, fuch for inftance as might 
arife from the confideration of Vwr, V/>r, &c. being the right 

H h Sines 
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Sines of j the Complements to a Quadrant of the Arcs originally 
taken. 

But to fhew the farther ufe of thefe Series, it will be con- 
venient to propofe a Problem or two more relating to that Sub¬ 
ject. 

PROBLEM LXX. 

M and N, whofe proportion of Chances to win one Game 
are refpeEiively as a to b, refolve to play together till 
one or the other has lojl 4 Stakes : two Slanders by 
R and S, concern themfelves in the Play, R takes the 
fide of M, and S of N, and agree betwixt them, that 
R fh all fet to S, the Sum L to the Sum G on the firjl 
Game, 2L to 2G on thefecond, 3L to 3G on the third ,, 
4L to 4G on the fourth, and in cafe the Play be not 
then concluded, 5L to $G on the fifth, and fo increa- 
fing perpetually in Arithmetic Progrefton the Sums 
which they are to fet to one another, as long as M and SI 
play ; yet with this farther condition, that the Sums, 
fet down by them R and S, Jhall at the end of each Game 
be taken up by the Winner, and not left upon the Table 
to be taken up at once upon the Conclufion of the Play : 
it is demanded how the Gain of R is to be efiimated be¬ 
fore the Play begins. 

Solution. 

Let there be fuppofed a time wherein the number p of Games has 
been p layed; then R having the number a of Chances to win the 
Sum p + 1 x G in the next G ame ; and S having the number b of 
Chances to win the Sum p + i X L, it is plain that the Gain of 
R in th at circ umftance ought to be eftimated by the quantity 

P + 1 X * a+b Z > but tbis Gain bei ng to be eftimated before 
the Pla y begin s, it follows that it ought to be eftimated by the 
quantityp + ix —multiplied by the refpedive Probability 

there 
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there is that the Play will not then be ended; and therefore the 
whole Gain of R is the Sum of the Probabilities of the Play’s not 
ending in o, 1, 2, 3, 4, 5, 6, &c. Games in infinitum , multiplied by 
the refpeCtive Values of the quantity p 4- 1 x , p being 

interpreted fucceffively by the Terms of the Arithmetic Progreffion, 
o, 1, 2, 3, 4, 5, 6, &c. Now, let thefe Probabilities of the 
Play’s not ending be refpeCtively reprefented by A, B, C, D, E, F, 

G, I, &c. let alfo the Quantity be called S, and then 

it will follow that the Gain of R will be expreffed by the Series 
AS + 2BS + 3CS -f 4DS +5ES + 6FS 4- 7GS, &c. but in this 
Problem, altho’ the Probabilities of the Play’s not ending decreafe 
continually, yet the number of Stakes being even, the Probability 
of the Play’s not ending in an odd number of Games is not lefs 
than the Probability of not ending in the even number that imme¬ 
diately precedes the odd ; and therefore B = A, D = C, F = E, 
I = G, &c. from whence it follows that the Gain of R will be ex- 
preffed by the product of S into 3 A +7C 4*11E 415G 4 19I, See. 
but the differential Scale for the Series A -f C E -f G, &c. is 

i — 4 r 4 “ 2rr, wherein r is fuppofed = , and the diffe¬ 

rential Scale for the Series 3 4 7 4 * 11 4 * J 5 + i 9 > &c. is 1 — 
3 * 4 * 3 ^ — a 'y wherein a — 1. And therefore the differential 
Scale for the Series 3A4-7C4- nE» &c. confiding of the pro¬ 
ducts of the Term s of one Series by the correfponding Terms of 
the other, will be 1 — ^r-\- 2rr\\ or 1 — 8 r 4 20 rr — i 6 r J 4 
4 r 4 ; and therefore having written down the four firft Terms of the 
Series to be fummed up, viz. as many Terms wanting one as there are 
in the differential Scale, multiply them in order by the differen¬ 
tial Scale according to the prefeription given in the Remark be¬ 
longing to our third Proportion, and the Product will be the Nu¬ 
merator of the Frac tion expreffing t he Sum, of which Fraction the 
Denominator will be 1—■ 4 2 rfi r ; But to make this the plainer, 
here follows the Operation, 

3A4 7C+ uE 4- 15G 
1 — 8 r 4 2orr — i 6 r? . 

3A-V- 7C+11E 4^150 
—24rA— s 6 rC — 88rE . 

-j- 6 orrA 4 HorrC . . 

— 4 8r*A 


l 


H h 2 


And 
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And thus is the Numerator obtained: but A= 1, it being a cer¬ 
tainty that the Play cannot be ended before it is begun, and C 
is like wife = 1, it being a certainty that 4 Stakes cannot be loft 
neither before nor at the expiration of 2 Games; but by the law of 
Relation of the Terms of the Series, E = 4rC — 2rrA, and G — 
4^E — 2rrC, and therefore the proper Subftitutions being made, 

the Sum of the Series will be found to be S into — ° 36r ~b^ brr "^ . 8 . l , 

and now in the room of S and r fubftituting their refpe&ive Values 


aG—bh 


■ the Sum 


aG—b\. 


■ into 


a + b - «+b 

IO- 4 - 2 &a*b -+• 42 a+bb -+- 64 alb* -+■ \zaab* -}- 24^* - 4 -’io£ 6 x a+ b~\‘‘ 
a 4 + M\* 

will exprefs the Gain of R. 


Corollary i. 

If the Stake L be greater than the Stake G, in the fame pro¬ 
portion as a is greater than b, there can be no advantage on either 
fide. 


Corollary 2. 

If a and b are equal, the Gain of R will be 216 times the half 
difference between the Stakes G and L : thus if G ftands for a 
Guinea of 21A and L for 20A the Gain of R will be 216 Six¬ 
pences, that is, — 8A 

Corollary 3. 

If a be greater than b , the Gain of R y according to that inequa¬ 
lity, will vary an infinite number of ways, yet not be greateft when 
the proportion of a to b is greateft ; fo that for Inftance, if the 
proportion of a to b is 2 to 1, and G and L are equal, the Gain 

of R will be about 29 -^Gj but if a is to b as 3 to 1, the Gain of 
R will be no more than about 22 ~G j and if the proportion of a 
to b be infinitely great, which would make R win infallibly, the 
Gain of R will be only 10 G. But altho’ this may feem at firft a very 
ftrange Paradox, yet the reafon of it will eafily be apprehended from 
this confideration, that the greater the proportion is of a to b y fo 
much the fooner is the Play likely to be concluded; and therefore 
if that proportion were infinite, the Play would neceffarily be ter¬ 
minated in 4 Games, which would make the Gain of 2 ? to be 1 + 
2 4 - 3 + 4 = 10. 


But 
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But if it was required what muft be the proportion of a to b which 
will afford to R the greateft advantage poflible, the anfwer will be 
very near 2 to 1, as may be found eafily upon Trial; and maybe 
found accurately by the Method which the Geometricians call de 
Maximis & Minimis. 

PROBLEM LXXI. 

If M and N, whofe number of Chances to win one Game 
are refpeElively as a to b, play together till four Stakes 
are won or lojl on either fide \ and that at the fame 
time y R and S whofe number of Chances to win oiie 
Game are refpeElively as c to d, play alfo together till 
fve Stakes are won or loft on either fide ; what is the 
Probability that the Play between M and N will be ended 
in fewer Games , than the Play between R and S. 

Solution. 

The Probability of the firft Play’s being ended in any number of 
Games before the fecond, is compounded of the Probability of the 
firft Play’s being ended in that number of Games, and of the Se¬ 
cond's not being ended with the Game immediately preceding: 
from whence it follows, that the Probability of the firft Play’s end¬ 
ing in an indeterminate number of Games before the fecond, is the 
Sum of all the Probabilities in infinitum of the firft Play’s ending, 
multiplied by the refpedtive Probabilities of the fecond’s not being 
ended with the Game immediately preceding. 

Let A, B, C, D, E, 6cc. reprefent the Probabilities of the firft 
Play’s ending in 4,6, 8, 10, 12, &c. Games refpedtively; let alfo 
F G H K L, &c. reprefent the Probabilities of the fecond’s not 
being ended in 3 ’, 5,7, 9, 11, &P. Games refpeftively: hence by what 
we have laid down before, the Probability of the firft Play s end¬ 
ing before the fecond will be reprefented by the infinite Series AF 
1 BG - 1 - CH + DK + EL, &c. Now to find the Law of Rela- 
tion in this third Series, we muft fix the Law of Relation in the 
firft and fecond, which will be done by our lx" 1 Problem, it 

being for the firft 4 r — 2rr, wherein r is fuppofed = i and 

becaufe, as we have obferved before, the Law of Relation in thofe- 

Series 
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Series which exprefs the Probability of not ending, is the fame as 
the Law of Relation in the refpe&ive Series which* exprefs the Pro¬ 
bability of ending; it will alfo be found by the directions given in 

our Lx th Problem, that if we fuppofe -= 1 ^ =m, the Law of 

Relation for the fecond Series will be §m — S mm i and therefore 
the Laws of Relation in the firif and fecond Series will refpe&ively 
be 1 — 4 r + 2 rr, 1 — 5m $mm. And now having fuppofed 
thofe two differential Scales as Equations = o, and fuppofed alfo 
rm^z y we fhall find by the Rules delivered in our ix th Propo¬ 
rtion, that the Scale of Relation for the third Series will be 1_ 

202? + 1 iozz — 2002 ?3 + 1002; 4 ; and therefore having taken the 
four firft Terms of the third Series, and multiplied them by the 
differential Scale, according to the proper Limitations prefcribed in 
our 11 i d Propofition, we fhall find the Sum of the third Series to 
be 

AF + BG -f CH + DK 

-20AFG2; — 20BG2? 20CH2; 

-f-11 oAFzz -{-11 oBG2?2? 

__ _ 2 QoAF 2;3 

r — 202; + 1102;* — 2002; 3 -|- 1002; 4 


Now fuppofing S to reprefent the Fraction -===^ , the four Terms 

A, B, C, D will be found to be iS -f 4rS + i4rrS + 48^ S ; but 
the four Terms F, G, H, K wherein S is not concerned will be 
found to be 1, $m — 5mm, 2.0mm — 2 5m*, 7S m * — ioo«+ ; and 
therefore the proper Subftitutions being made in the Sum above 
written, we fhall have that Sum reduced to its proper Data \ and 
that Sum thus reduced will exhibit the Probability required. * But 
becaufe thofe Data are many, it cannot be expected that the So¬ 
lution fhould have fo great a degree of Simplicity as if we had re¬ 
trained a and b to a ratio of Equality, which if we had, the Pro¬ 
bability required would have been" expreffed by the Fraction 

: - , og + '» but becaufe r has been fuppofed 


=' ==-pT » it follows that r in this Cafe is •= — : and again, 

cd 4 

becaufe m has been fuppofed = , then m is alfo = -i 9 

for which reafon rm or z = , for which reafon fubflituting 


_L- inftead of 2, the Probability required will be expreffed by the 

Fraction 
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Fraction ~j -: Now fubtracting this Fraction from Unity, the 
remainder will be the Fraction , and therefore the Odds of 
the firfl Play’s ending before the fecond will be 476 to 247, or 
27 to 14 nearly. 

PROBLEM LXXII. 

A and B playing together , and having an equal number 
of Chances to win one Game , engage to a SpeElator S 
that after an even 7 iumber of Games n is over , the 
Winner fhall give him as many Pieces as he wins 
Games over and above one half the number of Games ' 
played , it is demanded how the Expe&ation of S is 
to be determined\ 


Solution. 

Let E denote the middle Term of the Binomial a + b raifed 
-«E 

to the Power n> then i— will exprefs the number of Pieces 

which the Spectator has a right to expect. 

Thus fuppofing that A and B were to play 6 Games, then rai- 
fing a + b to the 6 th Power, all the following Terms will be found 
in it, viz. a 6 -f- 6 a s b 1 bb +20 aW +1 $aab* -f- -f- P. 

But becaufe the Chances which A and B have to win one Game 
have been fuppofed equal, then a and b may both be made = i 
which will make it that the middle Term E will be 20; there¬ 
fore this number being multiplied by jn , that is in this Cafe 
by 3, the Product will be 60, which being divided by 2* or 2 6 , 
that is by 64, the Quotient will be 1 L an d therefore the 

Expectation of S is as good to him' as if he had of a Piece 

given him, and for that Sum he might transfer his Right to an¬ 
other. 

It will be eafy by Trial to be fatisfied of the Truth of this Con- 
clufion, for refuming the 6 th Power of a -\- b , and confidering the 
firfl Term a 6 , which fhews the number of Chances for A to win 
6 times ; in which Cafe S would have 3 Pieces given him, then the 

Expecta. 
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Expectation of S arifing from that profpeCt is ~^rr , that is — ; 
confidering next the Term 6 a*b which denotes the number of 
Chances for A to win 5 times and lofing once, whereby he would 
get two Games above 3, and confequently S get 2 Pieces, then the 

Expectation of S arifing from that profpeCt would be or 

~- y laftly confidering the third Term 1 $a*b z which fhews the num- 

04 

ber of Chances for A to get 4 Games out of 6, and confequently 
for S to get 1 Piece, the Expectation of S arifing from that pro- 

fpeft would be-==y-or-^-, the fourth Term 20^3 would 
afford nothing to S y it denoting the number of Chances for A to 
win no more than 3 Games j and therefore that part of the Ex¬ 
pectation of S, which is founded on the Engagement of A to 

him, would be ' + > ^ ut he expeCts as much from 

B , and therefore his whole Expectation is — as had been 

04 15 

before determined. 

And in the fame manner, if A and B were to play 12 Games 
the Expectation of S would be , which indeed is greater than 

in the preceding Cafe, but lefs than in the proportion of the num¬ 
ber of Games played, his Expectation in this Cafe being to the for¬ 
mer as 5544 to 3840, which is very little more than in the propor¬ 
tion of 3 to 2, but very far from the proportion of 12 to 6, or 2 
to 1. 

And if we fuppofe (till a greater number of Games to be played 
between A and B y the Expectation of S would ftill increafe, but in 
a lefs proportion than before; for inftance, if A and B were to play 
100 Games, the Expectation of S would be 3.9795; if 200, 5.6338 ; 
if 300, 6.9041 ; if 4°°, 7-9738 ; if 500, 8.9161 ; if 700, 800, 900, 
j0.552, 11.965 refpeCtively, fo that in 100 Games the Ex¬ 

pectation of S would be in refpeCt to that number of Games about 

— , and in 900 Games that Expectation would not be above . 
Now how to find the middle Terms of thofe high Powers will be 
fhewn afterwards. 

Corollary. 

From the foregoing confiderations, it follows, that if after taking 
a great number of Experiments, it fhould be obferved that the hap¬ 
penings 
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penings or failings of an Event have been very near a ratio of Equa¬ 
lity, it may fafely be concluded, that the Probabilities of its happen¬ 
ing^ failing at any one time affigned are very near equal. 


PROBLEM LXXIII. 

A and B playing together , and having a different num¬ 
ber of Chances to win one Game, which number of 
Chances I fuppofe to be refpeSlively as a to b, engage 
themfelves to aSpeElator S, that after a certain num¬ 
ber of Games is over , A fhall give him as many Pieces 

as he wins Games , over and above ~“sp jg n -> an ^ B as 
many as he wins Games, over and above the number 



to find the ExpeElation of S. 


Solution. 

Let E be that Term of the Binomial a\b railed to the Power h, 
in which the Indices of the Powers of a and b (hall be in the fame ratio 
to one another as a is to b ; let alfo/. and ? den ° te r ^ £ |‘ Ve ^ [ ? be 
Indices, then will the Expectation of S from A and B together be 

Sil ' e, or ———~E from either of them in particular. 


"Thus fuppofing the number of Games n to be 6, and that the 
ratio of a to b is J 2 to i ; then that Term E of the Binomial aj-6 
raifed to its 6 th Power, wherein the Indices have the lame ratio to 
one another as 2 to i, is i and therefore p — 4, and q = 2 j 

and becaufe, a, b, f, q, n are refpedively 2, 1, 4, 2, 6, whence the 

Expe£tati< 


Zpq 


_-xE will be in this particular Cafe - x2 4°> 

n x r 4374 


or nearly. 

But fuppofing that A and B refolve to play 12 Games, then that 
Term of the Binomial a + b raifed to its ,2* Power, wherein the 
Indices p and q have the fame ratio as 2 to 1, is 495** > a ™ ° 
caufe the Quantities a, b, /, ?, », are refpeOively 2 , 1, 8, 4, I2 > 

Expectation of S will be 


675840 

,xpcLiauon oi o wm ^ r,, 44 i n ' • 

a j • -c a a n nlav dill a greater number of Games, the 
E "ofVwt perpetually incLfe, but in a lefs proportion 
than of the number of Games played. Corol- 


■ nearly. 
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Corollary. 

From this it follows, that if after taking a great number of Expe¬ 
riments, it fhould be perceived that the happenings and failings have 
been nearly in a certain proportion, fuch as of 2 to 1, it may fafely 
be concluded that the Probabilities of happening or failing at any 
one time afligned will be very near in that proportion, and that the 
greater the number of Experiments has been, fo much nearer the 
Truth will the conjectures be that are derived from them. 

But fuppofe it fhould be faid, that notwithftanding the reafonable- 
nefs of building Conjeftures upon Obfervations, frill confidering the 
great Power of Chance, Events might at long run fall out in a dif¬ 
ferent proportion from the real Bent which they have to happen 
one way or the other; and that fuppofing for Inftance that an Event 
might as eafily happen as not happen, whether after three thoufand 
Experiments it may not be poffible it fhould have happened two thou- 
fand times and failed a thoufand ; and that therefore the Odds againft 
fo great a variation from Equality fhould be afligned, whereby the 
IVlmd would be the better difpofed in the Conclufions derived from 
the Experiments. 

In anfwer to this, I’ll take the liberty to fay, that this is the 
hardeft Problem that can be propofed on the Subjed of Chance 
for which reafon I have referved it for the laft, but I hope to be 
forgiven if my Solution is not fitted to the capacity of all Readers ; 
however I (hall derive from it fome Conclufions that may be of ufe 
to every body : in order thereto, I (hall here tranflate a Paper of 
mine which was printed November 12, 1733, and communicated 
to fome Friends, but never yet made public, referving to myfelf the 
right of enlarging my own Thoughts, as occafion (hall require. 

Novemb . 12 x 1733. 


A Me- 
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A Method of'approximating the Sum of the Terms 
of the Binomial a+b\” expanded into a Series , 
from whence are deducedfome practical Rules 
to ejlimate the Degree of Ajfent which is to be 
given to Experiments . 


A LT HO’ the Solution of Problems of Chance often requires 
that feveral Terms of the Binomial a + b\’ be added to- 
gether, neverthelefs in very high Powers the thing appears 
fo laborious, and of fo great difficulty, that few people have un¬ 
dertaken that Talk j for befides James and Nicolas Bernoulli , two 
great Mathematicians, I know of no body that has attempted it; 
hi which, tho’ they have ffiewn very great (kill, and have the praife 
which is due to their Induftry, yet fome things were farther re¬ 
quired ; for what they have done is not fo much an Approximation 
as the determining very wide limits, within which they demonitrated 
that the Sum of the Terms was contained. Now the Method which 
they have followed has been briefly deferibed in my Mifcellanea Ana- 
Utica, which the Reader may confult if he pleafes, unlefs they ra¬ 
ther chufe, which perhaps would be the belt, to confult what they 
themfelves have writ upon that fubjed: for my part, what made 
me apply myfelf to that Inquiry was not out of opinion that 1 
ffiould excel others, in which however I might have been forgiven ; 
but what I did was in compliance to the defire of a very worthy 
Gentleman, and good Mathematician, who encouraged me to it: 
I now add fome new thoughts to the former; but in order to make 
their connexion the clearer, it is neceflfary for me to refume fome few 
things that have been delivered by me a pretty while ago. 

I It is now a dozen years or more fince I had found what iol- 
lows • If the Binomial 1 + i be raifed to a very high Power de¬ 
noted’by n, the ratio which the middle Term has t0 ^ e ® u ^.° 
all the Terms, that is, to 2”, may be exprclled by the Fratfi 

ASEELl wherein A reprefents the number of which the Hy- 

1S7.&C. But be- 


perbolic Logarithm is T7t^ 


I i 2 


caufe 
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caufe the Quantity -Sil or i- L'" is very nearly given when 

n is a high Power, which is not difficult to prove, it follows 
that, in an infinite Power, that Quantity will be abfolutely given 
and reprefent the number of which the Hyperbolic Logarithm is 
— l j from whence it follows, that if B denotes the Number of 
which the Hyperbolic Logarithm is — i -1 —!_L_ _l_ 1 

12 360 ” 1260 

-TtTT » &c ' thc Ex P reffi on above-written will become zB 

2 g \/n —1 

or barely —: and that therefore if we change the Signs of that 

Series, and now fuppofe that B reprefents the Number of which the 

Hyperbolic Logarithm is i-— J-—__ l _j_» - 

r ° 12 ' 3 60 I20O “TToito » &C * 

that Expreffion will be changed into - 2 

When I firft began that inquiry, I contented myfelf to determine 
at large the Value of B, which was done by the addition of fome 
Terms of the above-written Series; but as I perceived that it con¬ 
verged but flowly, and feeing at the fame time that what 1 had done 
anfwered my purpofe tolerably well, I defifted from proceeding far¬ 
ther till my worthy and learned Friend Mr. James Stirling who 
had applied himfelf after me to that inquiry, found that the Quan¬ 
tity B did denote the Square-root of the Circumference of a Circle 
whole Radius is Unity, fo that if that Circumference be called c 
the Ratio of the middle Term to the Sum of all the Terms will be 
exprefled by —C— . 

But altho’ it be not neceffary to know what relation the number 
B may have to the Circumference of the Circle, provided its value 
be attained, either by purfuing the Logarithmic Series before men¬ 
tioned, or any other way; yeti own with pleafure that this dif- 
covery, befides that it has faved trouble, has fpread a Angular Ele- 
gancy on the Solution. r 6 

II. I alfo found that the Logarithm of the Ratio which the middle 
Term of a high Power has to any Term diftant from it by an 
Interval denoted by /, would be denoted by a very near approxi ma . 

tion, (fuppofing m — ±n) by the Quantities m +/—d. xLog _ 

w + / — 1 + « — /+ ixLog.w —/+ i — zm x Log, h> + 
Log. *±L 


C O R O L-* 
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Corollary i. 

This being admitted, I conclude, that if m or ~n be a Quantity 
infinitely great, then the Logarithm of the Ratio, which a Terni 
diftant from the middle by the Interval /, has to the middle Term, is 

zll 


Corollary 2. 

The Number, which anfwers to the Hyperbolic Logarithm 
-—, being 

zll 4/4 8/ 6 , 16/* , 64/ 11 

1-- + ~n -6^ "r 


+ 


•, &c. 


„ . 2*» ■ * 4 » + ! . l20 * s n 7 *° nt> . 

it follows, that the Sum of the Terms intercepted between the 
Middle and that whofe distance from it is denoted by /, will be 

2 2/3 , V s 8/7 « 16/9 32/“ 

■ into / ~— , v, 2W 1 2xc«» 6x7*3 


+ 


-,&C. 


— A 11 I.V • IX3 * • Txs«# 6x7*3 ’ 2 + X 9 «4 I 20 XII** 

Let now / be fuppofed =W», then the faid Sum will be ex- 
prefied by the Series 

P 2 . . 2/> , _VL l ..' 6 iL _ . & c . 

--into/•-5—r 2x5 6x7 • 24x9 120x11 


— 3 

Moreover, if/be interpreted by 1 , then the Series will become 

-,.&c. 


a . i * I_I__I- U -1-- , . 

--7-into — — TxT 2x5x8 6x7x10 * 24x9x32 120x11x64- 

which converges fo fall, that by help of no more than (even or 
eight Terms, the Sum required may be carried to fix or feven places 
Decimals: Now that Sum wilt be found to be 0.427812, inde¬ 
pendently from the common Multiplicator and therefore to 

the Tabular Logarithm of 0427812, which is 9.6312529, adding 
the Logarithm of , viz. 9.9019400, the Sum will be 19.5331929, 
to which anfwers the number 0.341344- 
Lemma. 

If an Event be fo dependent on Chance, as that the Probabilities of 
ks happening or failing be equal, and that a certain given number « 
of Experiments be taken to obferve how often it happens and fails, 

and alfo that l be another given number, lefs than -n, then the Pro¬ 
bability of its neither happening more frequently than {n + / 

times. 
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times, nor more rarely than '-n-l times, may be found as fol- 
lows. 

Let L and L be two Terms equally diftant on both fid** n f 
the middle Term of the Binomial 7 + 7 V * expanded, by an Inter- 

t° \ K Ct *^ Um Terms deluded between 
oget er with the Extreams, then the Probability required 

Will be rightly exprefled by the Fraction -L -, which being founded 

on the common Principles of the Dotfrine of Chances, requires no 
Demonftration in this place. * 

Corollary 3. 

And therefore, if it was poflible to take an infinite number of 
Exper,ments the Probability that an Event which has an equal 
number of Chances to happen or fail, ihall neither appear more 
frequently than-„ + d-V» times, nor more rarely than -ft— 
■V* times, will be exprefled by the double Sum of the number 

“ th ® f f° n ^ Corollary, that is, by 0.682688, and con- 
fequeotly the Probability of the contrary, which is that of hap¬ 
pening more frequently or more rarely than in the proportion above 
affigned will be 0.3,73,2, thofe two Probabilities together com- 

nfTbnff ^ n K y K, WhlC - h ! S ‘j 16 meafure of Certainty: Now the Ratio 
thofe Probabilities is in fmall Terms 28 to 13 very near. 

Corollary 4. 

But altho the taking an infinite number of Experiments be not 

the P re . c f d ' n S Co ^clufions may very well be applied 
to finite numbers, provided they be great: for Inftance, if ^Ex¬ 
periments be taken, make « = 36oo, hence jn will be = 1800, 
and — •Jn 30, then the Probability of the Event’s neither 

wiU^bcTo 682688 than 1830 times> nor more rarel y l ^ an J 77 °> 

Corollary 5. 

And therefore we may lay this down for a fundamental Maxim 
that in high Powers, the Ratio, which the Sum of the Terms in¬ 
cluded between two Extreams diftant on both fides from the middle 
Term by an Interval equal to - -In, bears to the Sum of all 

the 
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the Terras, will be rightly expreffed by the Decimal 0.682688, that 

. 28 1 

15 — nearly. 

Still, it is not to be imagined that there is any neceffity that the 
number n fhould be immenfely great; for fuppoling it not to reach 
beyond the 900 th Power, nay not even beyond the 100 th , the Rule 
here given will be tolerably accurate, which I have had confirmed 
by Trials. 

But it is worth while to obferve, that fuch a fmall part as is V n 
in refpett to n , and fo much the lefs in refpeft to n as n increafes, does 
very foon give the Probability or the Odds of 28 to 13 ; from 

whence we may naturally be led to enquire, what are the Bounds 
within which the proportion of Equality is contained ? I anfwer, 
that thefe Bounds will be fet at fuch a diftance from the middle 

Term, as will be expreffed by ~ s/ 211 very near ; fo in the Cafe 
above mentioned, wherein n was fuppofed = 3600,-^272 will 
be about 21.2 nearly, which in refpett to 3600, is not above 
_J__th part: fo that it is an equal Chance nearly, or rather fome- 

thing more, that in 3600 Experiments, in each of which an Event 
may as well happen as fail, the Excefs of the happenings or failings 
above 1800 times will be no more than about 21. 

Corollary 6 . 

If l be interpreted by V n , the Series will not converge fo fall 
as it did in the former Cafe when / was interpreted by ~s/n, for 
here no lefs than 12 or 13 Terms of the Series will afford a to¬ 
lerable approximation, and it would flill require more Terms, ac¬ 
cording as / bears a greater proportion to \f n : for which reafon I 
make ufe in this Cafe of the Artifice of Mechanic Quadratures, firffc 
invented by Sir Ifaac Newton , and fince prolecuted by Mr. Cotes , 
Mr. James Stirlings myfelf, and perhaps others•, it confifts in de¬ 
termining the Area of a Curve nearly, from knowing a certain num¬ 
ber of its Ordinates A, B, C, D, E, F, &c. placed at equal Intervals, 
the more Ordinates there are, the more exadl will the Quadrature 
be; but here I confine myfelf to four, as being fufficient for my 
purpofe : let us therefore fuppofe that the four Ordinates are A, B, 
C D^ and that the Diftance between the firft and laft is denoted by 

y 4 then 
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/, t hen th e Ar ea con tained between the firft and the laft will be 

-g-X /; now let us take the Diftances o*/n, 

|V;/, | Vi- si n y ~ sin, of which every one 

exceeds the preceding by n, and of which the lalf is V n • 
of thefe let us take the four laft, viz. si A V n, i- si n, - si n 

then taking their Squares, doubling [each of them, dividing them 
all by n 3 and prefixing to them all the Sign —, we (hall have 

— —» — —, ——9 which muft be looked upon as Hy¬ 
perbolic Logarithms, of which confequently the correfponding num¬ 
bers, viz. 0.60653, 0.41m, 0.24935, o. 13 53 4 will ftand for the four 

Ordinates A, B, C, D. Now having interpreted / by ~ si n, the 
Area will be found to be =0.170203 xV«, the double of which 
being multiplied by the product will be 0.27160 ; let there¬ 

fore this be added to the Area found before, that is, to 0.682688, 
and the Sum 0.95428 will fhew what, after a number of Trials 
denoted by », the Probability will be of the Event’s neither hap¬ 
pening oftner than -nA-s/n times, nor more rarely than n — sin , 
and therefore the Probability of the contrary will be 0.0457a: which 
fhews that the Odds of the Event’s neither happening oftnertaor more 
rarely than within the Limits affigned are 21 to 1 nearly. 

And by the fame way of reafoning, it will be found that the Pro¬ 
bability of the Event’s neither appearing oftner than jn ~ sJn, 

nor more rarely than — n -W n will be 0.99874, which will 

make it that the Odds in this Cafe will be 369 to 1 nearly. 

To apply this to particular Examples, it will be neceffary to 
eftimate the frequency of an Event’s happening or failing by the 
Square-root of the number which denotes how many Experiments 
have been, or are defigned to be taken; and this Square-root, ac¬ 
cording as it has been already hinted at in the fourth Corollary, will be 
as it were the Modulus by which we are to regulate our Eflimation ; 
and therefore fuppofe the number of Experiments to be taken is 
3600, and that it were required to aflign the Probability of the 
Event’s neither happening oftner than 2850 times, nor more rarely than 
1750, which two numbers may be varied at pleafure, provided they 
be equally diftant from the middle Sum 1800, then make the half 

difference 
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difference between the two numbers 1850 and 1750, that is, in this 
Cafe, 50 =TV « ; now having fuppofed 3600 = «, then Jn will 
be = 60, which will make it that 50 will be = 60/, and confe- 

quently f — -gg- = ^ ; and therefore if we take the proportion, 
which in an infinite power, the double Sum of the Terms cor- 
refponding to the Interval f*/ n, bears to the Sum of all the 
Terms, we fhall have the Probability required exceeding near. 

Lemma 2. 

In any Power a'\-b Sn expanded, the greateft Term is that in 
which the Indices of the Powers of a and b> have the fame propor¬ 
tion to one another as the Quantities themfelves a and b j thus tak¬ 
ing the 10 th Power of a -f- b, which is a l ° 4- io a 9 b 4“ 4-5<**b 2 4“ 
i2oa 7 fo -j- 210 cPfr + 2524“ 210 a*b 6 4- izo^ 7 -j- 4 $a x b* 

4- 10 ab 7 4- b l ° and fuppofing that the proportion of a to b is as 
3 to 2, then the Term 210^+ will be the greateft, by reafon that 
the Indices of the Powers of a and b , which are in that Term, are 
in the proportion of 3 to 2 ; but fuppofing the proportion of a to b 
had been as 4 to 1, then the Term 45^ had been the greateft. 

Lemma 3. 

If an Event fo depends on Chance, as that the Probabilities of its 
happening or failing be in any afligned proportion, fuch as may be 
fuppofed of a to b> and a certain number of Experiments be de- 
figned to be taken, in order to obferve how often the Event will hap¬ 
pen or fail ; then the Probability that it fhall neither happen more 

frequently than fo many times as are denoted by -~j- 4- 4 nor 

more rarely than fo many times as are denoted by -4 

will be found as follows: 

Let L and R be equally diftant by the Interval / from the greateft 
Term • let alfo S be the Sum of the Terms included between L and 
R, together with thofe Extreams, then the Probability required will 

be rightly expreffed by -=^7. 

Corollary 8 . 

The Ratio which, in an infinite Power denoted by n , the greateft 
Term bears to the Sum of all the reft, will be rightly expreffed by 

K k the 
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e adtion ^ a ^ nc » wherein c denotes, as before, the Circumference 
of a Circle for a Radius equal to Unity. 


Corollary 9. 

If, in an infinite Power, any Term be diftant from the Greateft by 
the Interval /, then the Hyperbolic Logarithm of the Ratio which 
that_Term bears to the Greateft will be expreffed by the Fradion 

Tui x ^ > provided the Ratio of l to n be not a finite Ratio, 
but fuch a one as may be conceived between anv given nnmher a 
and -Jn fo that / be expreffible by p ^ i„ which Cafe the two 
Terms L and R will be equal. 


Corollary 10. 

If the Probabilities of happening and foiling be in any given Ratio 
of inequality, the Problems relating to the Sum of tL Terms of 
the Binomial a + 6 " will be folved with the fame facility as thofe 
of Equality ^ Probablhtles of ha PP enin g and foiling are in a Ratio 


Remark I. 

From what has been faid, it follows, that Chance very little di- 
fturbs the Events which in their natural Inftitution were defigned to 
happen or- foil, according to fome determinate Law ; for if in order 
to help our conception we imagine a round piece of Metal with 
two pohflied oppofite faces, differing in nothing but their colour 
whereof one may be fuppofed to be white, and the other black - 
it is plain that we may fay, that this piece may with equal facility 
exhibit a white or black face, and we may even fuppofe that it was 
framed with that particular view of (hewing fometimes one face, fome- 
times the other, and that confequently if it be toffed up Chance thall 
decde the appearance; But we have feen in our lxxiP Problem 
that altho Chance may produce an inequality of appearance, and’ 
ft.ll a greater inequality according to the length of time in which it 
may exert itfelf, yet the appearances, either one way or the other 
will perpetually tend to a proportion of Equality: But befides we 
have feen in the prefent Problem, that in a great number of Experi- 
ments, fuch as 3600, it would be the Odds of above 2 to 1 that 
one of the Faces, fuppofe the white, (hall not appear more frequently 
than 1830 times, nor more rarely than 1770, or in other Terms, 

that 
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that it (hall not be above or under the perfect Equality by more than 
—~ part of the whole number of appearances; and by the fame 
Rule, that if the number of Trials had been 14400 inftead of 3600, 
then ftill it would be above the Odds of 2 to 1, that the appearances 
either one way or other would not deviate from perfect Equality 
by more than part of the whole : and in jooooco Trials it 
would be the Odds of above 2 to 1, that the deviation from perfect 
Equality would not be more than by part of the whole. But 
the Odds would increafe at a prodigious rate, if inftead of taking 
fuch narrow limits on both fides the Term of Equality, as are re- 


prefented by we double thofe Limits or triple them-, for in 

the firft Cafe the Odds would become 21 to 1, and in the fecond , 
?6o to 1, and ftill be vaftly greater if we were to quadruple them, 
and at laft be infinitely great; and yet whether we double, triple or 
quadruple them, &c. the Extenfion of thofe Limits will bear but an 
inconfiderable proportion to the whole, and none at all, it the whole 
be infinite • of which the reafon will eafily be perceived by Mathema¬ 
ticians, who know, that the Square-root of any Power bears fo much 
a lefs proportion to that Power, as the Index of it is great 

What we have faid is alfo applicable to a Ratio of Inequality, 
as appears from our 9* Corollary. And thus in all Cafe it will be 
found that ditto ’ Chance produces Irregularities , /till the Odds will 
be infinitely great , that in procefs of Time, thofe Irregularities will 
bear no proportion to the recurrency of that Order which naturally 
refultsfrom Original Design. 


Remark II. 


As upon the Suppofition of a certain determinate Law according 
to which any Event is to happen, we demonftrate that the Ratio 
f Happenings will continually approach to that Law, as the Expe- 
iments or Obfervations are multiplied: fo, cenverfely, if from num- 
bSefs Obfervations we find the Ratio of the Events to converge to 
a determinate quantity, as to the Ratio of P to Q; then we conclude 
that this Ratio exprefles the determinate Law according to which 


th For let that Lavv beexprefled not by the Ratio P : Q, but by fome 
other, as R : S ; then would the Ratio of the Events converge to 
this laft, not » the former : which contrad.fts our Hypothecs. 
And the like, or greater, Abfurdity follows, if we (hould fuppofe the 
n 6 K k 2 Ev ent 
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Event not to happen according to any Law, but in a manner altoge¬ 
ther defultory and uncertain; for then the Events would converge to 
no fixt Ratio at all. 

Again, as it is thus demonflrable that there are, in the conftitu- 
tion of things, certain Laws according to which Events happen , it is 
no lefs evident from Oblervation, that thole Laws lerve to wife, ule- 
ful and beneficent purpofes; to preferve the ftedfaft Order of the 
Univerfe, to propagate the feveral Species of Beings, and furnilh 
to the fentient Kind fuch degrees of happinefs as are fuited to 
their State. 

But fuch Laws, as w r ell as the original Defign and Purpofe of 
their Eftablifhment, mud all be from without j the Inertia of mat¬ 
ter, and the nature of all created Beings, rendering it impoflible 
that any thing fhould modify its own eflence, or give to itfelf, or 
to any thing elfe, an original determination or propenfity. And hence, 
if we blind not ourfelves with metaphyfical dull, we lhall be led, 
by a Ihort and obvious way, to the acknowledgment of the great 
Maker and Governour of all; Himfelf allwife, all-powerful 
and good. 

Mr. Nicolas Bernoulli *, a very learned and good Man, by not 
connecting the latter part of our reafoning with the firlt, was led to 
difcard and even to vilify this Argument from fnal Caufes , fo much 
infilled on by our belt Writers ; particularly in the Inllance of the 
nearly equal numbers of male and female Births, adduced by that 
excellent Perfon the late Dr. Arhuthnot , in Phil. Tranf N°. 328. 

Mr. Bernoulli collects from Tables of Obfervations continued for 
82 years, that is from A. D. 1629 to 1711, that the number of 
Births in London was, at a medium , about 14000 yearly: and like- 
wife, that the number of Males to that of Females , or the facility 
of their production, is nearly as 18 to 17. But he thinks it the 
greatell weaknefs to draw any Argument from this againft the 
Influence of Chance in the production of the two Sexes. For, fays he, 

“ Let 14000 Dice, each having 35 faces, 18 white and 17 black, 
“ be thrown up, and it is great Odds that the numbers of white and 
“ black faces lhall come as near, or nearer, to each other, as the 
“ numbers of Boys and Girls do in the Tables.” 

To which the Ihort anfwer is this: Dr. Arbuthnot never faid, 
“ that fuppofing the facility of the production of a Male to that 

* See his two Letters to Mr. de Monmort , one dated at London , u Or. 1712, 
the other fronr \ Paris, 23 Jan . 1713, in the Appendix to the Analyfe des jeuxde 
hazard) 2d hdit. J J 

“ o£ 
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“ of the produ&ion of a female to be already fixt to nearly the Ratio 
<c of equality, or to that of 18 to 175 he was amazed that the Ratio 
“ of the numbers of Males and Females born fhould, for many years, 

« keep within fuch narrow bounds:” the only Propofition againfl 
which Mr. Bernoulli's reafoning has any force. 

But he might have faid, and we do flill infill, that " as, from 
cc t h e Obfervations, we can, with Mr. Bernoulli , infer the facili- 
<c ties of production of the two Sexes to be nearly in a Ratio of 
cc equality J fo from this Ratio once difcovered, and manifeftly ferv- 
cc ; n g t0 a wife purpofe , we conclude the Ratio itfelf, or if you will 
“ the Form of the Die , to be an EflFedt of Intelligence and Defign'.' 
As if we were (hewn a number of Dice, each with 18 white and 17 
black faces, which is Mr. Bernoulli' s fuppofition, we fhould not 
doubt but that thofe Dice had been made by fome Artifl; and that 
their form was not owing to Chance , but was adapted to the particu¬ 
lar purpofe he had in View. 

Thus much was neceflary to take off any impreffion that the 
authority of fo great a name might make to the prejudice of our ar¬ 
gument. Which, after all, being level to the lowed underflanding, 
and falling in with the common fenfe of mankind, needed no formal 
Demonflration, but for the fcholaflic fubtleties with which it may be 
perplexed; and for the abufe of certain words and phrafes •, which 
fornetimes are imagined to have a meaning merely becaufe they are 
often uttered. 

Chance , as we underfland it, fuppofes the Exijlence of things, and 
their general known Properties: that a number of Dice, for inflance, 
being°thrown, each of them fhall fettle upon one or other of its 
Bafes. After which, the Probability of an afiigned Chance, that is 
of fome particular difpofition of the Dice, becomes as proper a fub- 
ie£t of Invefligation as any other quantity or Ratio can be. 
j But Chance , in atheiftical writings or difcourfe, is a found ut¬ 
terly infignificant: It imports no determination to any mode of Ex¬ 
igence ; nor indeed to Exijlence itfelf, more than to non-exiftence ; 
it can neither be defined nor underflood: nor can any Propofition 
concerning it be either affirmed or denied, excepting this one, “ That 
“ it is a mere word.” 

The like may be faid of fome other words in frequent ufe; as 
fate , necefftty , nature, a courfe oj nature in con trad ill in (ft ion to 
the Divine energy .* all which, as ufed on certain occafions, are mere 
founds: and yet, by artful management, they ferve to found, fpe- 
cious conclufions: which however, as foon as the latent fallacy of the 
Verm is detected, appear to be no lefs abfurd in themfelves, than they 
commonly are hurtful to fbciety. I fhall 
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I (hall only add, That this method of Reafoningmay be ufefully ap¬ 
plied in fome other very interefting Enquiries; if not to force the Affent 
of others by a ftri<ft Demonftration, at leaft to the Satisfaftion of the 
Enquirer himfelf: and fhall conclude this Remark with a pafftpe 
from the Ars Conjeftandi of Mr. James Bernoulli, Part IV. Cap. 4. 
where that acute and judicious Writer thus introduceth his Solution of 
the Problem for AJfgmng the Limits within which, by the repetition 
cj Experiments, the Probability of an Event may approach indefinitely 
to a Probability given, “ Hoc igitur eft illud Problema &c.” This, 
Jays he, is the Problem which 1 am now to impart to the Public , af r 
having kept it by me for twenty years: new it is, and difficult .f of 
fuch excellent uje, that it gives a high value and dignity to every other 
Branch of this Dotfrine. Yet there are Writers, of a Clafs indeed 
very different from that of James Bernoulli, who infinuate as if the 
DoBrine oj Probabilities could have no place in any ferious Enquiry j 
and that Studies of this kind, trivial and eafy as they be, rather 
difqualify a man for reafoning on every other fubjedt. Let the 
Reader chufe. 


PROBLEM LXXIV. 

7 0 find the Probability of throewing a Chance afjigned a 
given number of tunes without intermiffion , in any 
given number of Trials . 


Solution. 

Let the Probability of throwing the Chance in any one Trial be 
reprefentcd by ~y , and the Probability of the contrary by ~j- : 

Suppofe n to reprefent the number of Trials given, and p the num¬ 
ber of times that the Chance is to come up without intermiftion; 
then fuppoling a+ -y = take the quotient of Unity divided by 

1 — x — axx — aax 1 ’ — a^x 4 —■ a*x s - - 

and having taken as many Terms of the Series refulting from that 
divifion, as there are Units in n — p -f- 1, multiply the Sum of the 

p p p 

whole by , or by , and that Product will exprefs 


fit 

the Probability required. 


Exam- 
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Example i. 

Let it be required to throw the Chance affigned three times toge¬ 
ther in 10 trials, when a and b are in a ratio of Equality, otherwife 
when each of them is equal to Unity; then having divided 1 by 

j _ x _ xx _the Quotient continued to fo many Terms as 

there are Units in n — p + t, that is, in this Cafe to 10 — 3 -f 1 
= 8, will be 1 + * + 2*x + 4x3 + yx* + 13* 5 + 24*6 + 44^. 
Where x being interpreted by g , that is in this Cafe by —, 

the Series will become + 

_£L _l_it-, of which the Sum is = — , and this be- 

64 * 128 * l2 » 

P P 1 

ing multiplied by , that is, in this Cafe by \, the Product 

will be , and therefore ’tis fomething more than an equal Chance, 
that the Chance affigned will be thrown three times together fome 
time in 10 Trials, the Odds for it being 65 to 63. 

N. B. The continuation of the Terms of thofe Series is very eafy ; 
for in the Cafe of the prefent Problem, the Coefficient of any Term 
is the Sum of 3 of the preceding; and in all Cafes, Tis the Sum of 
fo many of the preceding Coefficients as are denoted by the num¬ 
ber p. 

But if, in the foregoing Example, the ratio of a to b was of ine¬ 
quality, fuch as, for inftance 2 to 1, then according to the prefeription 
given before, divide Unity by 1 — * — 2xx — 4*3, and the Quo¬ 
tient will be 1 —j— x 4-3** + 9 * 3 . 4 - J 9* 4 + 49 * s + 123* 6 4- 297*7, 
in which the quantity x, which has univerfally been fuppofed 

_ t _ will in this Cafe be = —; wherefore in the preceding 

■ a 4 ^ ^ 

Series having interpreted x by ~, we thall find the Sum of 8 of 
its Terms will be = -| 22 i- = - 21 , and this being'multiplied by 

- 2 -il which in this Cafe is ~ , the Produft will exprefs 

bP l 

the Probability required, fo that there are the Odds of 592 to 137, 
that the Chance affigned will happen three times together in 10 
Trials or before; and only the Odds of 41 to 40 that it does not 
happen three times together in 5. 

After 
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After having given the general Rule, it is proper to confider of 
Expedients to make the Calculation more eafy; but before we pro¬ 
ceed, it is proper to take a new Cafe of this Problem : Suppofe there¬ 
fore it be required to find the Probability of throwing the Chance 
aligned 4 times together in 21 Trials. And firft let us fuppofe the 
Chance afligned to be of Equality, then we fliould begin to divide 
Unity by 1 — x — xx — x 3 — x 4 ; but if we confider that the Terms 
x -|- xx + * 3 -f- x 4 are in geometric Progreflion, and that the Sum 

of that Progreflion is ~ _ x ■ , if we fubtradl that from 1, the 

remainder - 1 will be equivalent to 1 — x — xx — x 3 — x 4 , 

and confequently - ,_ l 2 7 +" t " will he equivalent to the Quotient 
of Unity divided by 1 — x — xx — x* — x 4 ; and therefore by 
that expedient, the mod complex Cafe of this Problem will be 
reduced to the contemplation of a Trinomial; let us therefore 
begin to take fo many Terms of the Series refulting from the 
Divifion of Unity by the Trinomial 1 — 2x + x 3 as there are Units 
in n —p + 1, that is in 2 1 — 4 -f- 1, or 18, and thofe Terms will 
be 1 2x -\~ 4X 2 8x 3 i6x+ - 4 - 31X 5 6ox 6 -f- n6x 7 

-\- 224X 8 - 4 - 432.x 9 -\- 833X 10 i6o6x” 2 og 6 x tz - 1 - sg 68 x 1i 
11494.x 14 +■ 22155^*5 42704X 16 + 82312X 17 . Now al¬ 

though thefe Terms may feem at firft fight to be acquired by 
very great labour, yet if we confider what has been explained be¬ 
fore concerning the nature of a recurring Series, we (hall find that 
each Coefficient of the Series is generated from the double of the laft, 
fubtradling once the Coefficient of that Term which {lands 5 places 
from the laft inclufive; fo that for inftance if we wanted one Term 
more, confidering that the laft Coefficient is 82312, and that the 
Coefficient of that Term which {lands five places from the laft in¬ 
clufive is 5968, then the Coefficient required will be twice 82312, 
wanting once 5968, which will make it 158656, fo that the Term 
following the laft will be 1 58656X 18 . 

But to make this more confpicuous, if we take the Binomial 
2x — x s , and raife it fucceflively to the Powers, whofe Indices are 
o, 1,2, 3, 4, 5, 6. and add all thofe powers together, and write 
againft one another all the Terms which have the fame power of 
x , we fhall have a very clear view of the quotient of 1 divided by 
1 __ 2x + x 5 . Now it will ftand thus, fuppofmg that a ftands for 2. 
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i 

-1- ax 
-j- a l xx 
-j- a l x* 

+ a*x+ 

-\-a*x s — * 5 

+ a 6 x 6 — 2 ax 6 
+ a^x 1 *— 

4 -tf 8 * 8 _ 4 ^* 8 

4 - rf 9 * 9 — 5* 4 * 9 
-\-a'°x to — baW 
4* a ll x rl — ya e x lt 
4 -a'*x"-— 8 a n x" 
4 * , 3 * 1 *— ga*x '3 
4-tf I+ * ,+ — io a 9 x'+ 
-j- a' s x t5 — 11# 10 * 15 
-|- a l 6 x l6 — i2 a 1 T x l6 
4- a 'i x 'i — 13 a 12 x' 7 


4* ix 1 * 

4 ' 3 ax ' 1 

-f- 6aax lz 
4 -1 o a*x ' 3 

-j-1 ^a^x 1 * 

4 “ 2 Id^X** IAT 15 

4-28^V 6 — 4 ax 16 

4-3 ba 7 x ' 7 — 10 aax ' 7 


When the Terms have been difpofed in that manner, it will be 
eafy to fum them up by the help of a Theorem which may be 
feen pag. 224. Now a being = 2, and * = 4 , every one 
of the Terms of the firft Column will be equal to i, and there¬ 
fore the Sum of the firft Column is fo many Units as there are 
Terms, which Sum confequently will be 18; but the Terms of 
the fecond Column being reduced to their proper Value, will con- 
ftitute the Series 


^- + -^-+“£r + ir + 7r + — •*••£" + it + 

<? 1 _i£_ l -Li- J—— 4 —— of which the Sum will be —— 
—+ 1 7 ^ 32 ^ 32 ^ 32 3 * 

the Terms of the third Column will conftitute the Series 

a, 3 , . _l£_ a. -li-4- 4. 28 ■ 

‘ 1024. • 1 r>*A ” 1024. • 1024. 1 1024. 1 


1024 

^6 


J024 1 

of which the Sum is 


1024 1 1024 1 1024 1 1024 

the Terms of the fourth Column 


added together are —^3 , and therefore the Sum of all Terms 

may be expreffed By 18 -— t TJTT — 3 * 7 68 — 3 » 7 o» ' 

L 
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But this Sum ought to be multiplied by 1 — Xf that is, by 

1-- = —, which will make the Product to be ~ oa6 1, 

22 _ > 05530 

Neverthelefs, this Multiplication by 1 — x, takes off too much 
from the true Sum, by one half of the lowed Term of each 
Column, therefore that half mud be added to the foregoing Sum; 
now all the lowed Terms of each Column put together will be 

„ >3 36 10 20;q8 


32798 

3004.61; 

65536 


of which the half ~ 2Qq - 

32768 


which will make the true 


32 1 1024 32768 

ought to be added to the Sum 

Sum to be ; but this is farther to be multiplied by 

P P 

, which by reafon that a and b are in a ratio of equality 


will be reduced to xP = -i- j and therefore the Sum 

lb 05530 

ought to be divided by 16, which will make it to be - 5 2106 » • 

and this lad Fradion will denote the Probability of producing the 
Chance afligned 4 times fucceflively fome time in 21 Trials, the 
Odds againd it being 527513 to 521063, which is about 82 to 
8 j. 

But what is remarkable in this Problem is this, that the oftner 
the Chance afligned is to be produced fucceflively, the jfewer Columns 
will be neceflary to be ufed to have a fufficient Approximation, and in 
all high Cafes, it will be fuflicient to ufe only the fird and fecond, 
or three at mod, whereof the fird is a geometric Progreflion, of 
which a very great number of Terms will be as eaiily fummed*up, 
as a very fmall number j and the fecond Column by what we have 
laid concerning the nature of a recurring Series, as eafily as the fird, 
and in fhort all the Columns. 

But now *tis time to confider the Cale wherein a to b has a 
ratio of inequality 5 we had faid before that in this Cafe we ought 

to divide Unity by 1 — x — axx — aax* — a}x+ - aP— < xP x 

but all the Terms after the fird which is 1, conditute a geometric 
Progreflion, of which the fird is a*, and the lad aP—'xP, and therefore 

the Sum of that Progreflion is X " T ' \_* iX —-, and this being fub- 

tra&ed from Unity, the remainder will be 1 — ax + aPxt-b^ and 

— x 


1 — ax 

therefore Unity being divided by the Series above-written will be 

1 — ax 
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1 — ax , and if a 4* 1 be fuppofed e= w, this Fradtion 

1 — ax -f- aPxP+ l 
— x 

w iU b e _ I ~ g - _-r-—, and therefore if we raife fucceflively 

1 — mx — a?x P ~' 1 

mx — aPxP J r x to the feveral Powers denoted by o, 1, 2, 3, 4, 5, 6, 
&c. and rank all thofe Powers in feveral Columns, and write 
againft one another all the Terms that have the fame power of 
we fhall be able to fum up every Column extended to the num¬ 
ber of Terms denoted by n — p -f-1, which being done, the whole 
muft be multiplied by 1 — ax , and to the Sum is to be added the 
Sum of the lowed: Term of each Column multiplied by ax. 

But if it be required to aflign what number of Games are ne- 
celfary, in all Cafes, to make it an equal Chance whether or not 
p Games will be won without intermiffion, it may be done by 

* — -T-r\p p 

approximation, thus ; let --- be fuppofed = and let 

*-l ___ _ af> -- be fuppofed = r, then the number 

of Games required will be expreffed by thus fuppofing 

a — i > b ■=■ 1, p — then the number of Games would be 
found between 86 and 87 but if a be fuppofed == 1, and b = 2, 
ftill fuppofing p—t>> the number of Games requifite to that effedt 
would be found to be between 763 and 764; but it is to be ob- 
ferved, that the greater the number p is, fo much the more exadt 
will the Solution prove. 
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PREFACE 

T O T H E 

Second EDITION. 


D R, Halley publilhed in the Philofophical Tranfa&ions, N°. 

196. an EJfay concerning the Valuation of Lives; it was 
partly built upon five Tears Obfervation of the Bills of Morta¬ 
lity taken at Breflaw, the Capital of Silefia, and partly on his own 
Calculation . 


Altbt 
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AUW he had thereby confirmed the great Opinion which the World 
entertained of his Skill and Sagacity , yet he was fenfible, that his Ta¬ 
bles and Calculations were fufceptible of farther Improvements ; of this 
he expreffed his Senfe in the following Words j Were this Calculus 
founded on the Experience of a very great Number of Years, it 
would very well be worth the while, to think of Methods to facili¬ 
tate the Computation of two, three or more Lives. 

From whence it appears, that the Table of Obfervations being only 
the Refult of a few Tears Experience, it was not fo entirely to be de¬ 
pended upon, as to make it the Foundation of a fixed and unalterable 
Valuation of Annuities on Lives j and that even admitting fuch a Ta¬ 
ble could be obtained, as might be grounded on the Experience of a great 
Number of Tears, fttll the Method of applying it to the Valuation of 
feveral Lives, would be extremely laborious, confidering the vafi Num¬ 
ber of Operations, that would be requifite to combine every Tear of each 
Life with every Tear of all the other Lives. 

The Subjeft of Annuities on Lives, had been long negledled by me , 
partly prevented by other Studies , partly wanting the necejfary means 
to. t rea t °f it as it deferved: But two or three Tears after the Publica¬ 
tion of thefirfi Edition of my Dodrine of Chances, 1 took the SubjeB 
into Confideration ; and confuting Dr. Halley’* Table of Obfervations, 
I found that the Decrements of Life, for confiderable Intervals of Time\ 
were in Arithmetic Progrefiion ; for Infiance, out of 646 Perfons of 
twelve Tears of Age, there remain 640 after one Tear s 634 after 
two Tears j 628, 622, 616, 610, 604, 598, 592, 586, after 

3 * 4 1 5 > 6, 7, 8, 9, 1 o Tears refpettively, the common Difference 
of thofe Numbers being 6. 

Examining afterwards other Cafes, I found that the Decrements of 
Life for fencer al Tears were ftill in Arithmetic Progrefiion which 
may be obferved from the Age of 54, to the Age of 71, where the 
Difference for 17 Tears together, is con ft ant ly 10. 

After having thoroughly examined the Tables of Obfervation, and 
difeovered that Property of the Decrements of Life, 1 was inclined to 
compofe a Table of the Values cf Annuities on Lives, by keeping clofe 
to the Tables of Obfervation 3 which would have been done with Eafe, 
by taking m the whole Extent of Life, feveral Intervals whether equal 
or unequal: However, before I undertook the Tafk, / tried what 

would 
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would be the Refult, offuppofmg thofe Decrements uniform from the Age 
of Twelve j being fatisfied that the Exceffes ariftng on one fide, would be 
nearly compenfated by the Defedls on the other j then comparing my Cal¬ 
culation with that of Dr. Halley, 1 found the Conclufion fo very little 
different, that I thought it fuperfluous to join together feveral different 
Rules, in order to compofe a fingle one: 1 need not take notice, that 
from the Time of Birth to the Age of Twelve , the Probabilities of Life 
increafe, rather than decreafe, which is a Reafon of the apparent Irre¬ 
gularity of the Tables in the beginning. 

Another thing was necejjary to my Calculation , which was , to fup - 
pofe the Extent of Life confined to a certain Period of Time , which I 
Juppofe to be at 86 : What induced me to affume that Suppofi- 
tion was ifl, That Dr. Halley terminates his Tables of Obfervations 
at the 84 th Tear } for alt ho 1 out of 1000 Children of one Tear of Age, 
there are twenty, who, according to Dr. Halley’i Tables, attain to 
the Age of 84 Tears, this Number of 20 is inconfiderable, and would 
fiill have been reduced, if the Obfervations had been carried two Tears 
farther. 2°. It appears from the Tables of Graunt, who printed the 
firft Edition of his Book above 80 Tears ago, that out of 100 new-born 
Children, there remained not one after 8 6 Tears } this was deduced 
from the Obfervations of feveral Tears, both in the City and the Coun¬ 
try, at a Time when the City being lefts populous, there was a greater 
Facility of coming at the Truth, than at prefent. 3 0 . I was farther 
confirmed in my Hypothefis, by Tables of Objervation made in Switzer¬ 
land, about the Beginning of this Century , wherein the Limit of Life 
is placed at 86: As for what is alledged, that by fome Obfervations of 
late Tears, it appears, that Life is carried to 90, 95, and even to 100 
Tears j I am no more moved by it, than by the Examples of Parr or 
Jenkins, the firft of whom lived 152 Tears, and the other 167. To 
this may be added , that the Age for purchafing Annuities for Life , 
feldom exceeds 70, at which Term, Dr. Halley ends his Tables of the 
Valuation of Lives. 

The greateft Difficulty that occurred to me in this Speculation, was 
to invent practical Rules that might eafily be applied to the Valuation of 
feveral Lives 5 which, however, was happily overcome, the Rules being 
fo eafy, that by the Help of them, more can be performed in a Quarter 
of an Hour , than by any Method before extant , in a Quarter of a Tear . 
J Since 
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Since the Publication of my firjl Edition, which was in 1724, 1 
made fome Improvements to it, as may be feen in the Jecond Edition of 
my Do&rine of Chances j but this Edition of the Annuities has many 
Advantages over the former, and that in refpedi to the Dijpofition of 
the Precepts, the Concifenefs of the Rules, the Multiplicity of Problems, 
and Ufefulnefsof the Tables I have invented. 

Before I make an End of this Preface, I think it proper to obferve, 
that altho' I have given Rules for finding the Value of Annuities for 
any Rate of Piter eft, yet I have confined myfelf in my Tables, to the fe¬ 
ver al Rates of 4, 5 and 6 per Cent, which may be interpreted, as if 
I thought it reafonable, that when Land fcarce produces three and a 
half per Cent, and South-Sea Annuities barely that lntereft, yet the 
Pur chafer of an Annuity fijould make 4 per Cent, or above } but thofe 
Cafes can hardly admit of Comparifon, it being well known, that Land 
in Feefimple procures to the Proprietor Credit, Honour, Reputation, 
and other Advantages, in confideration of which, he is contented with a 
fmaller Income . As to the Value of South-Sea Annuities, it has its 
Foundation on the Punctuality of Payments, and on a Parliamentary 
Security ; but Annuities on Lives, have not the former Security, and 
feldom the latter . 

It was found neceflary, however, in a fubfequent Edition, to add 
the Tables of 3 and 3 \ per Cent, lntereft. 


ANNUL. 




Of A N N U I T I E S on LIVES. 


Part I. containing the Rules and Examples. 

B EFORE I come to the Solution of Queflions on Lives, 
it will be neceffary to explain the Meaning of fome Words 
which I fhall often have occafion to mention. 
i°. Suppofing the Probabilities of Life to decreafe in Arith¬ 
metic Progreffion in fuch manner, as that fuppofing, for In- 
flance. 36 Perfons each of the Age of 50, if after one Year ex¬ 
pired there remain but 35, after two 34, after three 33, and fo 
on; it is very plain that fuch Lives would neceffarily be extindt in 
36 Years, and that therefore the Probabilities of living 1, 2, 3, 4, 5, 
&c. Years from this Age of 50 would fitly be reprefented by the 
Fractions , -jj-, -jg -, , &c. which decreafe in Arith¬ 

metic Progreffion. 

I will not fay that the Decrements of Life are precifely in that 
Proportion ; ftill comparing that Hypothefis with the Table of 
Dr. Halley , from the Obfervations made at Brejlaw , they will be 
found to be exceedingly approaching. 

2 0 . I call that the Complement of Life , which remains from the 
Age given, to the Time of the Extinction of Life, which will 
be at 86, according to our Hypothefis. Thus fuppofing an Age 
of 50, becaufe the Difference between 50 and 86 is 36, I call 36 
the Complement of Life. 

3 0 . I call that the Rate of hiterefl which is properly the Amount 
of one Pound, put out at Interefl for one Year; otherwife one 
Pound joined with the Intereft it produces in one Year : thus 
fuppofing Interefl: at 5 per Cent the Interefl: of 1 /. would be 0.05, 
which baing joined to the Principal 1, produces 1.05; which is 
what I call the Rate of Interefl. 

PROBLEM I. 

Suppofing the Probabilities of Life to decreafe in Arith¬ 
metic Progreffion , to find the Value of a?i Annuity upon 
a Life of an Age given . 

Solution. 

Let the Rent or Annuity be fuppofed=i, the Rate of Interefl=r, the 
Complement of Li fe=», the Value of an Annuity certain to continue 

M m during 
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I- P 

during n Years=P, then will the Value of the Life be —~ a which 
is thus exprelfed in Words at length; 

Take the Vilue of an Annuity certain for fo many Years , as are 
denoted by the Complement of Life ; multiply this Value by the Rate of 
Intei ejl , and divide the Produft by the Complement of Life , then let 
the Quotient be fubt rafted from Unity , and let the Remainder be di¬ 
vided by the Interefl of i 1. then this lajl Quotient will exprefs the 
Value of an Annuity for the Age given. 

Thus fuppofe it were required to find the prefent Value of an 
Annuity of i /. for an Age of 50, Intereft being at 5 per Cent. 

The Complement of Life being 36, let the Value of an Annuity 
certain, according to the given Rate of Intereft, be taken out of 
the Tables annexed to this Book, this Value will be found to be 
16.5468. 

Let this Value be multiplied by the Rate of Intereft 1.0 c the 
Produdt will be 17.3741. 

Let this Product be divided by the Complement of Life, viz. by 
36, the Quotient will be 0.4826. 7 

Subtract this Quotient from Unity, the Remainder will be 

°* 5 I 74 ‘ 

Laftly, divide this Quotient by the Intereft of 1 /. viz. by 0.0 c, 
and the new Quotient will be 10.35; which will exprefs the Va¬ 
lue of an Annuity of 1 /. or how many Years Purchafe the faid Life 
of 50 is worth. 

And in the fame manner, if Intereft of Money was at 6 per Cent. 
an Annuity upon an Age of 50, would be found worth 0.40 Years 
Purchafe. v 

But as I have annexed to this Treatife the Values of Annuities 
for an Intereft of 3, 3 t» 4, 5, and 6 per Cent, it will not be neceflary 
to calculate thofe Cafes, but fuch only as require a Rate of Intereft 
higher or lower, or intermediate; which will feldom happen, but 
in cafe it does, the Rule may eafily be applied. 


PROBLEM II. 

The Vialues of two fingle Lives being given, to find the Va¬ 
lue of an Annuity granted for the Time of their joint 
continuance. 


Sol in 
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Solution. 

Let M be the Value of one Life, P the Value of the other, r the 
Rate of Intereft; then the Value of an Annuity upon the two joint 

Lives will be in Words thus; 

Multiply together the Values oj the two Lives , and referve the 
PreduEl. 

Let that Produfl be again multiplied by the Intereft of 1 1 . and let 
that new Produtt be fubtradted from the Sum of the Values of the Lives , 
and referve the Remainder. 

Divide the firjl Quantity referved by the fecond, and the Quotient 
will exprefs the Value of the two joint Lives. 

Thus, fuppofing one Life of 40 Years of Age, the other of 50, , 

and Intereft at 5 per Cent. The Value of the firft Life will be found 
in the Tables to be 11.83, the Value of the fecond 10.35, P ro “ 
ducft will be 122.4405, which Product muft be referved. 

Multiply this again by the Intereft of 1 /. viz. by 0.05, and this 
new Product will be 6.122025. 

This new Produft being fubtrafted from the Sum of the Lives 
which is 22.18, the Remainder will be 16.057975* an( ^ this is the 
fecond Quantity referved. 

Now dividing the firft Quantity referved by the fecond, the Quo¬ 
tient will be 7.62 nearly j and this exprefles the Values of the two 
joint Lives. 

If the Lives are equal, the Canon for the Value of the joint Lives 
will be fhortened and be reduced to "77=7^ > which in words may 
be thus exprelled; 

Take the Value of one Life , and referve that Value. 

Multiply this Value by the Intereft of 1 1 . and then fubtr aft the Pro¬ 
duct from the Number 2, and referve the Remainder. 

Divide the firft Quantity referved by the fecond , a id the Quotient 
will exprefs the Value of the two equal joint Lives. 

Thus, fuppofing each Life to be 45 Years of Age, and Intereft at 
c per Cent. 

The Value of one Life will be found to be 11.14, the firft Quan- 

“‘This being multiplied by 0.05 the Intereft of 1 /. the Produd will 
be 0.557. 

This Produ<5t being fubtraded from the Number 2, the Re¬ 
mainder will be 1.443, the fecond Quantity referved. 

Mma divide 


268 7 he Doctrine of Chances applied 

Divide the firft Quantity referved viz. 11.14. by the fecond, 
viz. 1.443, and the Quotient 7.72 will be the Value of the two 
joint Lives, each of 45 Years of Age. 


PROBLEM III. 

The Values of three /ingle Lives being given , to find the 
Value of an Annuity for the Ttme of their joint co?i- 
tinuance . 


Solution. 

Let M\ P , Q^ be the refpeftive Values of the lingle Lives, then 
the Value of the three joint Lives will be , 

fuppofing d to reprefent the Intereft of 1 /. in words thus; 

Multiply the Values of the fngle Lives together , and referve the 
Produft. 

Let that Produft be multiplied again by the Intereft of 1 1 . and let 
the Double of that new Produft be fubt rafted from the Sum of the fe¬ 
deral Produfts of the Lives taken two and two , and referve the Re¬ 
mainder. 

Divide thefirfi Quantity referved by the fecond , and the Quotient will 
be the Value of the three joint Lives. 

Thus, fuppofing one Life to be worth 13 Years Purchafe, the 
fecond 14, the third 15, and Intereft at 4 perCent. the Product 
of the three Lives will be 2730, which being multiplied by the 
Intereft of 1 1 . viz. by 0.04, the new Produdt will be 109.20, whereof 
the double is 2 1 8.40 : Now the Produdt of the firft Life by the fe¬ 
cond is 1 82 ; the Produdt of the firft Life by the third is 195; and 
the Produdt of the fecond Life by the third is 210, the Sum of all 
which is 587; from which fubtradting the Number 218.40 found 
above, the Remainder will be 368.60, by which the Produdt of the 
three Lives, viz . 2730 being divided, the Quotient 7.41 will be the 
Value of the three joint Lives. 

But if the three Lives were equal, the general Exprefiion of the 
Value of the joint Lives will be much fhorter: for let M reprefent the 
Value of one Life, d the Intereft of 1 / then the Value of the three 

joint Lives will be > in Words thus; 
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Take the Value of one Life , and referoie it, multiply this Value by 
the Inter eft of i 1 . and double the Product. 

SubtraB this double ProduB from the number 3, and referve the 

Remainder . f , _ . , , ^ . 

Divide the firft Quantity referred by the fecond , and the Quotient 
will be the Value of the three joint Lives . 

Thus, fuppofing three equal Lives each worth 14 Years Pur- 
chafe, referve the Number 14. 

Multiply this by 0.04, Intereft of 1 /. the Produft will be 0.56, 
which being doubled, will be 1.12. 

This being fubtrafted from the Number 3, the Remainder will 
be 1.88, which is the fecond Quantity to be referved. 

Divide 14, the firft Quantity referved by the fecond 1.88, and the 
Quotient 7.44 will be the Value of the three joint Lives. 

From the two laft Examples it appears, that in eftimating the Va¬ 
lues of joint Lives, it would be an Error to fuppofe that they might 
be reduced to an Equality, by taking a Mean Life betwixt the longeft 
and ftiorteft, for altho’ 14 is a Medium betwixt 13 and 15, yet an 
Annuity upon thofe three joint Lives was found to be 7.41, whereas 
fuppofing them to be each 14 Years Purchafe, the Value is 7.44; 
it is true that the Difference is fo fmall, that it might be neglected, 
yet this arifes meerly from a near Equality in the Lives; for if there 
had been a greater Inequality, the Conclufion would have confidera- 
bly varied. 

Before I come to the fourth Problem, I think it proper to ex¬ 
plain the Meaning of fome Notations which I make ufe of, in order to 
be as clear and concife as I can. 

I denote the Value of an Ann uity u pon two joint Lives, whofe 
fingle Values are M and P by M P, which ought carefully to be 
diftinguifhed from the Notation MP ; this laft denoting b arely 
the Product of one Value multiplied by the other, whereas M P 
ftands for what was denoted in our fecond Problem by M+p _ r _ iMI , ■ 

In the fame manner, the Value of an Annuity upon t he three 
joint Lives whofe fingle Values are M, P, is denoted by MPf, 
'which is equivalent to what has been expreffed in the third Problem by 
_ A IPS 

This being premifed, I proceed to the fourth Problem. 
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PROBLEM IV. 

The Values of two fingle Lives being $riven, to find the 
Value of an Annuity upon the longejl of them y that is y 
to continue fo long as either of them is in being ,. 

Solution. 

Let M be the Value of one Life, P the Value of the other, A/P 
the Value of the two joint Liv es, the n the Value of the longeft of 
the two Lives will be M-\-P — MP. In Words thus ; 

From the Sum of the Values of the Jingle Lives , fubtratt the Value of 
the joint Lives , and the Remainder will be the Value of the longefl. 

Let us fuppofe two Lives, one worth 13 Years Purchafe, the 
other 14, and Intereft at 4 per Cent. The Sum of the Values of the 
Lives is 27, the Value of the two joint Lives by the Rules before 
given, will be found 9.23. Now, fubtrafting 9.23 from 27, the 
Remainder 17.77 is the Value of the longeft of the two Lives. 

If the two Lives are equal, the Operation will be fometbin£ 
fhorter. 

But it is proper to obferve in this place, that if feveral equal 
Lives are concerned in an Annuity, I commonly denote one fingle 
Life by AT, two joint Lives by A/", three joint Lives by AT", and 
fo on ; fo that the Rule for an Annuity to be granted till fuch Time as 
either of the equal Lives is in being may be exprefled by 2 Af_ M". 

PROBLEM V. 

The Vdues of three fingle Lives being given y to find the 

Vdue of an Amiuity upon the longejl of them . 

SoLU T I ON. 

Let M, P, ^ be the Values of the fingle Lives, A/P, A/i^, Pi^ 
the Values of all the joint Lives combined two and two, MP 9 
the Value of three joint Lives, then the Value of an Annuity upon 
the longeft of them is Af+P-f- — MP— M$>j— P$j\-MP 0 
in Words thus; 

Fake the Sum of the three fingle Lives , Jrom which Sum fubtratt the 
Sum of all the joint Lives combined two and two , then to the Remainder 
add the Vdue of the three joint Lives , and the Refult will be the Value 
of the longejl of the three Lives. 


Thus, 
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Thus, Suppofing the fingle Lives to be 13, 14, and 15 Years 
Purchafe, the Sum of the Values will be 42 ; the Values of the 
firft and fecond joint Lives is 9.24, of the firft and third 9.05, of 
the fecond and third 10.18, the Sum of all which is 29.06 which 
being fubtraCted from the Sum of the Lives found before, viz. 42, 
the Remainder will be 12.94, to which adding the Value of the 
three joint Lives 7.41, the Sum 20.35 will be the Value of the 
longeft of the three joint Lives. 

But if the three Lives are equal, the Rule for the Value of the 
Life that remains laft is 3 M' — 3 M" M" . 

Of REVERSIONS. 
PROBLEM VI. 

Suppofe A is in Pojfeffion of an Annuity , and that B af¬ 
ter the Deceafe of A is to have the A?inuity for him T 
and his Heirs for ever , to find the prefent Value of 
the Reverfion . 

Solution. 

Let M be the Value of the Life in Pofleffion, r the Rate of In- 

tereft, then the prefent Value will be - - M , that is, from the 

Value of the Perpetuity , fubtraft the Value of the Life in PoJfeJ/ion , and 
the Remainder will be the Value of the Reverfion. 

Thus, Suppofing that A is 50 Years of Age, an Annuity upon; 
his Life, Intereft at 5 per Cent, would be 8.39, which being fub¬ 
traCted from the Perpetuity 20, the Remainder will be 11.61, which 
is the prefent Value of the Expectation of B. 

In the fame manner, fuppofing that C were to have an Annuity 
for him and his Heirs for ever, after the Lives of A and 5 , then, 
from the Perpetuity fubtraCting the Value of the longeft of the two 
Lives of A and J 5 , the Remainder will exprefs the Value of C’s 
Expectation. 

Thus, Suppofing the Ages of A and B be 40 and 50, the Value of 
an Annuity upon the longeft of thefe two Lives would be found by 
the 4 th Problem to be 14.56 ; and this being fubtraCted from the Per¬ 
petuity 20, the Remainder is 5.44, which is the Value of C’s Exy 
peCtation, and the Rule will be the fame in any other Cafe that may 
hepropofed. pR0 _ 
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PROBLEM VII. 

Suppofing that A is in Poffeffion of an Annuity for his 
Life , and that B after the Life of A, fhould have an 
Amiuity for his Life only ; to find the Value of the 
Life of B after the Life of A. 

This Cafe ought carefully to be diflinguitlied from the Cafe of the 
6 th Problem ; for in that Problem, altho’ the Expectant B fhould 
die before A , ftill the Heirs of B have the Reverfion; but in the 
Cafe of the prefent Problem, if B dies before A , the Heirs of B 
have no Expectation. 


Solution. 

Let M be the Value of the Life of the prefent Poffeffor, P the 
Value of the^Life of the Expectant, then the Value of his Expeita- 
tion is P — MP. In Words thus; 

From the prefent Value of the Life of B, fubtraSl the prefent Value 
of the joint Lives of B and A, and the Remainder will be the Value of 
B 's Expectation. 

The Reafon of which Operation is very plain, for if B were now 
to begin to receive the Annuity, it would be worth to him the Sum 
P in prefent Value; but as he is to receive nothing during the joint 
Lives of himfelf and A , the prefent Value of their two joint Lives 
ought to be fubtra&ed from the Value of his own Life. 


PROBLEM VIII. 

To find the Value of one Life after two . 

Thus j Suppofe A in Pojfeffion of an Annuity for his Life , 
that B is to have his Life in it after A, and that C 
is likewife to have his Life in it ajter B, but fo that 
B dying before A, C fucceeds A immediately ; to find 
the Value ofCs ExpeElation. 

Solution. 

Let M, P, be the refpe&ive Values of the Lives of A , £, C, 

then 
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then the Value of C’s Expectation is which in 

—P^ 

Words is thus exprefled ; 

From the prefent Value of the Life of C, fubtraB the Sum of the 
joint Lives of himfelf and A, and of himfelf and B, and to the Re¬ 
mainder add the Sum of the three joint Lives , and the Refult of thefe 
Operations will exprefs the prefent Value of the Expectation of C. 

PROBLEM IX. 

If A, B, C agree among them]'elves to buy an Ammity 
to be by them equally divided, whilfi they live together, 
then after the Deceafe of one of them , to be equally di¬ 
vided between the two Survivors, then to belong entire¬ 
ly to the lajl Survivor for his Life ; to find what each 
of them ought to contribute towards the Pur chafe. 

Solution. 

Let M , P, be the refpeCtive Values of the Lives of A, B , C, 
then what A is to contribute, is 

What B is to contribute, is 

P— 

—^pC 

What C is to contribute, is 
In Words thus; 

From the Value of the Life of A, fubtratt the half Sum of the Values 
of the joint Lives of himfelf and B, and of himfelf and C, and to the 
Remainder add j of the Value of the three joint Lives , and the Sum will 
be what A is to contribute towards the Purchafe. 

In like manner, from the Value of P’s Life fubtratf: the half Sum 
of the Values of the joint Lives of himfelf and A , and of himfelf 
and C, and to the Remainder add -f of the Value of the three joint 
Lives, and the Sum will be what B is to contribute. 
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And again, from the Value of the Life of C, fubtraCl the half 
Sum of the Values of himfelf and A , and of himfelf and B ; then 
to the Remainder add j of the Values of the three joint Lives, and 
this laft Operation will fliew what C is to contribute. 

PROBLEM X. 

Suppofeng three equal Lives of any Age given, for Injlance 
30, and that upon the Failing of any one of them , that 
Life fhall be immediately replaced , and I then receive a 
Sum f agreed upon , and that to Perpetuity for me and 
my Heirs ; what is the prefent Vdue of that Expecta¬ 
tion, and at what Intervals of Lime , one with another , 
may I exp eB to receive the faid Sum ? 

Solution. 

Imagine that there is an Annuity of 1 /. to be received as long as the 
three Lives are in being, and that the Prefent Value is M"\ which 
Symbol we make ule of to reprefent the Prefent Value of an Annuity 
upon three equal joint Lives; now, fince each Life is fuppofed to be 
30 Years of Age, and that the Rate of Intereft is 5 per Cent . we fhall 
find, by following the Directions given in Prob. III. that the Pre¬ 
fent Value of the three joint Lives is 7.64 = AT" • this being fixed, 
the Prefent Value of all the Payments to be made to Eternity at equal 

Intervals of Time, will be — X f where the Quantity d figni- 

fies the Intereft of 1 /. In words thus; 

Multiply the Prefent Value of the three joint Lives , viz. 7.64, by the 
Intereft of 1 1 . which in this Cafe is 0.05, and that Produft, which is 
0.382, mujl be referred. 

Subtract this Quantity from Unity , and the Remainder , viz. 0.618 
being divided by the Quantity referved y the Quotient will be 1.62, and 
this being multiplied by the Sum f, which we may fuppofe 1 00 1 . the 
Product will be 162 1 . and this is the prefent Value of all the Payments 
that will be made to Eternity , at equal Intervals of Lime upon the fail¬ 
ing of a Life , which is to be immediately replaced. 

As for the Intervals of Time after which thofe Replacements will 
be made, they may be found thus; 


Look 
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Look in the feventh of our Tables for the Number 7.64, which 
is the Value of the three joint Lives, and over againft it will be found 
the Number anfwering, which is between 9 and 10 ; and fo it may 
be laid that the Replacements will be made at every Interval of about 

9 or 10 Years. . . 

But that Interval may be determined a little more accurately, by 
help of a Table of Logarithms, by taking the Logarithm of the 

Quantity and dividing it by the Logarithm of r. 

The Logarithm of ■ is 0.2090115 ; the Logarithm of r 

is 0.0211893 ; and the firft being divided by the fecond, the Quo¬ 
tient is 9.86, which (hews that the Replacements will be made at 
Intervals a little more than 9 } Years. 

PROBLEM XI. 

Suppofing , as before , three equal Lives of 30, and that 
the Lives are 7iot to be renewed , till after the failing 
of any two of them , and that a Sum p is then to be re¬ 
ceived, and that perpetually , after the failing of two 
Lives , what is the prefent Value of that ExpeElation f 

Solution. 

Make 3 M" — 2 M"' == A , let the Intereft of 1 /. be = d y then 
the prefent Value of that Expectation will be X p. 

But to know the Intervals of Time after which the Lives will be 
filled up, take the Logarithm of the Quantity -fjj - , and divide 
it by the Logarithm of r. 

The Value of a fingle Life of 30, Intereft at 5 per Cent, is found 
in our Tables to be 13 Years Purchafe, the Value M" of two joint 
Lives by Problem II. is 9.63 ; and the Value Ml" of three joint Lives 
by Problem III. is 7.64 ; then 3 M" — 2 M"\ or the Difference be¬ 
tween the Triple of two joint Lives, and the Double of three joint 

Lives will be 13.59 = then X p will be found to be 

0.473 p, and the Intervals of Time will be 23.32) that is, nearly 
23)- Years. 


N n 2 


PRO- 
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PROBLEM XII. 

Suppojing fill the Lives to be 30, and that they are not to 
he renewed till after the ExtinElion of all three , and that 
a Sum q is then to be received , and that perpetually 
after every Renewal , what is the prefent Value of that 
ExpeElation f 

Solution. 

Make 3 M' — 3 M" A/'" = B , then the prefent Value of that 
Expectation will be Xy; here & be found to be 17.76, 

and confequently X q will be = o. 121 X q. 

And the Intervals of Time will be the Logarithm of the Quantity 
• \ divided by the Logarithm of r, which in this Cafe would be 
44.87, that is, nearly 45 Years. 

Corollary. 

Hence it will be eafy for the Proprietor of the Lives, to find which 
is moft advantageous to him, to fill up a Life as foon as it is vacant, 
or not to fill up before the Vacancy of two, or to let them all drop 
before the Renewal. 


Remark. 

It is not to be imagined that if Interefi of Money was higher 
or lower than 5 per Cent, the Intervals of Time after which the Re¬ 
newals are made, would be the fame as they are now, for it will be 
found, that as Interefi is higher, the Intervals will be fhorter; and 
as it is lower, fo the Intervals will be longer; yet one might make it 
an Objection to our Rules, that the length of Life would thereby 
feem to depend upon the Rate of Interefi. To anfwer this Diffi¬ 
culty, it muft be obferved, that the calculating of Time imports no 
more, than that confidering the Circumftances of the Purchafer and 
the Proprietor of the Lives, in refpeCt to the Rate of Interefi agreed 
upon, and the Sum to be given upon the Renewal of a Life, or 
Lives, the Proprietor makes the fame Advantage of his Money, as 
if he had agreed with the Purchafer, that he fhould pay him a cer¬ 
tain Sum of Money at equal Intervals of Time, for redeeming the 

Rifque 
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Rifque which he the Purchafer runs of paying that Sum when the 
Life or Lives drop : but the real Intervals of Time will be (hewn 
afterwards. 

Altho’ it feldom happens that in Contracts about Lives, any more 
than three are concerned, yet I hope it will not be difpleafmg to our 
Readers to have this Speculation carried a little farther. 

But as general Rules are beft inculcated by particular Examples, 
I {hall take the Cafe of five Lives, and exprefs the feveral Circum- 
ftances of them in fuch manner, as that they may be a fure Guide 
in all other Cafes of the fame kind, let the Number of Lives be what 
it will; let therefore the following Expreffions be written, 


M'"" 

10 M" — 20 M"' 1 §M"’ —4 M"" 

$M' — 10 M" -\- 10 M'"- —- 5 M -(-iAf 

The firft Term M"'" reprefents properly the prefent Value of an 
Annuity upon five equal joint Lives, but from thence may be de¬ 
duced the Time of their joint continuance, or the Time in which it 
may be expefted that one of them will fail, it being as I have faid 
before, the Logarithm of divided by the Logarithm of r : 

however, for fhortnefs fake, I call for the prefent that Expreflion the 

T The two next Terms, S Af""— 4 M"", reprefent the Time in which 
two of the Lives will fail. , r 

The three next Terms, 10M'"— i S M"" + 6 M , reprefent 
the Time in which three out of the five Lives will fail. 

The four next, 10M" — 2oM"' + 15M""— \M"'\ reprefent 
the Time in which four out of the five Lives will fail. 

The five next, $M ! —10A/" + 10M'"— $M" n + 1 M ", re ~ 
prefent the Time in which all the five Lives will be extinct. 

Now the Law of the Generation of the Co-efficients is thus 
i° Take all the Terms which are affeaed with the Mark M , 
beginning from the uppermoft, with the Co-efficients i — 4 + 6 — 
. 1 , which are the Terms of the Binomial i — i, raifed to the fourth 
Power, which is lefs by one than the Number of Lives concerned. 

2°. Take the Terms which are affetfed with the Mat k A/ , a 
prefix to them in order, the prodoft of the Number j by the Co¬ 
efficients .-3+3-t, which are the Terms of the Bmom.d i-t 
raifed to its Cube, that is, to a Power lefs by two than the Number 
of Lives concerned. 
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3°. Take all the Terras which are affedted with the Mark AT' 
and prefix to them in order, the Produdt of the Number 10 mul¬ 
tiplied by the Co-efficients i— 2 + 1, which are the Terms of the 
Binomial 1 — 1 raifed to its Square, that is, to a Power lefs by three 
than the Number of Lives concerned. 

4°. Take all the Terms which are affedted with the Mark M'\ 
and prefix to them the produdt of the Number 10, multiplied by the 
Terms of the Binomial 1 — 1, raifed to the Power whofe Index is r, 
that is to a Power lefs by four than the Number of Lives con¬ 
cerned. 

5 0 . Take all the Terms which are affedted with the Mark M\ 
and prefix to them the Produdt of the Number 5, multiplied by the 
Binomial 1 — i, raifed to a Power lefs by 5 than the Number of Lives 
concerned ; which in this Cafe happening to be nothing, or o, dege- 
generates barely into Unity. 

As for the Multiplicators, conceiving that the Multiplicator of the 
firft T erm M""' is i, all the Multiplicators will be 1, 5, 10, 10, 5, 
which are all, except the laft, the Coefficients of the Binomial j +1, 
raifed to its fifth Power, that is, to a Power equalling the Number 
of all the Lives. 

iV. B. The Exception here given, does not fall upon the Number 
5, but upon the laft Term of the fifth Power, i-f-c + io-l-io-L c4-i 
which laft 1 is rejedted. 3 


Of SUCCESSIVE LIVES. 

P R O B L E M XIII. 

If A enjoys an Annuity f or his Life^ and at his Deceafe 
has the Nomination of a Succeffor B, ho is alfo to enjoy 
the Amiuity for his Life y to find the prejent Value 
of the two Jiicceffive Lives . 

Solution. 

Let the Values of the Lives be MandP; let d be the Intereft of 
1 /. then the Value of the two fucceffive Lives will be M+P—dMP. 
But if the Succeffor B was himfelf to have the Nomination of a Life 
then the Value of t he three fucceffive Lives would byM + P + 


But 
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Bat before I proceed, it is proper to obferve that the Expreflions 
MP, M^ Pi^,, and fignify barely Produ&s, which is 

conformable to the ufual Algebraic Notation ; this I take notice of, 
for fear thofe Expreflions iho uld be confounded with others that I 
have made ufe of before, viz. MP , M^, P^, and MP5 ^, which 
denoted joint Lives. 

But to comprife under one general Rule all the pofllble Cafes that 
may happen about any Number of fucceflive Lives, it will be proper 
to exprefs it in Words at length, thus; 

From the Sum of all the Lives } fubtraff the Sum of the Preduffs of 
all the Lives combined two and two , which Sum of Products before they 
are fubtraffed , ought to be multiplied by the Interefi of 1 1. 

To this add the Sum of the Products of all the Lives taken three and 
three , but multiplied again by the Square of the htereft of 1 1 . 

From this fubtraff the Sum of the Produffs of all the Lives taken four 
and four , but multiplied again by the Cube of the Inter eft of i 1. and fo 
on by alternate Additions and Subtractions flill obferving that if there 
was occafion to take the Lives five and five , fix andfix , &c. the Interefi 
of 1 1 . ought to be raifed to the t[th Power , and to the $th, and fo on. 

But all thofe Operations would be very much contracted, if the 
Lives to be nominated were always of the fame Age, for Inftance 
30 : for fuppofe M to be the Value of an Annuity on an Age of 30* 
and d to be the Interefl: of 1 /. then the prefent Value of all the fuc¬ 


ceflive Lives, of which the'Number is n, would be 



In Words thus; 

Multiply the Value of one Life by the Inter eft of 1 1 . let the Produff 
be JubtraCled from Unity , and let the Remainder be raifed to that 
Power which anfwers to the Number of Lives ; then this Power being 
again fubtraffed from Unity , let the Remainder be divided by the Inte- 
reft of 1 1 . and the Quotient will be the prefent Value of all the JucceJfive 
equal Lives. 

And again , if the Number of thofe Lives were infinite, the Stint 
would barely be -j . 


PROBLEM XIV. 

Of a Perpetual Advowfon. 

i°. I fuppofe that at the Time of the Demife of the Incumbent, 
the Patron would receive the Sum f for alienating his Right of the 

next 
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next Prefentation, if the Law did not forbid the Alienation in that 
Circumftance of Time. 

2°. I fuppofe that when this Right is transferred, the Age of the 
Incumbent is fuch, that an Annuity upon his Life would be worth M 
Years Purchafe, when the Intereft of i /. is d. 

This being fuppofed, the Right of the next Prefentation is worth 
i — d Mxft and the Right of Patronage, or perpetual Recurrency 
of the like Circumftances to Eternity, would be worth x f. 

In words thus; 

Take the prefent Value of the Life of the Incumbent , and multiply it 
by the Intereft of i 1 . and referee the Product. 

Subtract this Product from Unity , and let the Remainder be multiplied 
by the Sum expetted f, and the new Product will Jhew the Right of the 
next Prefentation ; let alfo this be referved. 

Then divide the fecond Quantity referved by the firft , and the Quotient 
will Jhew the prefent Value of the Right of Patronage, or perpetual Re¬ 
currency. 

Thus, fuppofing the Life of the Incumbent worth 8 Years Pur¬ 
chafe, the Rate of Intereft $'per Cent. and the Sum f to be ioo /. 
the Right of the next Prefentation would be worth 6 q /. and the 
Right of perpetual Recurrency 150 /. 

PROBLEM XV. 

Of a Copy-hold . 

Suppofing that every Copy-hold Tenant pays to the Lord 
of the Manor a certain Fuie on Admittattce, and that 
every Succejfor does the like ; to find the Value of the 
Copy-hold computed from the Time of a Fine being paid , 
independently fro?n the Fine that ?nay be given on Alie¬ 
nation . 

Solution. 

I fuppofe that the Value of the Life of the prefent Tenant, and 
the Life of every future Succeflor when he comes to Pofleflion is the 
fame; this being admitted, let Mbe the Value of a Life, d the In¬ 
tereft of I /. and /the Fine to be paid, then the prefent Value of the 
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Copy-hold will be X f: and this Exprefiion being exa&ly 

the fame as that whereby the Right of Patronage has been deter¬ 
mined, needs no Explanation in Words. 

Only it is necelfary to obferve, that the Sum f paid in Hand being 
added to this, will make the Canon fhorter, and will be reduced to 
-f M ~ , which may be exprefied thus in Words. 

Divide the Fine by the Product of the Lije> multiplied by the Intereft 
of i 1. 

Thus, if the Life of a Tenant is worth 12 Years Purchafe, and 
the Fine to be paid on Admittance 56 /. and alfo the Rate of In¬ 
tereft 5 per Cent, then the prefent Value of the Copy-hold is 93 

-/. 

3 

PROBLEM XVI. 

A borrows a certain Sum of Money , and gives Security 
that it Jhall be repaid at his Deceafe with the Interefts ; 
to fix the Sum which is then to be paid . 

Solution. 

Let the Sum borrowed be f the Life of the Borrower M Years 
purchafe, d the Intereft of 1 /. then the Sum to be paid at A' s De¬ 
ceafe will be ; thus, fuppofmg f — 800, M — 11.83, 

d—Q.o$i then would be found = 1958/.* in the fame 

manner, if the Sum to be paid at A's Deceafe, was to be an Equi¬ 
valent for his Life, unpaid at the Time of the Purchafe, that Sum 

would be = 2895/. Supppofing the Annuity received to 

be 100/. as alfo the Life of A 11.83 Years Purchafe. 

PROBLEM XVII. 

A borrows a Sum f, payable at his Deceafe , but with this 
Condition , that if he dies before B, then the whole Sum 
is to be loft to the Lender ; to find what A ought to pay 
at his Deceafe. in cafe he furvives B. 

O o 


S O L U- 
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Solution. 

Let us fuppofe, as before, that A is 40 Years of Age, that the 
Sum borrowed is 800/. and that Intereft of Money is 5 per Cent. 
Farther, let it be fuppofed that B is 70 Years of Age, then, i°. 
determine what A (hould pay at his Deceafe, if the Life of B was 
not concerned ; by the Solution of the preceding Problem, we find the 
Sum to be 1958/. But we ought to confider that the Lender having 
a Chance to lofe his Money, there ought to be a Compenfation for 
the Rifque he runs, which is founded on the poflibility of a Man of 
feventy outliving a Man of forty. Now, by the Rules to be deli¬ 
vered in the next Problem, we (hall find that the Probability of that 
Contingency is meafured by the Fra&ion -d_, and therefore the Pro¬ 
bability of the youngeft Life’s furviving the oldeft is -il. Now 
this being the Meafure of the Probability which the Lender has of 
being repaid, the Sum 1958 ought to be increafed in the proportion of 
23 to 19, which will make it to be 2370/. nearly. 


Of the Probabilities of SurvivorJhip. 

PROBLEM XVIII. 

Any Number of Lives being given, to find their Probabi- 
Hty of Survivor Jhip. 

Solution. 

Let A y L ?, C, Z>, &c. be the Lives, whereof A is fuppofed to be 
the youngeft, B the next to it, C the next, & c . and fo the laft the 
oldeft. 

Let w, p , y, s y t y &c. be the refpedtive Intervals intercepted be¬ 
tween the Ages of thofe Lives, and the Extremity of old Age fup¬ 
pofed at 86 ; then the Probabilities of any one of thofe Lives fur¬ 
viving all the reft, will be 


for 
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for A 

_ p _ £L _ 

Jl 

/4 

z n 6 np 

"" 1 Z npq 

20 npqs 

B 

1_ P _ M _ 

si 

t* 

zn 6 np 

1 inpq 

ZOnpqs 

C 

4 -— — 

' 3 */> 

S 5 

/4 


12 npq 

20 npqs 

D 

E 

&c. 


4 3 

i n pq 

t + 

20 npqs 

1 5 n Pl s 


Here fome few things may be obferved. 

i°. That the Probability of the youngeft Life furviving all the reft, 
always begins with Unity, and that it is exprefled by fo many Terms 
as there are Lives concerned. 

2°. That the Probabilities of the other Lives furviving all the reft, 
are always exprefled each by one Term lefs than the preceding. 

3 0 . That each firft Term of thofe whereby each Probability is ex¬ 
prefled, is always the Sum of all the other Terms ftanding above it. 

4 0 . That the Numbers 2, 6, 12, 20, 30, &c. made ufe of in the 
Denominators of the Fra&ions are generated by the Multiplication of 
the following Numbers, 1 X 2, 2 x 3, 3x4, & c ; It would 

take up too much room to explain this general Rule in Words at 
length, for which Reafon I lhall content my felf with explaining only 
the Cafes of two and three Lives, which are the moft neceflary. 

And, Firft, if there be two Lives of a given Age , fuch as 40 and 
70, take their Complements of Life , which as I have explained before , 
are the Differences between 86 and the refpeclive Ages , thofe Comple¬ 
ments therefore are 46 and 16. 

Divide the Jhortefl Complement by the Double of the Longefi , and the 
Quotient will exprefs the Probability of the aide[l Life Jurviving the 
youngeft. 

Thus in the prefent Cafe, the fhorteft Complement being 16, and 
the double of the longeft being 92, I divide 16 by 92, and the Quo¬ 
tient Jil or — will exprefs the Probability required. 

92 23 

Subtract this Fra&ion from Unity, and the Remainder ~ will ex¬ 
prefs the Probability of the youngeft Life furviving the oldeft. 

So that the Odds of the youngeft Life furviving the oldeft, are 19 
to 4. 

The Cafe of three Lives is thus: Suppofo there are three Lives of a 
given Age, fuch as 40, 45, and 60; take their refpeaive Comple¬ 
ments of Life, which are 46, 41, 26, then divide the Square of the 

O o 2 fhortefl 
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fhorteft Complement by 3 times the Product of the other two, and 
the Quotient will expreis the Probability of the oldeft Life furviving 
the other two. 

Divide the middlemoft Complement by the Double of the greateft, 
and from the Quotient fubtraft the Square of the lead divided by 6 
Times the Product of the other two, and the Remainder willexprefs 
the Probability of the middlemoft Life furviving the other two. 

Subtract the Sum of the two foregoing Probabilities from Unity, 
and the Remander will exprefs the Probability of the youngeft Life 
furviving the other two. 

Thus in the Cafe propofed, the Probability of the oldeft Life fur¬ 


viving: the other two, will be found 

o z 5 * 

The Probability of the middlemoft Life furviving the other two will 

4.167 C t 


-&?=— near, y- 


be 


4367 

11316 


iearly. 


The Probability of the youngeft Life furviving the other two will 


be j nearly. 


PROBLEM XIX. 

Any Number of Lives being given , to find the Probabi- 
lity of the Order of their Survivorjhip. 


Solution. 


Suppofe the three Lives to be thofe of A , B , C, and that it be re¬ 
quired to aflign the Probability of Survivorfhip as limited to the Or¬ 
der in which they are written, fo that A fhall both furvive B and C, 
and B alfo furvive C. This being fuppofed, let «, />, y, reprefent the 
refpedtive Complements of Life, of the youngeft, middlemoft, and 
oldeft, then the Probabilities of the fix different Orders that there are 
in three things, will be as follows; 


A, B , C 

A, C, B 

B, A , C 

B , C, A 

C, A, B 
C, B } A 



zn 


_£_I JJ__ 

2f "• 6 np 

J±_ 

2f> 3 nf 

_L I ?? 

2n 6 nf 

_£_ 77 

2 n inf 

77 
bnf 

77 

bnf 


In Words thus 3 


i°. Divide 
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i°. Divide the middlemoft Complement by the double of tbe greatejl, and 
let the Quotient he fubt raffed from Unity. 

2 °. From that Remainder fubtraff again the Quotient of the jhortejl 
Complement divided by the Double of the Middlemoft. 

3 0 . To that new Remainder add the Quotient ari^ng fr^m the Square 
of the Jhcrteft Complement divided by ftx times the Produff of the greateft 
and middlemoft multiplied together , and this laft Sum will exprefs the 
Probability of the firft Order. 

The probability of the Second will be found thus; 

l °. Divide the JhorteJl Complement by the double of the middlemoft r 
and referve the Quotient. 

2 0 , Divide the Square of the floorteft by three times the Produff of 
tbe longeft Complement y multiplied by the Middlemoft , and referve the 
new Quotient. 

3 0 . Let the fecond Quotient be fubtraffed from the firft , and the Re- 
mainder will exprefs the Probability of the happening of the jecond 
Order. 

The Probability of the third Order will be found as follws. 

i°. Divide the middlemoft Complement by the Double of the Greateft, 
and referve the Quotient. 

2 0 . Divide the Jhortejl Complement by the Double of the longeft , and 
referve the Quotient. 

3 0 . Divide the Square of the floorteft Complement by fix times the Pro - 
duff of the longeft and middlemoft multiplied together , and referve the 
Quotient. 

4 0 . From the firft Quotient refervedfubtraff the fecond ; then to the 
Remainder add the Third , and the Refult of thefe Operations will ex¬ 
prefs the Probability of the third Order. 

The Probability of the fourth Order will be found thus. 

1 °. Divide the jhortejl Complement by the Double oj the longeft , and’ 
referve the Quotient. 

” 2 0 . Divide the Square of the jhortejl Complement by three Times the 
Produff of the longeft and middlemoft , and referve the new Quotient. 

3 0 . From the JirJl Quotient referved , fubtraff the Jecond , and the Re¬ 
mainder will exprefs the Probability of the fourth Order. 

The fifth Order will be found as follows. 

Divide the Square of the Jhorteft Complement by fix times the Produff 
of the longeft and middlemoft, tnultiplied together , and the Quotient will 
exprefs the Probability required. 

The Probability of the laft Order is the fame as that of the fifth. 


P R O- 
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PROBLEM XX. 

D, whiljl in Health , makes a Will ’ whereby he bequeaths 
500 1 . to E, a?id 300 1 . to F. with this Condition , that 
if either of them dies before him y the whole is to go to 
the Survivor of the two ; what are the Values of the 
ExpeElations of E and F, ejlimated from the time that 
the Will was writ ? 


Solution. 

Suppofe D to be 70 Years of Age, E 36, and F 45 ; fuppofe alfo 
that d represents the Interefl of 1 /. when Interefl: is at 5 per Cent. 

An Annuity upon the Life of D is worth 5.77, as appears from 
our Tables, which Value we may call M. 

Wherefore if it was fure that D would die before either of then^ 
the E xpectation of E upon that Account, would be worth in prefent 

Value 1 — dM X 500, and the Expectation of E, 1_ dM x 300 ; 

which being reduced to Numbers, are refpeCtively 355 /. 15 s. and 
213/. 9 r. 

But as this depends on the Probability of D' s dying firft, we are to 
look for that Probability, which is compofed of two Parts, that is, 
when the Order of Survivorlhip is either E, E, D, or E, E, D • 
now the Order E, F , D, is the fame as A , B, C, in the preceding* 

Problem, whereof the Probability is 1-^- A- - 17 ,, ^ an( j 

the Order E, E, D , is the fame as B, A , C, whereof the Probability 
is ~ T n -» an d Sum of thofe Probabilities, viz . 

1 — > wi| l exprefs the Probability of D's dying 

before them both. 

Now the Ages being given, their Complements of Life will alfo 
be given, l'o that n will be found = 50, p =41, q — 16 ; for which 
reafon the Probability iuft now fet down being exprefled in Numbers' 
will be 0.6865, and this being multiplied by the Expectations before 
found, viz. 315/. 15 s. and 213/. 9 s. will produce 244/. 3 s . $d. 
and 146/. 10 s. 9 >d and thefe Sums exprefs the prefent Expectations 
of E and E, arifing from the ProfpeCt of D’s dying before either of 
them. 


But 
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Bat both E and F have a farther Expectation j which, in refpeCl 
to F, is, that he (hall furvive E, and that E (hall furvive F, in 
which Cafe he obtains 800/. but this not being to be obtained before 
the Deceaie of E, is reduced in prefent Value to 569/. 4J. Now 
the Probability of obtaining this anfwers to the Order, A> C t B , in 

the preceding Problem, which is expreffed by - 77=0.153 5; 

and therefore multiplying the Sum 569/. 4 5 . by 0.1535, the Pro¬ 
duct will be 87 /. 7 j. 5 d . and this will be the fecond Part of F’s 
Expectation, which being joined with the firft Part found before, 
viz. 244 /. 3 s. 5 d. the Sum will be 33 1 /. 10 s. 10 d. which is the 
total Expectation of F, -or the prefent Sum he might juftly expeCt, 
if he would fell his Right to another. 

In the fame manner the total Expectation of F will be found to be ■ 

213/. 18 r. 6 d. 

Otherwife , and more exactly, thus ; 

1. Let the Value of an Annuity of 40 /. for E’s Life, be taken off; 
which reduces the Sum to /. 569.2. as above. 

2. The Heirs of E have likewife a demand upon this lad Sum, for. 
the Contingency of his outliving both the Legatees; which is implied 
tho’ not expreffed in the Queftion. Subtract therefore from the Value 
Of the longed of the 3 Lives E, F, F, which, by Prob. V, is 15.477* 
the Value of the longed of the two Lives E , F j which, by Prob. IV, 
is 15.197; and the Remainder 0.28, E’s Survivorfhip due to the 
Heirs, taken from /. 569.2, confidered as 20 Years Purchafe, or the 
Perpetuity, reduces it to/. 561.23. 

3. This Sum, now clear of all demands, might be paid down 
immediately to E and F, in the proportions of 5 and 3, according to the 
Will , were their Ages equal. And altho* they are not, we (hall 
fuppofe that E, or his Executor named, pays it them in that manner > 
the Share of E being /. 350.77, and that of F, /. 210.46. leaving 
them to adjud their Pretenfions, on account of Age, between 
themfelves. 

4. In order to which; the Sums which E and F have received 
being called G and E, refpedively; let the Value of F’s Survivorfhip 
after E and F, found as above, be denoted by <?, and that of F after 
E and E by/: Then thofe Values, e and /, will reprefent ther 
Chances, or Claims, which E and F have upon each other’s Sums 

L and G. And therefore the Ballance of their Claims is ^ 

due by For £ as the Sign is pofidve or negative. 
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As in our Example, e and f being 3.26, 2.269 refpeCtively, E 
muft refund to F ( -f+f- =—) l 19.857; and the juft Values of 
their Legacies will be /. 330. 18 s. and /. 230. 65. 

This laft Computation is to be ufed when the Teftator D is not 
very old, or the Ages of E and Fare confiderably different; or when 
both theie Conditions obtain: For in thofe Cafes, the Ratio of the 
Probabilities of Survivorfhip will differ fenfibly from that of the Va¬ 
lues of the Probabilities reckoned in Years purchafe. And the like 
caution is to be obferved in all fimilar Cafes. 

Of the Expectations oj Life . 

I call that the Expectation of Life, the Time which a Perfon of a 
given Age mayjuftly expeCt to continue in being. 

1 have found by a Calculation deduced from the Method of Fluxions, 
that upon Supposition of an equable Decrement of Life, the Expecta¬ 
tion of Life would be exprefled by -^n, fuppofing/z to denote its Com¬ 
plement. 

However, if that Interval be once attained, there arifes a new Ex¬ 
pectation of jn, and afterwards of Ln, and fo on. This being laid 
down, I fhall proceed farther. 

PROBLEM XXL 

To find the ExpeElation of two joint Lives , that is> the 
Time which two Lives may expedl to continue together 

in being . 

Solution. 

Let the Complements of the Lives be n and p, whereof n be the 
longeft and p the fhorteft, then the Expectation of the two joint Lives, 
will be jp -, in Words thus. 

From j the fhorteft Complement , fubtraci the 6 th Part of its Square , 

divided by the great eft, the Remainder will exprefs the Number of Tears 
fought . 

Thus, fuppofing a Life of 40, and another of 50, the fhorteft 
Complement will be 36, the greateft 46, — of the fhorteft will be 

18, 
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18, the Square of 36 is 1296, whereof the fixth Part is 216, which 
being divided by 46, the Quotient will be -—- = 4.69 nearly; and 
this being fubtrafted from 18, the Remainder 13.31 will exprefs the 
Number of Years due to the two joint Lives. 


Corollary. 

If the two Lives be equal, the Expe&ation of the two joint Lives 
will be j part of their common Complement. 

PROBLEM XXII. 

Any Number of Lives being given , whether equal or un¬ 
equal, to find how many Tears they may be expeSled 

to continue together . 

Solution. 

i°. Take 4 of the fhorteft Complement. 

2 0 . Take 4 part of the Square of the fhorteft, which divide fuc- 
ceflively by all the other Complements, then add all the Quotients 
together. 

3 0 . Take — part of the Cube of the fhorteft Complement, 
which divide fucceflively by the Product of all the other Comple¬ 
ments, taken two and two. 

4 0 . Then take part of the Biquadrate of the fhorteft Comple¬ 
ment, which divide fucceflively by the Products of all the other Com¬ 
plements, taken three and three, and fo on. 

r r° Then from the Refult of the firft Operation, fubtracft the Re- 
fult of the fecond, to the Remainder add the Refult of the third, 
from the Sum fubtraft the Refult of the fourth, and fo on. 

6°. The laft Quantity remaining after thefe alternate Subtradions 
and Additions, will be the thing required. 

N- B. The Divifors 2, 6, 12, 20, &c. are the Produfts of 1 by 
2, of 2 by 3, of 3 by 4, of 4 by 5, (sc. 

Corollary. 

If all the Lives be equal, add Unity to the Number of Lives, and 
divide their common Complement by that Number thus increased by 
P p Lnitv, 
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Unity, and the Quotient will always exprefs the Time due to their 
joint Continuance. 

PROBLEM XXIII. 

Two Lives being given, to fnd the Number of Years due 
to the Longejh. 

Solution. 

From the Sum of the Years due to each Life, fubtraft the Number 
of Years due to their Joint Continuance, the Remainder will be the 
Number of Years dtre to the Longeft, or Survivor of them both. 

Thus, fuppofing a Life of 40, and another of 50, the Number of 
Years due to the Life of 40, is 23 ; the Number of Years due to the 
Life of 50, is 18; from the Sum of 23 and 18, viz. 41, fubtra<ft 13.31 
due to their joint Continuance, the Remainder 27.69 will be the Time 
due to the longeft. 

Corollary. 

If the Lives be equal, then y of their common Complement will 
be the Number of Years due to the Survivor. 

Thus, fuppofing two Lives of 50, then their Complement will be 
36; whereof two thirds will be 24 i which is the Time due to the 
Survivor of the two. 

PROBLEM XXIV. 

Any Number of Lives being given , to find the Number 
of Years due to the Longefi . 

Solution. 

Let the Years due to each Life be refpe&ively denoted by M, P , 
>S, &c. then let the joint Lives, taken two and two, be denoted by 
MP, M^, MS, P 9 ^, &c. let a l fo the j oint L ives, taken three and three 
be denoted by MPMPS, M$S, P%S, &c . More over, let the 
joint Lives, taken four and four, be denoted by MPgS, &c. then iF 
there be three Lives , the Time due to the longeft will be 
M—MP+MP^ 

4 -P — Mg, 
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But if all the Lives be equal, let n be their common Complement, 
then the Time due to the longeft, will be ~n. 

If there be four Lives, the Time due to the longeft will be 
M-MP+MP^—MP^S 

+% m —MS+M%S 

—PS 

But if all the Lives be equal, the Time due to the longeft will be 
exprefled by y of their common Complement. 

Univerfally , if the common Complement of equal Lives be «, and the 
Number of Lives/>, the Number of Years due to the Longeft of them will 

be 7£r x «- 

PROBLEM XXV. 

Any Number of equal Lives being given , to find the 
"Time in which one, or two , or three , 8tc. of them will 
fail. 

Solution. 

Let n be their common Complement, p the Number of all the 
Lives, q the Number of thofe which are to fail, then yy^-x » 
will exprefs the Time required. In words thus; 

Multiply the common Complement of the Lives by the Number of the 
Lives that are to drop , and divide the Product by the Number of all the 
Lives increafed by Unity. 

Thus, fuppofing 100 Lives, each of 40 Years of Age, it will be 
found that 5 of them will drop in about two Years and a Quarter. 

But if we put t for the Time given, we fhall have the four follow¬ 
ing Equations} 

w o ^_ qn 


4 0 . n=l±ll ii 


P p 2 


In 



292 7 he Doctrine of Chances applied 

In which any three of the four Quantities n, p, q 3 t, being given, the 
fourth will be known. 

This Speculation might be carried to any Number of unequal 
Lives: but my Defign not being to perplex the Reader with too 
great Difficulties, I fiiall forbear at prefent to profecute the thing any 
farther. 

PROBLEM XXVI. 

A, who is 30 Tears of Age, buys an Annuity of 1 1 . for 
a limited Time of his Life , fuppofe 1 o Years, on Con¬ 
dition that if he dies before the Expiration of that Ti?ne> 
the Pur chafe Money is wholly to be lojl to his Heirs • 
to find the prefent Value of the Pur chafe, fuppofinjr 
Interefl at 5 per Cent. 

Solution. 

Let n be the Complement of A 's Life, m the limited Number of 
Years, p the Difference of n and« ; ^ the Value of an Annuity of 
1 /. certain for m Years, and V the Value of the P erpetuity: then 

the prefent Value of the Purchafe will be * 9 .. j n w or ci s 

thus; 

i°. Multiply V, the Value of a Perpetuity , at the given Rate of 
Inter eft, by m the limited Number op Tears , and referve the Produtt. 

2 °. To the fame V add Unity , and take the Difference between their 
Sum and p, which is the Excefs of the Complement of Ns Age above the 
limited Number of Tears: multiply this Difference by Q, an Annuity 
certain for m Tears , to get the fecond Product. 

3 0 . Let the Sum of tbefe ProduBs , if p is greater than V+i ; and 
their Difference, if it is leffer, be divided by n, the Complement of Ns 
Age ; and the Quotient fhall be the Value of the Purchafe. 

As, in the Queftion propofed, where n — 56, m — \o, ^ = 46, 
<£ = 7.7212, and V— 20 ; the fi rft Product {mV) is that of 20 
by 10, or 200. And p—V+i being 46—21=25, the fecond 
Produft is 25 X 7.7212, that is 193.0302. The two Products added 
(P bein g g rea * er ^an V+i) make 393.0302: which divided by 56 
quotes, for the Anfwer, 7.0184 Years Purchafe. 

Note, 1. When it happens that p is equal to V-\-\ - as, Intereft 
being at 5 per Cen t , if the Difference of n and m is 21 • the fecond 
Product p — V -)-i x i£,vanifhing, the Anfwer is limply —. 


2. If, 
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2. If or p—Oy feeing V is equal to , the Expreflion 

will be changed into —' - ’-&= > which coincides with the So- 

0 r —I nxr —i 

lution of Prob. I: ^ reprefenting now the fame Thing as P did in 
that Problem. 

3. By this Propoiition, fome ufeful Queftions concerning Infurances 
may be refolved. 

Suppofe Ay at 30 Years of Age, afligns over to B an Annuity of 
1000/ a Year, limited to 10 Years, and depending likewife upon 
A’s Life: then, by the foregoing Solution, A ought to receive for it 
only 7018/. 8 j. Intereft being at 5 per Cent. But if B wants that 
the Annuity fhould ftand clear of all Rifques, he mud pay for it the 
Value certain , which is 7721 1. 4 s. and A ought to have his Life in- 
fured for 702 /. 16 s. the juft Price of fuch an infurance being the Dif¬ 
ference of the Values of the Annuity certain, and of the fame Annuity 
fubjedt: to the Contingency of the Annuitant’s Life failing. 

The fame 702/. its. is likewife the Value of the Reverfion of this 
Annuity to a Perfon and his Heirs, who fhould fucceed to the Re¬ 
mainder of the 10 Years, upon A*s Deceafe. See Prob. XXVIII. 

It is evident by the foregoing Procefs, that altho’ the Queftion 
there propofed is particular, yet the Solution is general; which Me¬ 
thod, often pradtifed in my Doftrine of Chances , is of fingular Ufe to 
fix the Reader’s Imagination. 


PROBLEM XXVII. 

A pays an Annuity of 1 00 1 . during the Lives of B a?id 
C, each 34 Years of Age\ to find what A ought to 
give in prefent Money to buy off the Life of B, fup - 
pofing Intereft at 4 per Cent. 

Solution. 

It will be found by our Tables that an Annuity upon a Life of 34 
is worth 14.12 Years Purchafe; and; by the Rules before delivered, 
that an Annuity upon the longeft of the two Lives of B and C is worth 
18.40: hence it is very plain, that, to buy off the Life of £, Am uft 
pay the Difference between 18.40 and 14.12, which being 4 2 $> it 
follows that A ought to pay 428/. 

In the fame manner, if A were to pay an Annuity during the three 
Lives of By C, D, whether of the fame or different Ages, it would 

he; 
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be cafy to determine what A ought to pay to buy off one of the Lives 
of B y Cy D , or any two of them, or to redeem the whole. 

For, i°. if the Life of D is to be bought off, then from the Value 
of the three Lives, fubtradl the Value of the two Lives of B and C, 
and the Remainder is what is to be given to buy off the Life of 2 ). 

2°. If the two Lives of C and D were to be bought off, then from 
the Value of the three Lives, fubtraft the Life of By and the Remain¬ 
der is what is to be given to buy off thofe two Lives. 

Lqftlyy It is plain that to redeem the whole, the Value of the three 
Lives ought to be paid. 

PROBLEM XXVIII. 

A, whofe Life is worth 14 Tears Purchafe , fuppofing In - 
tercjl at 4 per Cent, is to enjoy an Annuity of 100 1 . 
during the Term of 31 Tears ; B and his Heirs have 
the Readerf on of it after the Deceafe of A for the Term 
remaining • to fi?:d the Value of Bis Expe&ation . 

Solution. 

Since the Life of A is fuppofed to be worth 14 Years Purchafe 
when Intereft is at 4 per Cent, it follows from the Tables that A 
muft be about 35 Years of Age, therefore find, by the twenty-fixth 
Propofition, the Value of an Annuity on a Life of 35, to continue 
the limited Time of 31 Years j let that Value be fubtradled from the 
Value of an Annuity certain, to continue 31 Years 5 and the Re¬ 
mainder will be the Value of the Reverfion. 

PROBLEM XXIX. 

A is to have an Annuity of 100 1 .for him and his Heirs 
after the failing of any one of the Lives M, P, Q, the 
firfi of which is worth 1 3 Tears Purchafe , the fecond 
14, and the third 1 5 to find the prefent Value of 
his Expe&ation , Interejl of Money being fuppofed at 
4 per Cent. 


Solution. 

By the Example to Prob. III. it appears, that an Annuity upon the 
above 3 joint Lives is worth 7.41 Years Purchafe• let this be fup¬ 
pofed 
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pofed ~R, and let f reprefent the prefent Value of a Perpetuity of 
100/. which in this Caf e is 2500/. then the prefent Expectation of 
A will be worth 1— dR xf. In Words thus; 

Multiply the Value of the three joint Lives by the Interejl of 1 1 . then 
fubtrailing that ProduH from Unity , let the Remainder be multiplied 
by the Value of the Perpetuity , and the Pr&dutf will be the Expectation 
required. 

In this Cafe 7.41, multiplied by 0.04, produces 0.2964, and this 
Product fubtraCted from Unity, leaves 0.7036 ; now this Remainder 
being multiplied by 2500, produces 1759/. the Expectation of A. 

But if the Problem had been, that A fhould not have the Annui¬ 
ty before the Failing of any two of thofe Lives; from the Sum of all 
die joint Lives combined two and two, fubtraCt the double Value 
of the three joint Lives, and let the Rem ainder be called T 3 then the 
Expectation of A will be worth 1— dT x f ; now, by the Rules be^ 
fore delivered, we fhall find that the Sum of all the joint Lives com¬ 
bined two and two, is 29.06, from which fubtraCting the double of the 
three joint Lives, viz. 1 4.82, th e Remainder is 14.24. Hence fup- 
pofing Tr=i4.24, then 1— dTxf will be found to be 1076/. and 
this is the Value of A' s Expectation. 

Lajlly , If A was not to have the Annuity before the Extinction of 
the three Lives, fuppofe the Value o f the th ree Lives = V , then the 
Expectation of A would be worth i—dV x f which in this Cafe 
is 465/. 


PROBLEM XXX. 

To determine the Fines to be paid for renewing any Nian- 
ber of Tears in a College-Leafe of twenty; and alfo 
xvhat Rate of Inter ejl is made by a Pur chafer ^ who 
may happen to give an advanced Price for the fame , 
upon Suppofition that the Contractor is allowed 8 per 
Cent, of his Mottey. 

Altho’ the Problem here propofed does not ieem to relate to the 
Subject of this Book, yet as fome ufetul Conclufions may be derived 
from the Solution of it, I have thought fit to infert it in this Place. 


Tablec 
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Table of Fines . 


0.2146 

8 

2.2821 

15 

0.4463 

9 

2.6792 

16 

0.6965 

JO 

3.1081 

1 7 

0.9666 

11 

3 - 57 I 3 

18 

i - 2 5 8 7 i 

12 

4.0715 

*9 

I * 4 I 33 

*3 

4.6118 

20 

I- 9 H 4 . 

H 

5*953 



5-8254 

6.5060 
7.2411 
8.0349 
8.9922 
9.8181 


If a Purchafer gives the Original Contractor 11 Years Purchafe for 
his Leafe of 20, he makes above 6 * per Cent, of his Money. 

If he gives 12 Years Purchafe for the fame, he makes above 5 /. 8 s. 
per Cent, of his Money. 

If he gives 13 Years Purchafe, he makes 4^ per Cent, of his 
Money. 


PROBLEM XXXI. 

To determine the Fines to he paid for renewing any Num¬ 
ber of Tears in a College-Leafe of One and Twenty ; 
as alfo what Rate of Intereji is made by a Purchafer 
who may happen to give an advanced Price for the fame , 
upon Suppoftion that the ContraSlor is allowed 8 per 
Cent, of his Money. 




Table of Fines. 


1 

0.1987 

8 i 2,1 £ 3 i 

*5 

5-3940 

2 

04133 

9 t 2.2808 

16 

6.0241 

3 

0.6450 

io'2.8779 

17 

6.7047 

4 

0.8952 

1 1,3.3068 

18 

74398 

5 

1.1653 

12 3.77OO 

*9 

8.2336 

6 

*■4574 

13 4.2702 

20 

9.0909 

7 

I.6l20 

I4I4.8105 

21 

10.0168 


He that gives n Years Purchafe, inftead of 10.0168 for renewing 
his Leafe for 21 Years, makes 61 . 16 s. per Cent, of his Money. 

Hp who gives 12 Years Purchafe for the fame, makes very near 
5 /. 16 j. per Cent, of his Money. 

He who gives 13 Years Purchafe for the fame, makes a little more 
than 4/. 16 s. per Cent, of his Money. 


The 
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"The Vallies of Annuitiesfor Lives having been calculated , in this Book , 
upon a fuppojition that the Payments are made Yearly , and there being 
J'ome Occajions wherein it is ftipulated that the Payments fixuld be made 
Half-Yearly , I have thoughtfit to add the twofollowing Problems \ whereby , 
i°. It is Jhewn what the Half-Yearly Payments ought to be , if the Price 
of the Purchafe is preferved. 2°. How the Price of the Purchafe ought 
to be increafed , if the Half-Yearly Payments are required to be the 
Half of the Yearly Payments. 

PROBLEM XXXII. 

An Annuity being given , to find what Half-Yearly Pay¬ 
ments will be equivalent to it , when Inter efi of Money is 4, 

5, or 6 per Cent 

Solution. 

Take Half of the Annuity, and from that Half lubtraa its iooth, 
or 80th, or 68th Part, according as the Intereft is 4, 5, or 6 per Cent. 
and the Remainder will be the Value of the Half-Yearly Payments 
required; thus, if the Annuity was 100/. the Half-Yearly Payments 
would refpe&ively be 49/. ioj. 49/. js. 6 d. 49/. 51. ^d. nearly. 

PROBLEM XXXIII. 

*The prefent Value of an Annuity being given , to find how 
?nuch this prefent Value ought to be increafed , when it 
is required that the Payments jhall be Half-Yearly , and 
alfo one Half of the Yearly Payments , when Inter efi is 
at 4, 5, or 6 per Cent. 

Solution. 

To the prefent Value of the Annuity add refpeftively its 99th, 
79th, or 67th, and the Sums will be the Values increafed. 

As there are fome Perfons who may be defirous to fee a general Solu¬ 
tion of the two lajl Problems , I have thought fit to add what follows. 

In the firft of the two laft Problems, let A be the Yearly Payments 
agreed on, and B the Half-Yearly Payments required, r the Yearly 
r L-1 

Rate of Intereft, then B = -737- x A. In the fecond, let Af be the 
prefent Value of the Yearly Payments, P the prefent Value of thofe 

that are to be Half-Yearly, then P= -*r; ■ x M. 

QjT 
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Table II. 

fhe prefent Value of an Annuity of one Pounds to continue fo long as a 
Life of a given Age is in being , lnterejl being efiimated at 3 per 

Cent. 


Age. 

Value 

-r 

Age. 

Value 

Age. 

ValuejAge. 

Value 

I 

15.05 

26 

17.50 

5 1 

12.26 

7 6 

4.05 

2 

16.62 

27 

I 7-33 

52 

12.00 

77 

3- 6 3 

3 

! 7- 8 3 

28 

17.16 

53 

u *73 

78 

3.21 

4 

18.46 

29 

16.98 

54 

11.46 

79 

2.78 

5 

6 

I 8.9O 

* 9-33 

22 

3 1 

16.80 

16.62 

55 

56 

n.18 
10.90! 

80 

81 

2-34 

I.89 

7 

19.60 

32 

16.44 

57 

10.61 

82 

I -43 

8 

I 9-74 

33 

16.25 

s« 

10.32 

83 

0.96 

9 

19.87 

34 

16.06 

59 

10.03 

84 

° 49 

10 

19.87 

35 

15.86 

60 

9-73 

85 

0.00 

11 

I 9*74 

3 6 

l S - b 7 

61 

9.42 

86 

0.00 

12 

19.60 

37 

15.46 

62 

9.11 



*3 

* 9-47 

38 

15.26 


8.79 




1 9-3 3 

39 

l S-°S 

64 

8.46 



11 

16 

, 9* I 9 

40 

14.84 

65 

8.13 



I 9 °S 

4 i 

14.63 

66 

7-79 



17 

18.901 

42 

14.41 

67 

7*45 



18 

18.76 

43 

14.19 

68 

7.10 



19 

18.61 

44 

*3-96 

69 

6 4 l 



20 

18.46 

4*7 

1121 

70 



21 

18.30 

46 

* 3-49 

71 

6.01 



22 

18.15 

47 

13.25 

72 

5- 6 3 



2 3 

J 7-99 

48 

13.01 

73 

5- o S 



24 

*7-83 

49 

12.76 

74 

4.85 



25 

17.66 

5 ° 

12.51 

75 

44 j 




(Xq 2 
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Table III. 

The prefent Value of an Annuity of one Pound , for any Number of Tears 
not exceeding i oo. Inter eft at per Cent. 


Years. 

Value. 

*< 

a> 

5 

Value. 

rt 

to 

3 

Value. 

Years. 

Value. 

j 

0.9662 

26 

16.8904 

5 1 

23.6286 

7 6 

26.4799 

2 

1.8997 

27 

17.2854 

5 2 

23-7958 

77 

26.5506 

3 

2.8016 

28 

17.6670 

53 

23-9573 

78 

26.6190 

4 

3-6731 

2 9 

18.0358 

54 

2 4- 1 *33 

79 

26.6850 

5 

4.5151 

3° 

18.3920 

55 

24.264I 

80 

26.7488 

6 

5.3286 

3 1 

18.7363 

5 6 

24.4097 

FT 

26.8104 

7 

6.ii 4J 

32 

19.0689 

57 

24.5504 

82 

26.8700 

8 

6.8740 

33 

I 9-39° 2 

58 

24.6864 

83 

26.9275 

9 

7.6077 

34 

I9.7OO7 

59 

24.8178 

84 

26.9831 

IO 

8.3166 

ii 

20.0007 

60 

£4:9447 

85 

27.0368 

j i 

9.0015 

36 

2O.29O5 

61 

25.0674 

86 

27.0887 

32 

9-6633 

37 

20.5705 

62 

25.1859 

8 7 

27. 1 3 88 

J 3 

10.3027 

38 

20.841 I 

6 3 

25.3004 

88 

27.1873 

3 4 

10.9205 

39 

21.1025 

64 

25.4110 

89 

27.2341 

15 

11 -5 I 74 

40 

2I *355 I 

6 5 

2 5-5iZ! 

90 

27.2793 

16 

12.0941 

4i 

2I -599 I 

66 

25.621 I 

9 1 

27.3230 

J 7 

12.6513 

42 

21.8349 

67 

25.72O9 

9 2 

27.3652 

18 

13.1897 

43 

22.0627 

68 

25-8173 

93 

27.4060 

1 9 

13.7098 

44 

22.2828 

69 

25.9104 

94 

2 7.4454 

20 

14-2124 

15 

22-4955 

70 

26.0004 

95 

27.4835 

2 I 

14.6980 

46 

22.7009 

7 1 

26.0873 

96 

27.5203 

22 

15**671 

47 

22.8994 

72 

26.1713 

97 

2 7-5558 

23 

15.6204 

48 

23.0912 

73 

26.2525 

98 

27.5902 

24 

16.0584 

49 

23.2766 

74 

26.3309 

99 

27.6234 

25 

16.4815 

50 

23-4556 

75 

26.4067 

100 

27-6554 


The Value of the Perpetuity is 28f Tears Purchafe . 


Table 
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Table IV. 

The prefent Value of an Annuity of one Pound , fo long as a Life 
of a given Age is in being , Intere/l being ejlimated at 3! per 

Cent. 


Age. 

Value 

Age. 

Value 

Age. 

Value 

Age. 

Value 

I 

14.16 

26 

l6.2» 

5 1 

11.69 

76 

3-98 

2 

1 5*53 

2 7 

16.13 

5 2 

11.45 

77 

3-57 

3 

16.56 

28 

15.98 

53 

11.20 

78 

3.16 

4 

i 7-°9 

2 9 

15-83 

54 

10.95 

79 

2.74 

5 

17.46 

30 

15.68 

55 

10.69 

80 

2.31 

6 

17.82 

3 1 

* 5-53 

5 6 

IO -44 

81 

1.87 

7 

18.05 

3 2 

r 5 37 

57 

10.18 

82 

1.42 

8 

18.16 

33 

15.21 

5 8 

9 - 9 1 

8 3 

0.95 

9 

18.27 

34 

* 5-05 

59 

9.64 

84 

0.48 

TO 

18.27 

35 

14.89 

60 

9-36 


0.00 

11 

18.16 

3 6 

H- 7 1 

61 

9.08 

86 

0.00 

12 

18.05 

37 

14.52 

62 

8.79 



*3 

17.94 

38 

H -34 

6 3 

8.49 



J 4 

17.82 

39 

14.16 

64 

8.19 



IS 

* 7 - 7 * 

40 

13.98 

$5 

7.88 



16 

I 7*59 

4 1 

* 3-79 

66 

7.56 



x 7 

17.46 

4 2 

M - S 9 

67 

7.24 



18 

17-33 

1 43 

13*40 

68 

6.91 



19 

17.21 

44 

13.2° 

69 

6.57 



20 

17.09 

45 

12 *99 

7 © 

6.22 



21 

16.96 

46 

12.78 

7 1 

5*»7 



22 

*6.83 

47 

12.57 

7 2 

5 - 5 1 



2 3 

16.69 

48 

12.36 

73 

5 *H 



24 

16.56 

49 

12.14 

74 

4-77 



2 5 

16.42 

5 o 

11.92 

1 75 

4 - 3 ^ 
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! The Doctrine of Chances applied 


Table V. 

The frcfent V olu? of an Annuity of one Pound , for any Number of Tears 
not exceeding ioo, Inter eft at 4 per Cent. 


Years, j 

Value. 

|Years. 

Value. 

Years | 

Value. 

Years. 

Value. 

1 

0.9615 

26 

15.9827 

5 i 

21.6714 

70 

23.73. 1 

2 

1.8860 

2 7 

16.3295 

5 2 

21 -7475 

77 

2 3-7799 

3 

2.7750 

28 

16.6630 

53 

2 I.8726 

7 « 

23.8268 

4 

3.6298 

2 9 

16 9837 

54 

21 9929 

79 

23.872O 

5 

4.4.918 

3 £ 

17.2920 

55 

22.1086 

80 

2 3 - 9 i ?2 

6 

5.2421 

3 1 

'7.5884 

5 ^> 

22.2198 

81 

2 3 - 957 ' 

7 

6.0020 

3 2 

7-8735 

57 

22.3267 

82 

23.9972 

0 

6.7327 

33 

18.1476 

58 

22.4295 

83 

2 4-°357 

9 

7-4353 

34 

18.4111 

59 

22.5284 

84 

24.O728 

10 

8.1108 

35 

18.6646 

60 

22.6234 

85 

24.I085 

11 

8.7604 

36 

18.9082 

61 

22.7148 

^6 

24 -I 428 

12 

9.3850 

37 

19.1425 

62 

22.8027 

87 

2 4 - *757 

*3 

9.9856 

38 

19.3678 

6 3 

22.8872 

88 

24.2074 

14 

10.5631 

39 

19.5844 

64 

22.9685 

89 

24.2379 

£5 

11.1183 

4 0 

19.7927 

6 5 

23.0466 

90 

24.2672 

16 

11.6522 

41 

J 9 * 993 ° 

66 

23.1218 

9 1 

24.2944 

*7 

1 Q 

12.1656 

42 

20.1856 

6 7 

23.1940 

92 

24.3225 

1 O 

12.6592 

43 

20.3707 

68 

23.2635 

93 

24.3486 

2 9 

1 3- 1 339 

44 

20.5488 

69 

23.3302 

94 

24.3736 

20 

I 3 - 59°3 

45 

20.7200 

70 

2 3 3945 

.95 

2 4-3977 

21 

14.0291 

46 

20.8846 

7 * 

23.4562 

9b 

24.4209 

22 

I 4 * 45 11 

47 

21.0429 

72 

2 3 - 5 ' 5 6 

97 

24.443 2 

2 3 

14.8568 

48 

21.1951 

73 

2 3 - 57 2 7 

98 

24.4646 

24 

15.2469 

49 

21-3414 

74 | 

23.6276 

99 

24.4851 

2 5 

15.6220 

5 ° 

21.4821 

751 

23.6804 

100 

24.5049 


Table 
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Table VI. 

The prefent Value of an Annuity of one Pounds to continue fo long as a 
Life of a given Age is in being , Interef being eftimatcd at 4 per 
Cent. 


Age. 

Value 

Age. 

1 

Value Age. 

I 

Value 

Age. 

Value 

I 

1 3-36 

26 

> 5 - *9 

5 » 

11.13 

76 

3 9 ' 

2 

14.54 

2 7 

15.06 

5 2 

10.92 

77 

3 - 5 2 ' 

3 

1543 

28 

14.94 

53 

10.70 

78 

3.u 

4 

15.89 

29 

14.81 

54 

10.47 

79 

2.70 

5 

16.21 

30 

I4.68 

II 

10.24 

80 

2.28 

6 

16.50 

3 1 

14.54 

56 

10.01 

81 

1.85 

7 

16.64 

3 2 

I4.4I 

57 

9-77 

82 

1.40 

8 

lb ;Z 2 

33 

14.27 

5 8 

9.52 

I 3 

0.95 

9 

16.88 

34 

14.12 

59 

9.27 

84 

O.48 

TO 

x6.88 

31 

13.98 

60 

9.01 

2i 

0.00 

1 I 

16.79 

36 

13.82 

61 

8-75 

86 

0.0a 

12 

16.64 

37 

' 3-67 

62 

8.48 



*3 

16.60 

38 

J 3 - 5 2 

63 

8.20 



14 

16.50 

39 

' 3 - 3 6 

64 

1 7-9 2 



II 

16.41 

4 £ 

1^.20 

6jf 

7.63 



16 

16.31 

4 i 

13.02 

60 

7-33 



*7 

16.21 

4 2 

12.85 

67 

7.02 



18 

16.10 

43 

12.68 

68 

6.71 



1 9 

1 5-99 

44 

12.50 

69 

6 -39 



20 

t 5 .8 9 

£i 

12.32 

22 ! 

6.06 



21 

t5. 7 8 

46 

12.13 

71 

5.72 



22 

15.67 

47 

“•94 

7 2 

5-38 



2 3 

1 5*55 

48 

“•74 

73 

5.02 



24 

*5 43 

49 

“•54 

74 

4.66 



25 

l 5*3 1 

50 

“•34 

75 

4.29 




Table 






number of 




9.5094. 
9 5 3 z8 
9-5550 
9.5762 

9-5964 

9.6156 

9-6339 
9.6514 
9.6680 
9.683 8 
80 I9.6988 

87 I9.7I32 

88 19.7268 

89 19.7398 

92 i Q-7522 
19.2010 91 19.7640 
I 9 ,2 39 ° 9 2 I 9 - 775 2 

93 197859 

94 I 979 61 

£5 19.8058 

96 19.8151 

97 19.8239 

98 19.8323 

99 198403 

00 19.8479 
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Table VIII. 

Lhe prefent Value of an Annuity of one Pound , to continue fo long as a 
Life of a given Age is in being , Inter eft at 5 per Cent. 


Age. 

Value 

Age. 

Value 

Age. 

Value 

Age. 

Value 

I 

lu t 

26 

1 3-37 

5 1 

10.17 

76 

3-78 

2 

12.88 

27 

13.28 

5 2 

9-99 

77 

3 - 4 1 

3 

* 3-55 

28 

13-18 

53 

9.82 

78 

3*03 

4 

j 3 . 8 9 

29 

13.09 

54 

9-63 

79 

2.64 

5 

14.12 

22 

12.99 

55 

9*44 

80 

2.23 

6 

14.34 

3 1 

12.88 

56 

9.24 

81 

1.81 

7 

14.47 

32 

12.78 

57 

9.04 

82 

i . 3 8 

8 

* 4*53 

33 

12.67 

5 * 

8.83 

83 

0.94 

9 

14.60 

34 

12.56 

59 

8.61 

84 

0.47 

10 

14.60 

25 

I2 *45 

60 

8-39 

85 

0.00 

11 

H -5 3 

3 6 

I2 *33 

61 

8.l6 

86 

0.00 

12 

H -47 

37 

12.21 

62 

7-93 



J 3 

14.41 

38 , 

12.09 

6 3 

7.68 



H 

H -34 

39 

11.96 

64 

7-43 



15 

H.27 

40 

11.83 

65 

7.18 



16 


41 

11.70 

66 

6.9I 



17 


42 

n.57 

67 

6.64 



18 

QSi 

43 

u *43 

68 

6.36 



l 9 

r 3-97 

44 

11.29 

69 

6.97 



20 

1 . 1.89 

±1 

11.14 

70 

5-77 



21 

13.8! 

46 

10.99 

7 1 

5*47 



22 

J 3 * 7 2 

47 

10.84 

7 2 

5-*5 



2 3 

13.64 

48 

10.68 

73 

4.82 



24 

1 3-55 

49 

10.51 

74 

4.49 



25 

13.46 

5 ° 

io *35 

75 

4.14 




R r 
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Table IX. 

The prefent Value of an Annuity of one Pound, for any Number of Tears 
not exceeding 100, Inter eft at 6 per Cent. 










2 

5 

V) 

Value. 

i 

Value. 

n» 

g 

Value. 

O 

P 

(A 

Value. 

I 

°-9433 

26 

13.0031 

5* 

15.8130 

76 

16.4677 

2 

>- 8 333 

2 7 

13.2105 

5 2 

15.8613 

77 

16.4790 

3 

2.6730 

28 

13.4061 

53 

15.9069 

78 

16.4896 

4 

3465 1 

2 9 

13.5907 

54 

*59499 

79 

16.4996 

5 

4-212^ 

3£ 

13.7648 

55 

*59905 

80 

*6-5091 

6 

4-9*73 

3 1 

13.9290 

5^ 

16.0288 

81 

16.518a 

7 

5-5823 

3 2 

14.0840 

57 

16.0649 

82 

16.5264 

8 

6.2097 

33 

14.2302 

58 

16.0989 

83 

*6-5343 

9 

6.8016 

34 

14.3681 

59 

16.1311 

84 

I6.5418 

10 

7.3600 

35 

14.4982 

60 

16.1614 

85 

16.5489 

11 

7.8868 

36 

14.6209 

61 

16.1900 

jb 

*6-5556 

12 

8.3838 

37 

*4-7367 

62 

16.2170 

87 

I6.5618 

13 

8.8526 

38 

14.8460 

63 

16.2424 

88 

I6.5678 

14 

9.2949 

39 

*4*949° 

64 

16.2664 

89 

*6-5734 

15 

9.7122 

40 

15.0462 

6 5 

16.2891 

90 

16.5786 

l6 

IO.IO58 

4i 

15.1380 

66 

16.3104 

9 1 

I6.5836 

17 

I 0 .477 2 

4 2 

15.2245 

67 

16.3306 

92 

I6.5883 

18 

IO.8276 

43 

15.3061 

68 

16.3496 

93 

I6.5928 

19 

II.I581 

44 

*5-383 * 

69 

16.3676 

94 

16.5969 

20 

I I.4699 

45 

**• 45*8 

70 

16.3845 

95 

96 

I6.60O9 

2~I 

II.764O 

46 

*5-5243 

7 1 

16.4005 

I6.6046 

22 

I2 -°4 I 5 

47 

15.5890 

72 

*6-4*55 

97 

I6.608 I 

2 3 

12.3033 

48 

15.6500 

73 

j I6.4297 

98 

l6.6lI4 

24 

,2 *55°3 

49 

*5-7°75 

74 

*6-443* 

99 

I6.6145 

2 5 

*2-7833 

50 

15.7618 

75 

16.4558 

100 

I6.6175 


Table 
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Table X. 

The prefent Value of an Annuity of one Pound, to continue fo long as a 
Life of a given Age is in being , Interejl being eftimated at 6 per 
Cent. 


Age. 

Value 

Age. 

Value 1 

Age. 

Value 

Age. 

Value 

I 

10.80 

2 b 

II.9O 

S l 

9-34 

76 

3.66 

2 

n-S 3 

27 

11.83 

52 

9.20 

77 

3 - 3 i 

3 

12.04 

28 

II.76 

53 

9 .°4 

78 

2.95 

4 

12.30 

29 

11.68 

54 

8.9O 

79 

2 -57 

5 

12.47 

30 

11.61 

ii 

8.72 

80 

2.l8 

6 

12.63 

3 1 

11 ■ 53 

56 

8-56 

81 

j . 7 8 

7 

12.74 

32 

11 -45 

57 

8.38 

82 

1.36 

8 

12.79 

33 

11.36 

58 

8.20 

83 

0.92 

9 

12.84 

34 

II.6O 

59 

8.02 

84 

0 77 

10 

12.84 

is , 

II.l8 

60 

7-83 

U 

0.00 

11 

12.79 

36 ! 

I I.O9 

61 

7-63 

86 

0.00 

12 

12.74 

37 

11.00 

62 

7.42 



*3 

12.69 

38 

10.90 

63 

7.21 



H 

12.63 

39 

10.80 

64 

7.00 



15 

12.58 

12 

10.70 


6.77 



16 

* 2-53 

41 

10.60 

66 

6-53 



*7 

12.47 

42 

10.50 

67 1 

6.22 



18 

12.41 

43 

IO *37 

68 

6.03 



*9 

I2.36 

44 

10.26 

69 

5-77 



20 

12.30 

ii 

10.14 

Z£ 

JJO 



21 

12.23 

46 

10.02 

7 i 

5.22 



22 

12.17 

47 

9.90 

72 

4-93 



2 3 

12.11 

48 

9.76 

73 

463 



24 

I2.O4 

49 

9- 6 3 

74 

4 - 3 2 



25 

U.97 

50 

9.49 

75 

4.00 




















3°8 Ibe Doctrine of Chances applied 

Note; The ift, 3 d, $tb, ytb and gth Tables ferve likewife to 
refolve the Queflions concerning Compound Interefl; as 

I. 

To find the prefent Value of ioool. payable 7 Tears hence, at 31. 
per Cent. From the prefent Value of an Annuity of 1 / certain for 
7 Years, which, in Tab . III. is 6.1145, I fubtradl the like Value for 
6 Years, which is 5.3286; and the Remainder .7859 is the Value 
of the yth Year’s Rent, or of 1 /. payable after 7 Years j which mul¬ 
tiplied by 1000 gives the Anfwer 785 /. 18 \fh. 

II. 

If it is afked, what ‘ will be the Amount of the Sum S in 7 Tears 
at P er Cent ? Having found .7859 as above, ’tis plain the Amount 

will be-4-. 

•7*59 

III. 

If the Queftion is, In what time a Sum S will be doubled , tripled , 
or increafed in any given Ratio at 3, 3 *-, &c. per Cent. I take, in 
the proper Table, two contiguous Numbers whofe Difference is 

neared the Reciprocal of the Ratio given, as ~, 4 , &c. And the Year 
againft the higher number is the Anfwer. 

Thus in Tab . 1 . againft the Years 22, 23, (land the Numbers 
1 5.9369 and 16.4436; whofe Difference .5067 being a little more 
than .5, or ~ , fhews that in 23 Years, a Sum S will be a little lefs 

than doubled, at 3 per Cent. Compound Interefl. And againft the 
Years 36 and 37 are 21.8323, and 22.1672 ; the Difference whereof 
being - 3349 > nearly j, fhews that in 14 Years more it will be al- 
mofl tripled. 

If more exa&nefs is required; take the adjoining Difference whofe 
Error is contrary to that of the Difference found; and thence com¬ 
pute the proportional part to be added or fubtradled thus, in the lafl 
of thefe Examples, the Difference between the Years 37 and 38 is 

.3252, which wants .0081 of .3333 » as the ot bcr Difference 

.3349 exceeded it by .0016. The 38 th Year is therefore to be di¬ 
vided in the Ratio of 16 to 81; that is ~ of a Year* or about 2 
Months, is to be added to the 37 Years. 


IV. To, 
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To find at what Rate of Interejl I ought to lay out a Sum S, fo as it 
may encreafe -j for Inftance , or become j S in y Tears . Here the 
Fraction I am to look for among the Differences is , or the De¬ 
cimal .75 ; which is not to be found in Tab. I. or III, till after the 
limited Time of 7 Years. But in Tab. V, the Numbers againft 6 
and 7 Years give the Difference .7599 ; and the Rate is 4 per Cent. 
nearly. 

To find how nearly ; we may proceed as under the foregoing Rule. 
Take the Difference between 6 and 7 Years in Tab. VII. for 5 per 
Cent.} which being .7107, wanting .0393 of .75, as .7599 exceeded * 
it by .0099 j divide Unity in the Ratio of 99 to 393, that is of 33 to 
131, and the leffer Part added to 4 per Cent, gives the Rate fought,, 

4-^.° r 4 T - 


PART 



PART II. 

Containing the Demonjlrations of fome of the principal 
L J ropofitions in the foregoing Treatife . 


CHAPTER I. 

I Obferved formerly, that upon Suppofition that the Decrements 
of Life were in Arithmetic Progreflion, the Conclufions derived 
from thence would very little vary from thofe, that could be de¬ 
duced from the Table of Obfervations made at Brejlaw , concerning 
the Mortality of Mankind; which Table was about fifty Years ago 
inferted by Dr. Halley in the Philofophical Tranfattions, together with 
fome Calculations concerning the Values of Lives according to a given 
Age. 

Upon the foregoing Principle, I fuppofed that if n reprefented the 
Complement of Life, the Probabilities of living i, 2, 3, 4, 5, Gfc. 

Years, would be exprefled by the following Series, # 

"Sli 9 ”SlA , G fc. and confequently that the Value of a Life, whofc 
Complement is «, would be exprefled by the Series 
^ , + V^+“r+ : » & c - the Sum of which I have 

i--p 

a (Ter ted in Problem I. to be —, where the Signification of 

the Quantities P and r is explained. 

As the Reafonings that led me to that general Expreflion, require 
fomething more than an ordinary Skill in the Do&rine of Series, I (hall 
forbear to mention them in this Place j and content myfelf with 
pointing out to the Reader a Method, whereby he may fatisfy himfelf 
of the Truth of that Theorem, provided he underftand fo much of 
a Series, as to be able to fum up a Geometric Progreflion. 


Demon- 
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Demonstration. 


■P—7 + -~+*7r+-7r+“7r« • 
Therefore, 


rP=. + 7+^ + ^r + 

And 



n n ' nr 1 nrr * nr* * nr 4 1 „ r »— 1 

Therefore, 

rP n —1 t I I I I 

n n nr nrr nr* nr ♦ * * * <r «— 1 * 

But this is to be divided by r — i, or multiplied by 

T^T + ^r+^+^+Tr+^r. Vc. 

Then multiplying actually thofe two Series’s together, the Product 
will be found to be 



i—Lp 

which confequently is equal to ■ ■ r _" ■: which was to be demon* 
tfrated. 

If it be required that upon the Failing of a Life, fuch Part of the 
Annuity fhould be paid, as may be proportional to the Time elapfed 
from the Beginning of the laft Year, to the Time of the Life’s failing, 

then the Value of the Life will be ~ wherein a reprefents 

the hyperbolic Logarithm of the Rate of Jntereft. 


But 
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But becaufe there are no Tables printed of hyperbolic Logarithms, 
and that the Reduction of a common Logarithm to an hyperbolic is 
fomewhat laborious, it will be fufficient here to fet down the hyper¬ 
bolic Logarithms of 1.03, 1.035., i -° 4 » Ii0 5 » J -°6> which are re- 
fpeCtively, 0.02956, 0.0344, 0.03922, 0.04879, 0.05825, or 
• > 2 z 6 t 

—• ~• 77> —• ^ near 'y- 

CHAPTER II. 

Explaining the Rules of combined Lives. 

Suppofmg a fictitious Life, whofe Number of Chances to continue 
in being from Year to Year, are conftantly equal to*, and the Num¬ 
ber of Chances for failing are conftantly equal to b , fo that the Odds 
of its continuing during the Space of any one Year, be to its failing in 
the fame Interval of Time conftantly as a to b, the Value of an Annuity 
upon fuch a Life would be ealily found. 

For, if we make a-\-b=s, the Probabilities of living j, 2, 3, 4, 5, 
Years would be reprefented by the Series JlL f 

&c. continued to Eternity *, and confequently the Value of an 
Annuity upon fuch Life would be exprefled by this new Series 

TP + -TTh-V-TTT + &c - which bein g a geometric Progreffion 
perpetually decreafing, the Sum of it will be found to be _ — • 

s r — a * 

thus, if a ftands for 21, and b for 1, and alfo r for 1.05, the Value 
of fuch Life would be ten Years Purchafe. 

From thefe Premifes the following Corollaries may be drawn: 

Corollary I. 

An Annuity upon a fi&itious Life being given, the Probability of 
its continuing one Year in being is alfo given j for let the Value be 
= M, then ^=5^. 

Corollary II. 

If a Life, whofe Value is deduced from our Tables is found to be 
worth 10 Years Purchafe, then fuch Life is equivalent to a fictitious 
Life, whofe Number of Chances for continuing one Year, is to the 
Number of Chances for its failing in that Year, as 21 to 1. 
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Corollary III. 

Wherefore having taken the Value of a Life from our Tables, or 
calculated it according to the Rules prefcribed; we may transfer 
the Value of that Life to that of a fictitious Life, and find the Num¬ 
ber of Chances it would have for continuing or failing Yearly. 

Corollary IV. 

And the Combination of two or more real Lives will be very near 
the fame as the Combination of fo many correfponding jitiitious 
Lives ; and therefore an Annuity granted upon one or more real 
Lives, is nearly of the fame Value as an Annuity upon a fictitious 
Life. 

Thefe things being premifed, it will not be difficult to determine 
the Value of an Annuity upon two or three, or as many joint Lives 
as may be affigned. 

For let x reprefent the Probability of one Life’s continuing front 
Year to Year, and y the Probability of another Life’s continuing the 
fame Time; then according to the Principles of the DoCtrine of 
Chances, the Terms 

xy> xxyy> x'y\ x*y\ x*y\ &C. 

will refpeCtively reprefent the Probabilities of continuing together, i, 
2 > 3> 4> 5 > & c - Years; and the Value of an Annuity upon the two’ 
joint Lives, will be -2 -f —ZL + -|- —- -j- -lifl &c . 

which being a Geometrical Progreffion perpetually decreaiing, the 
Sum of it will be found to be ; i et now jd be put for the Va¬ 

lue of the firft Life, and P for the Value of the fecond, then by our 
firft Corollary it appears that * = , and y = -~; and there- 

fore having written thefe Values of x and y in the Expreffion ~ XJ , 
which is the Value of the two joint Lives, it will be changed into 
aT+~, x — m p r * is the fame Theorem that I had given 

in my firft Edition. 

It is true that in the Solution of Prob. II. I have given a 
Theorem which feems very different from this; making the Value 

of the joint Lives to be ’JTfP —Ufp ' > wherein d reprefents the In- 
tereft of i /. and yet I may affure the Reader, that this laft Expref¬ 
fion is originally derived from the firft; and that whether one or the 

S f othe 
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other is ufed, the Concluiions will very little differ: but the firft 
Theorem is better adapted to Annuities paid in Money, it being 
cuftomary that the laft Payment, whether it be Yearly or Half- 
Yearly, is loft to the Purchafer; whereas the fecond Theorem is 
better fitted to Annuities paid by a Grant of Lands, whereby the 
Purchafer makes Intereft of his Money to the laft Moment of his 
Life : for which Reafon I have chofe to ufe the laft Expreflion in my 
Book. 

By following the lame Method of Inveftigation, we fhall find that 
if M , P, denote three fingle Lives, an Annuity upon thofe joint 

Lives will be in the Cafe of Annuities paya- 

ble in Money; or Z dM^ in the Cafe of Annuities paid 
by a Grant of Lands. 

CHAPTER III. 

Containing the Demonftration of the Rules given in Pro¬ 
blems \th and §th^ for determining the Value of longeft 
Life . 


Let * and y reprefent the refpe&ive Probabilities which two Lives 
have of continuing one Year in being, therefore 1 — a; is the Proba¬ 
bility of the firft Life’s failing in one Year, and 1 — y the Probabi¬ 
lity of the fecond Life’s failing in one Year: Therefore multiplying 
thefe two Probabilities together, the Produdt 1 —at— y-\-xy will re¬ 
prefent the Probability of the two Lives failing in one Year; and if 
this be fubtra&ed from Unity, the Remainder x-\-y — xy will exprefs 
the Probability of one at leaft of the two Lives outliving one Year: 
which is fufficient for eftablilhing the firft Year’s Rent. 

And, for the lame Reafon xx-\-yy —xxyy will exprefs the Probabi¬ 
lity of one at leaft of the two Lives outliving two Years: which is fuffi»- 
cient to eftablilh the fecond Year’s Rent. 

From the two Steps we have taken, it plainly appears that the 
longeft of two Lives is exprefiible by the three following Series; 


f+^+i+S+^l 

+f+£+ 4 +'£-+£>««' 

xy xxyy _ *iy\ x*y+ _ xty j 

r rr ~~~~ r3 ' r* rS J 


Whereof 
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Whereof the firft reprefents an Annuity upon the fird Life, the fe- 
cond an Annuity upon the fecond Life, and the third an Annuity up¬ 
on the two joint Lives; and therefore we may conclude that an An¬ 
nuity upon the longed: of two Lives, is the Difference between the 
Sum of the Values of the fingle Lives, and the Value of the joint 
Lives: w hich have been expreffed in Problem IV. by the Symbols 
M-\-P — MP. 

In the fame manner it will be found that if x , y , z, reprefent the 
refpeftive Probabilities of three Lives continuing one Year, then the 
Probability of their not failing all three in one Year will be expreffed 
by x-\-y-\-z — xy — xz—yz-\-xyz ; which is fufficient to ground this 
Conclufion, that an Annuity upon the longed of three Lives, is the 
Sum of the fingle Lives, minus the Sum of the joint Lives, plus the 
three joint Li ves : w hich h as b ee n expre ffed by me, by the Symbols 

From the foregoing Conclufions, it is eafily perceived how the 
Value of the longed of any Number of Lives ought to be determined ; 
•viz. by the Sum of the Values of the fingle Lives, minus the Sum 
of the Values of all the joint Lives taken two and two, plus the Sum 
of all the joint Lives taken three and three, minus the Sum of all the 
joint Lives taken four and four, and fo on by alternate Additions and 
Subtractions. 


CHAPTER IV. 

Containing the Demonfirations of what has been faid con¬ 
cerning Reverjions, and the Value oj one Life after one 
or more Lives . 

i°. It plainly appears that the prefent Value of a Reverfion after 
one Life, is the Difference between the Perpetuity, and the Value of 
the Life in Poffeffion : Thus, if the Life in Poffeffion be worth 14 
Years Purchafe, and that I have the Reverfion after that Life, and 
have a mind to fell it, I mud have for it 11 Years purchafe, which is 
the Difference between the Perpetuity 25, and 14 the Value of the 
Life, when Money is rated at 4 per Cent. 

2 0 . It is evident that the Reverfion after two, three, or more Lives, 
is the Difference between the Perpetuity, and the longed of all the 
Lives. 


S f 2 


But 
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Eut the Value of a Life after one or more Lives not being fo ob¬ 
vious, 1 think it is proper to infift upon it more largely: let * there¬ 
fore reprefent the Probability of the Expedant’s Life continuing one 
Year in being, and^y the Probability of the fecond Life’s continuing alfo 
one Year in being, and therefore i— y is the Probability of that fe¬ 
cond Life’s failing in that Year; from which it follows, according 
to the Dodrine of Chances, that the Probability of the firft Life’s 
con tinuin g one Year, and of the fecond’s failing in that Year, is 
x x i — y, or x— xy ; which is a fufficient foundation for drawing the 
following Conclufion, viz, that the Value of the firft Life after the 
fecond is the Value of that firft Life minus the Value of the two joint 
Lives : which I have exprefied by the Symbols M — MP. 

In the fame manner, if at, y , z, reprefent the refped ive Probabi¬ 
lities of three Lives continuing one Year, then x X i—y X i — z, will 
reprefent the Probability of the firft Life’s continuing one Year, and 
of the other two Lives failing in that Year; but the foregoing Ex- 
preflion is brought, by adual Multiplication, to its Equivalent *•—* 
y — xzfxyz ; from whence can be deduced by meer Infpedion the 
Rule given in Prob. VIII. viz. that the prefent Value of the firft 
Life’s Expedation after the Failing of the other two, is 
M-MP—M^yMPV. 


CHAPTER V. 

Containing the Demonjlration of what has been afferted 
in the Solution of the io th and 29 th Problems . 

In the Solution of the 10th Problem, M'" denoting the prefent 
Value of an Annuity to continue fo long as three Lives of the fame Age 
fubfift together, let us fuppofe that n denotes the Number of Years 
during which the Annuity will continue ; then fuppofing r to exprefs 
the Rate of Intereft, it is well known that the prefent Value of that 

^ 1 

Annuity will be ■■■ f , wherefore we have the Equation M'"z=z 

-r. ' 

—— » or raakmg r—i—d, M'" = —f—, from whence will 

be deduced -7=1 — d M"\ and confequently r*= —i— . 

Now let us fuppofe that a Sum / is to be received to eternity at the 

equah 
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equaHntervals of Time, denoted by n , and that we want to find the 
prefent Value of it; it is plain to thofe who have made fome Profi¬ 
ciency in Algebra, that —f — is the prefent Value of it, let us there¬ 
fore in the room of r n fubftitute its Value found before, viz. — ] , 

and then r n — 1 will be found equal to > and confequently 

_ l— X f: as in the Solution of Prob. X. 

Now it will be eafy to find n ; for let us fuppofe =T t then 

r* = and therefore n = ~~ . 

bg- r 

The 29th Problem has fome Affinity with the 10th; in the 
former it was required to know the prefent Value of a Sum f 9 paya¬ 
ble at the Failing of any one of three equal Lives, but in the latter 
the three Lives are fuppofed unequal; but befides, it is extended to 
two other Cafes, viz. to the prefent Value of a Sum f to be paid 
after the Failing of any two of the Lives, as alfo to the prefent Va¬ 
lue of a Sum f to be paid #fter the Failing of the three Lives. 

For in the firft Cafe, let us imagine an Annuity to be paid as long 
as the three Lives are in being; or, which is the fame thing, till one 
of the Lives fails; and let us fuppofe that R reprefents the Value of 
the three joint Lives; let us alio fuppofe that n is the Number of 
Years after which this will happen, and that d is the Intereft of 1 /. 

therefore is the prefent Value of the Sum f to be then paid ; but 

1 

R ~ — -j— — , therefore — = i — d R, and therefore — 

a r" r » 

1— dRxf. 

But the fecond Cafe has fomething more of Difficulty, and there¬ 
fore I ffiall enlarge a little more upon it: let us imagine now that 
there is an Annuity to continue not only as long as the three equal 
Lives are in being, but as long as any two of the faid Lives are im 
being ; now in order to find the prefent Value of the faid Annuity, let 
us fuppofe that *, y, z , reprefent the refpedtive Probabilities of the 
faid Lives continuing one Year.. Therefore. 

i°. x y z reprefents the Probability of their all outliving the Year. 

2°. xyx 1 _2, or xy — xyz reprefents the Probability of the two> 

firft outliving the Year, and of the third failing in that Year. 


3* 
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3°. xzxi—y or xz—xyz reprefents the Probability of the firft 
and third’s outliving the Year, and of the fecond’s failing in that 
Year. _ 6 

4*- yxx \ —z> ov yz — xyz reprefents the Probability of the fe- 
cond and third s outliving the Year, and of the firft’s failing in that 
Year. 

Then adding thole feveral Products together, their Sum will be 
found equal to xy-\-xz-\-yz—- 2 xyz, which is an Indication that 
the prefent Value of an Annuity to continue as long as two of the 
faid Lives are in being is MP + -f- jp^_ Z MP 9 , which we 

may fuppofe = T. 

Let us now compare this with an Annuity certain to continue 
n Years, the Rate of Intereft being fuppofed = r, and r _ T — j 

i _i 

then we fhall have the Equation —L = T, from whence we (hall 
find '7T= 1 — dT, and confequently , which is the prefent Va¬ 
lue of the Expectation required, is = i — d'fxf. 

By the fame Method of Procefs, we m*ay find the prefent Value 
of an Annuity to continue fo long as any one of the three Lives in 
queftion is fubfifting; for let x, y, z, reprefent the lame things as 
before. 

1 . xyz reprefents the Probability of the three Lives outliving the 
firft Year. 

2°. xy-\- xz+yz — ^xyz reprefents the Probability of two of 
them outli ving th e Year, and of the third’s failing in that Year. 

3 °: * x 1 —y x 1 — Zy °r x — xy — xz-\-xyz reprefents the Pro¬ 
bability of the firft Life’s outliving the Year, and of the other two 
failing in that Year. 

4 °: y X i—xx i— z , or y — xy—zy + xyz reprefents the Pro¬ 
bability of the fecond Life’s outliving the Year, and of the other two 
failing in that Year; 

5°. 2; X i —* X i —y , or z— xz — yz-j-xyz reprefents the Pro¬ 
bability of the third Life’s outliving the Year, and of the other two 
failing in that Year. 

Now the Sum of all this is xA^-y'\-z m ^ m xy—— xz——yz-\-xyz ; 
which is an Indication that the Value of an Annuity to continue as 
long as any o ne of th ree L ives is in being ought to be exprefled by 

and this laft Cafe may 
be looked upon as a Confirmation of the Rule given in our 5 th Problem. 

CHAP- 
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CHAPTER VI. 

Containing the Demonfiration of what has been faid con¬ 
cerning fucceffive Lives in the Solution of Prob. XIII. 

What has been there faid amounts to this; The prefent Values of 
Annuities certain for any particular Number of Years being given, to 
find the prefent Value of an Annuity to continue as long as the Sum of 
thofe Years. 

Let us fuppofe that M reprefents the prefent Value of an Annuity 
to continue n Years, and that P reprefents the prefent Value of an 
Annuity to continue p Years ; the firfl: Queftion is, how from thefe 
Data to find the prefent Value of an Annuity to continue n p 
Years, the Inveftigation of which is as follows : let r be the Rate of 
Intereft, and fuppofe r — i which denotes the Intereft of r /. — d v 

then, i°. M = — f— , therefore — == i — dM ; and for the 

a yjl 

fame Reafon ~ = i — dP . Therefore — \ — d~M X 

1 dP= i — dM — dP-\-ddMP. Let now y’be fuppofed to 
be the Value of the Annuity which is to continue n-\-p Years, then 

= 1 — d f- Therefore i — df=i —dM— dP + ddMP v 

then fubtrading Unity on both Sides, dividing all by d, and changing 
the Signs, we fhall have/== M ~f- P— dMP. 

2°. By the fame Method of Procefs, it will be eafy to find that 
if M, P, reprefent Annuities to continue for the refpedive Num¬ 
ber of Years n y p t y, then the Value of an Annuity to continue 
n+f + q Years will be M + P -f ^ — dMP — dM$j—dP2 
ddMPQj the Continuation of which is obvious. 

Let us now fuppofe that the Intervals n , p , g, are equal, then the 
Values M y P, are alfo equal; in which Cafe, the foregoing Ca¬ 
non will be changed into this, 3 M —3 dMM-\-d x M * or 

31 —j -: but if this Numerator be fubtraded from 

Unity, the Remainder will be 1 — 3 dM^ddMM — d'M*= 
1— dM) 1 j and fubtrading this again from Unity, the original Nu¬ 
merator will be reftored, and will be equivalent to 1 —7— dM 3 , 
and confequently, if M reprefents the Value of an Annuity to com 

tinue 
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tinue a certain Number of Years, then ' ■ will reprefent the 

Value of an Annuity to continue three times as long. 

And univerfally, if M (lands for the Value of an Annuity to con¬ 
tinue a certain Number of Years, then —will reprefent the 
Value of an Annuity to continue n times as lo ng. 

And if n were infinite, I fay that i — d iVi ^ would be = o ; from 
whence the Value would be = - or , which reprefents the 
Value of the Perpetuity. 

But that there may remain no fcruple ab out what w e have afferted 
above, that in the Cafe of n being infinite, i — d Mb would vanifh ; 
I prove it thus, ^ ^ M t therefore i ^ d M, therefore i — dM is a 

Fradion lefs than Unity: now it is well known that a Fradion lefs 
than Unity being raifed to an infinite Power, is nothing, and was 
therefore fafely negleded. 

CHAPTER VII. 

Containing the Oemonf ration of what has been afferted in 
the 32 d and 33 d Problems concerning half yearly Pay¬ 
ments ; as alfo the Invejligation offome Theorems relating 
to that SubjeEl . 

It is well known that if an Annuity A is to continne n Years, the 

A-± 

prefent Value of it is r ; fuppofing r to reprefent the Rate of 
Intereft; now to make a proper Application of this Theorem to 
half-yearly Payments, I look upon n as reprefenting indifferently the 
Number of Payments and the Number of Years j let us now fup- 
pofe a half-yearly Rent B of the fame prefent Value as the former, 
and to continue as long, then the Number of Payments in this Cale 
will be 2w, but the Rate of Intereft, inftead of being r, is now rl, 
which being raifed to the Power 2 n, will be r” as before; for which 

Reafon the prefent Value of the half-yearly Payments is - 1 r ■■ : 

r * —1 

hit by Hypothefis, the prefent Values of the yearly and half-yearly 

Pay- 
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j-JL b-± 

Payments are the fame; therefore r—[ r = , and dividing 

r z —i 

both Tides of the Equation by i-we (hall have —= -—, 

r ^ r —* rl—i 

from whence will be deduced B = X A: and in the fame 
manner, if the Payments were to be made quarterly, then B would 

be = X A ; and fo on. 

But if we fuppofe that a Rent fhall be paid half-yearly, and that 
it fhall be alfo one half of what would be given for an annual Rent, 
and that the two Rents fhall be of the fame Duration ; then the pre- 
fent Values of the yearly and half-yearly Rents will be different: 
for let M and P be the prefent Values of the yearly and half-yearly 

A —4- 

Rents, then M=l - > and P= Vf~ T“, and dividIn § both Va¬ 
lues by A -~> we ^ ave P :: , 77'—; and con- 


fequently P = T \ 77 X M. 

The two laft Problems bring to my Mind an Affertion which was 
maintained, about fix Years ago, in a Pamphlet then publiflied ; 
which was that it would be of great Advantage to a Perfon who 
pays an Annuity, to difcharge it by half-yearly Payments, each of one 
half the Annuity in Queftion: the Reafon of which was, that then 
the time of paying off the Principal would be confiderably fhortened. 
I had not the Curiofity to read the Author’s Calculation, becaufe I 
thought it too long; fince which Time I thought fit to examine the 
thing, and found that indeed the Time would be fhortened, but not 
fo confiderably as the Author imagined : which to prove, I fuppofed 
a Principal of 2000/. an Annuity of 100/. and the Rate of Jntereft 
1.04: in confequence of which, I found that the Principal would be 
di'fcharged in 41 Years j this being founded on the general Theorem 

A — 4 - 

_1- — p y in which A reprefents the Annuity, P the Principal, 

r the Rate of Intereft, and n the Number of Years: now to apply this 
to the Cafe of half-yearly Payments, let us fuppofe that p denotes the 
Number of Years in which the Principal will be difcharged ; there¬ 
fore 2 p will be the Number of Payments, {A the Annuity, and r. the 
Rate of Intereft: which being refpedively fubftituted in the Room of 

T t 
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i J - *4 

n. A, r, wefhall have now —- = P, but r* — i— 0.019804, 
which being fuppofed = m, we fhall have ~A -H-=wP, and 

r * 

-7 = id — t»P, or = 10.392j therefore — = —'— , or 

**== ^ Pl°&' r = hg- S° — hg- 10.392=0.6822709, 

therefore p = > again, log. r = 0.0170333, therefore/> = 

o^ JTT = 40 - 05 : and therefore the Advantage of paying half- 
yearly would amount to no more than gaining one Year in 41. 

Quarterly Payments, or half-quarterly, nay even Payments made 
at every Inftant of Time, would not much accelerate the Difcharge 
of the Principal. Which to prove, let us refume once more our ge- 
A- — 

r n 

neral Theorem -- r — = P ; let us now imagine that the Number 
of Inftants in the Year is = t , let us further fuppofe that s is the 
Number of Years in which the Principal will be difeharged, then in 

1 

the room of A, writing y A 3 in the room of r, writing r ' 5 and 

yA-li. 

in the room of n , writing s t , we fhall have_ — P. But 


it is known, that if t reprefents an infinite Number, fuch as is the 
Number of Inftants in one Year, then r' — 1 = y log. r, we have 

■ ~ A A- — 

t ^ — - r ‘ 

therefore_= P, or - yy - r • = P 3 let the Logarithm of r 

7 l *z- r 

be fuppofed = a , therefore A -~ = a P, and = A — a P, 

and r 1 = ’JZTTp > fuppofe = then r = : But it is 

to be noted, that a reprefents the hyperbolic Logarithm of r, which 
is, as we have feen before, 0,0392207 when r ftands for 1,04; this 
being fuppofed, the Logarithm of ^will be found to be 0,6663794* 
which being divided by the Logarithm of r viz k 0,0170333, the 

Quotient 
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Quotient will be 39,1 Years; but in this laft Operation the Loga¬ 
rithms of ^ and r, may be taken out of a common Table. 


C H A P T E R Vm. 

Containing the Demonflration of what has been f 'aid con¬ 
cerning the Probabilities of Survivorjhip . 


What I call Complement of Life having been defined before pag . 
265. I fhali proceed to make ufe of that Word as often as occafion 
fhall require. 


Hypothesis. 

A B C D E F G s 

1 Trrri-r 

Let it be fuppofed that the Complement of Life A S being divided 
into an infinite Number of equal Parts reprefenting Moments, the 
Probabilities of living from A to B , from A to C, from A to D, &c. 
are refpe&ively proportional to the feveral Complements SB, SC, 
S D, in fo much that thefe Probabilities may refpe&ively be repre- 
fented by the Fractions , &c. This Hypothefis being 

admitted the following Corollaries may be deduced from it. 


Corollary I. 

The Probability of Life’s failing in any Interval of Time AF is 
meafured by theFradtion —. 

_ : \ 

C O R O L L AR,Y II. 

When the Interval A F is once pail,. the Probability of Life’s coil- 
tinuing from Fto G is^r, for at F, the Complement of Life is 


S F, and the Probability of its failing is ^ . 




Corollary III. 

The Probability of Life’s continuing from A to F, and then failing 




T t * 


COROL- 
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Corollary IV. 

The Probability of Life’s failing in any two or more equal Inter¬ 
vals of Time affigned between A and S are exactly the fame, the 
Eftimation being made at A confidered as the prefent Time. 

Thefe things premifed, it will not be difficult to folve the following 
Problem. 

Two Lives being given , to find the Probabilty of one of them fixed 
upon, furviving the other . 

A Bb S 



For, let the Complements of the two Lives be refpedtively AS—n 
and FS—p , upon which take the two Intervals AB , FC=z , as 
alfo the two Moments Bb , Cc=z. 

The Probability of the firft Life’s continuing from A to B, or be¬ 
yond it, is the Probability of the fecond’s continuing from F to 

C, and then failing in the Interval Cc 3 is by the third Corollary — : 
therefore the Probability of the firft Life’s continuing during the 
time AB or beyond it, and of the fecond’s failing juft at the end of 

that Time, is meafured by x j = — , whofe Fluent 

will exprefs the Probability of the firft Life’s continuing 
during any Interval of Time or beyond it, and of the fccond’s failing 
any time before or precifely at the end of that Interval. 

Let now p be written inftead of and then the Probability of the 

firft Life’s furviving the fecond, will be • -1_-tL. 

From the foregoing Conclufion we may immediately infer that the 
Probability of the fecond Life’s furviving the firft is . 

By the fame method of arguing, we may proceed to the finding the 
Probability of any one of any Number of given Lives furviving all the 
reft, and thereby verifying what we have faid in Prob. XVIIL and XIX*. 


CHAPTER 
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CHAPTER IX. 

Serving to render the Solutions in this Treatife more ge¬ 
neral, and ?nore correEl . 

I. 

Altho’, in treating this fubjedt of Annuities, I have made ufe only 
of Dr. Halley's Table, founded upon the Brcjlaw Bills of mortality 
from which I deduced the Hypothecs of an equable Decrement of 
Life: Yet are my Rules eafily applicable to any other Table of Ob- 
fervationsj by Prob. II. of my Letter to Mr. Jones in Phil. Tranf. 
N°. 473, which the Reader may fee below, in the appendix. 

Or inftead of the Theorem there given, he may ufe that by which 
Prob. XXVI. was refolved, which is rather more independent of 
‘Tables: And its application to our prefent purpofe may be explain¬ 
ed as follows. 

As in all Tables of Obfervations deduced from Bills of mor¬ 
tality, or if we fhould combine feveral of them into one, it will be 
found that, for certain Intervals at leaft, the Decrements of Life con¬ 
tinue nearly the fame ; if we conceive the whole Extent of Life to 
be reprefented by a right Line AZ , in which there are taken diffances 
P^L, g>R, RS, &c. proportional to thofe Intervals, and at the 
points P, ^ R % S , &c. there be erected perpendiculars propor¬ 
tional to the Numbers of the Living at the beginning of the re<- 
fpe&ive Intervals, and their Extremities are connected by right 
Lines j. then there will be formed a Polygon Figure on the Bafe AZ \ 
whofe Ordinates will every where reprefent the Numbers of that 
Table from which the Figure was conftru&ed ; and the Inclinations 
of the Sides of the Polygon to its Bafe will exprefs the Convergences of 
Life to its End, or the Degrees of Mortality belonging to the refpettive 
Intervals. 

Say therefore, as the difference of the Ordinates at P and <?, is to 
the Ordinate at P; fo is the Interval Pi^V, to a fourth PZ^ S and 
PZ' (hall be the Complement of Life at the age P; and the Point Z' in 
the Bafe {hall be that from which the Complements are to be reckon¬ 
ed throughout the Interval P^\ 

Let PZ\ thus found, be fubffltuted for n in the Canon of Prob . 
XXVI, and the Interval P^ for m , fo (hall the Value of that Interval 
be known: and in like manner the fubfequent Values of g)R, RS, 
&c. giving to each Interval its proper Complement %Z", RZ'", &c. 

And 
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And laftly, thefe Values being feverally difcounted, Firjl , in the 
Ratio of their refpedive Ordinates at P, P, &c. to fome preceding 

Ordinate as at AT, at the Age 12, for inftance; and Secondly , by 
the prefent Value of 1 / payable after the Years denoted by NP S 
N^, NR, &c. their Sum will be the Vhlue of the Life at N> ac¬ 
cording to the given Table of Obfcrvations. After which, the 
younger Lives mull be computed from Year to Year: as thofe after 
70, or when an Interval contains but one Year, ought like wife to 
be computed. 

If it is propofed, for Example, to find how nearly my Hypothejis 
agrees with Dr. Halley's Table for the Interval of 8 Years between 
33 and 41, it’s Value, at 5 per Cent, computed by Prob. X'XVI. 
will, to an Annuitant 33 Years old, be 3.9456, according to the 22 y- 
pothefis. But the Numbers of the Living at thofe Ages being, in the 
Table, 507 and 436, if we compute immediately from it, we mull take 
n— "7X8 =57.14; and the fame Rule will give the Value 5.983-1. 
Difcount now the Values found as belonging to a Life of 12 Years;; 
that is multiply the firft by ~ , and the other by ; and the Pro- 

duds 4 2583 and 4 6957 difcounted the fecond time, that is, multi¬ 
plied by .3589, the prefcnt Value of 1 /. payable after 21 (=33 —12) 
Years gives the Values 1.5283 and 1.6853; -the difference being 

o. 157, near L 0 f a Year’s purchafe. 

In general, the Hypothejis Will be found to give the Value of a 
Jingle Life, or of an atligned Interval, fomewhat below what the Fa¬ 
ble makes it : but then, as both the young and the middle aged are 
obferved to die off fafter in England than at Bre/law , my Rules may 
very well be preferable, for the Purchafes and Contrads that are made 
upon fingle Lives in this Country. 

In the fame manner may any other Tables be compared with the 
Hypothejis , and with one another. And if vve give the preference to 
any particular Table, and would at the fame time retain the Hypo¬ 
thecs of equal Decrement we may, by the differential Method , eafily 
find that mean Termination of Life, Z, which fhall beft correfpond 
to the Table. 

II. 

To preferve fomewhat of Elegance and Uniformity in my Solutions, 
as well as to avoid an inconvenient multiplicity of Canons and Symbols , 
I did transfer the Decrement of Life from an Arithmetical to a Geo¬ 
metrical 


to the Valuation of Annuities. 327 

metrical Series: which however, in many Queftions concerning 
Combined Lives, creates an error too confiderable to be negle&ed. 
This hath not efcaped the Obfervation of my Friends, no more 
than it had my own : but the fame Perfons might have obferved 
likewife, that fuch Errors may, when it is thought neceflarv be 
conetted by my own Rules; particularly upon this obvious princi¬ 
ple, That, if money is fappofed to bear no Inter eft, the Values of Lives 
•will coincide with what I call their Expectations. 

But as the Computation of fuch Corredions might feem tedious • 
and becaufe pradical Rules ought tp be of ready Ufe, as well as fuffi- 
ciently exad; I chufe rather to give another Rule for joint Lives , 
which will anfwer both thefe Purpofes; at the fame time that it is 
general, and eafily retained in the Memory. 

General Rulp for the Vsfoatio.n of jqfot Lives. 

given Ages being each increafed by unity, find, by 
Problem XXL or XXII. the Number of Tears due to 
their joint Continuance ; and the Complement of twice 
this Number to 86, taken ay a , fingk Life , will , in 
the proper Table , give nearly the Value required. 

Example j. 

The Value of two joint Lives of 40 and 50, at 5 per Cent . was r 
in Prob. II. found to be 7.62. But if they are made 41 and 51* 
their joint Expectation, by Prob . XXI. will be 13 Years thefe 
doubled and taken from 86 leave 60, againft which in Table VJII 
Rands 8.39 Years purchafe, nearly the Value fought. 

Exam pl? 2. 

The 3 joint Lives whofe Angle Values, at 4 per Cent, are 13 14 
15 Years purchafe, are in Prob. II. worth 7.4J. But by Table VI* 
the Ages to which thefe Values belong, increafed by Unity, are 
42, 36, 28 j whofe Complements to 86 fubftituted for p, n, q, in 

if— P ~^T the Canon for th eExpeblation of 3 joint Lives, 

gives 12.43. And 86 — 2 x 12.43 is “early 61; at which Age a 
Angle Life, in Table VI, is worth 8.75 Years purchafe. 

It is needlefs to add any thing concerning longejl Lives , Survivor- 
Ihips, Reverjiom and Jnfurances ; the Computation of their Values 

being 
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being only the combining thofe otJingle and joint Lives, by Addition 
and Subtraction: which being performed according to the Rules of 
this Treatife, the Anfwer may be depended upon as fufficiently exaCt, 
in all ufeful Queftions that can occur. For we do not here aim at 
an Accuracy beyond what the determination of our main Data, the 
Probabilities of human Life, and the conformity of our Hypothefis 
to nature, can bear; nor do we give our Conclufions for perfectly 
exaCt, as is required in fuch as are purely arithmetical, but only as ve¬ 
ry near Approximations; upon which bufinefs may be tranfaCted, 
without considerable Lofs to any party concerned. 


III. 

The fame Rule ferves for the Cafe of an Annuity fecured, upon 
joint Lives, by a Grant of Lands; or when the fractional part of the 
laft Year is to be accounted for. Only, in this Cafe, i°. The Addi¬ 
tion of Unity to each Life is to be omitted . 2°, The fingle Life is not 


now to be taken out of our Tables, 
the Canon of Prob. I, but from - 


1—- p 

or computed from — t f l • 
- a being Neper’s Lo¬ 


garithm of r : as in Phil. Tranf. N°. 473, and in Chap. I. foregoing. 

According to which, if the Ages and Intereft are as in Example 1 ; 
the Expectation of joint Life will be 13.3 Years; and thence « = 
26.6 ; P= 14.5358 ; a = .04879 : And the Value of the Annuity 
20 — 11.2 = 8.8 ; exceeding what it would have been upon yearly 
Payments by about of a Year’s purchafe. 

And if the Payments are half yearly or quarterly, the fkillful Com- 
putift cannot be at a lofs after what has been faid of thofe Cafes in 
Chap . VII * 


* See, on the SubjeCt of Annuities, Mathem. Repojitory, Vol. II. and III. by the 
ingenious Mr. James Dodfon , F. R. S. 


FINIS. 


X. 


A P P E N D I 

n°. r. 

Dedication of the Firft Edition of this Work (1718.) 

T O 

Sir Isaac Newton, Kt. Prefident of the Royal Society. 
SIR , 

T H E greated Help I have received in writing upon this Sub¬ 
ject having been from your incomparable Works, efpecially 
your Method of Series ; I think it my Duty publickly to 
acknowledge, that the Improvements I have made, in the matter 
here treated of, are principally derived from yourfelf. The great 
benefit which has accrued to me in this refped, requires my fliare 
in the general Tribute of Thanks due to you from the learned World: 
But one Advantage which is more particularly my own, is the Ho¬ 
nour I have frequently had of being admitted to your private Con- 
verfation j wherein the Doubts I have had upon any Subjed relating 
to Mathematics , have been refolved by you with the greated Hu¬ 
manity and Condefcenfion. Thofe marks of your Favour are the 
more valuable to me, becaufe I had no other pretence to them but 
the earned defire of underdanding your fublime and univerfally ufeful 
Speculations. I ftiould think my felf very happy, if having given 
my Readers a Method of calculating the Effects of Chance, as'they 
are the refult of Play, and thereby fixing certain Rules, for edimating 
how far fome fort of Events may rather be owing to Defign than 
Chance, I could by this fmall Efiay excite in others a defire of prose¬ 
cuting thefe Studies, and of learning from your Philofophy how to 
colled, by a jud Calculation, the Evidences of exquifite Wifdom 
and Defign, which appear in the Phenomena of Nature throughout the 
Univerfe. I am, with the utmod Relped, 

Sir, 

Tour mojl humble , 

and. obedient Servant 

U u 


A. de Moivre, 
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APPENDIX. 


N°. II. 


Note upon Coroll. i. Prob. VH; nnd upon Prob. IX. 

In that Corollary, it was found th at the P robabilities of winn ing 
all each others Stakes being as a ? xu *— T? and h* xa? — b* j If 
we divide by a — b , and fuppofe the Chances for one Game to be 
equal, or a~b\ then the Probabilities will be as the Number of 
pieces, or, in the Ratio of p to q. 

Bnt when we have to divide fuch Exprefiions continually, that is 
by fome Power of a*—~b y as a —&c. it will be more 

convenient to ufe a General Rule for determining the Value of a Ra¬ 
tio whole Terms vaniih by the contrariety of Signs. The Rule 
is this; 

For the difference of the Quantities that deflroy each other in any Cafe 
propofed , write an indeterminate Quantity x ; in the Refult rejebl alt 
thofe Therms that vaniflo when x becomes lefs than any finite Quantity : 
fo ffall the remaining homogeneous Terms , divided by their greatefl com¬ 
mon Me afure y exprefs the Ratio fought. 

As in our example, if we mak e a — b~ x, or a—b-\-x y and for a * y 
ai, write their equals b xV, expanded by the Binomial 

Theorem j the Ratio of to «S , in Prob. VII, will be reduced to 

that of pb*+r-' x * +/• X bP^i- % x x x + &c. to qbfi+*-' 

X x -f- q. x bP+i- 7 ' x ** + &c: Of which retaining only the 

two Terms that involve x y and dividing them by X x y we get 

R / 

S q * 

The Solution of Prob. IX. gives for the Gain of A the Product 


’ — b p —pb* : 


. e,G—bL 

b y a — b ■ 


: and when a~b y if we 


m -b • . .* 

fubftitute as before, the Terms involving x vaniih in the Numerator 
of the firft of thefe Fadtors; reducing it to * * 4- ~~ x p q x 
bP+i- z x x 1 + &c: and the Denom inator is * p \q X xx -\- 
&c. The other Fadtor is or when x vanilhes with 


refpcdt to b y 


' h —^ L ' i and the Produdt of the two is pq x 
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as in Cafe 2. Cafe 1 follows immediately from this; and the \d has 
as little difficulty. 

Another Example of our Rule may be; To find , from the Canon 
oj Prob. I, of the Treat!fe on Annuities, the Expedition of a Life 
whofe Complement is n ; that is , the prefent Value oj a Rent or Annui¬ 
ty upon that Life , money hearing no Intereft. Now that Canon being 

or > if for P we write its e qual and i+j? 

for r, the Value fought will be —= * * 

- n . „ 

I — nx -x^ 1 + «C. 

_2 __ n— I 

nx 1 2 

This Value wants half a year of j , its quantity according to the 
Rule given above, pag. 288: becaufe there the Probabilities of Life 
were fuppofed to decreale as the Ordinates of a Triangle; whereas 
in the Hypothecs of yearly payments in Prob. I, they decreafe per 
faltum t like a Series of parallelograms infcribed in a Triangle. 

The Reader will likewife obferve that our general Rule for comput¬ 
ing the Value of a Fra&ion whofe form becomes is in effedt the 

fame as that given by the Marquis de VHofpital in his Analyfe des 
irfintmens petits. And that, from the Number of Terms that va¬ 
il iffi in the Operation, and from the Sign of the Term which deter¬ 
mines the Ratio, the Species of algebraical Curve Lines, and the 
Pofition of their Branches, are difcovered. See Mac Laurhh Fluxions, 
Book I. Chap. 9. and Book II. Chap. 5. 


U u 2 


N° III, 
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N°. III. 


Note to Prob. XLV. from Mr. Nicolas Bernoulli, Phil. Tranf. 341. 
To find the Probability that a Poule (hall be ended in a given 


Number of Games: a Series of Fractions beginning with —~— , 

2 —1 

whofe Denominators increafe in a double proportion, and the Nu¬ 
merator of each Fraction is the Sum of as many next preceding Nu¬ 
merators as there are Units in n —1, will give the fucceflive Pro¬ 
babilities that the Poule (hall be ended precifely in n, n-\- 1, n- {-2, 
n- {-3, &c. Games; and confequently if as many Terms of this Se¬ 
ries are added together, as there are units in p-\-i> their Sum will 
exprefs the Probability that the Poule (hall be ended at lead in n -\-p 
Games. For Example, if there are 4 Players, and thence n— 3, 

we fhall have this Series -,•=-> ”77 > — > —, -~r , —, —, &c. 
Out of which if we form this other —, i-, ~ JL _2i- 

4 ’ 8 * 16 9 32 * 64 > izH » 


&c. whofe Terms are the Sums of the Terms of former 

250 

Series, thefe lad will (hew the Probability of the Poule ending in 3, 
4, 5> 6, &c. Games, at lead. 


N°. IV. 
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N°. IV. 

Table of the Sums of Logarithms, from the Author's Supple - 
merit to his Mifcellanea Analytica. 


6.5597 6 -3°3 28 -767 8. 
18.38612.46168.7770. 
32.42366.00749.2572. 
47.91164.50681.5991. 
64.48307.48724.7209. 
8 j.9 2017.48493.9024. 
100.07840.50356.8004. 
118.85472.77224.9966. 
1 38.17193.57900.1086. 

1 57*97 000 -3 ^547- 1 5^5* 
178.20091.76448.7008. 
198.82539.38472.1977. 
219.8 »069.31561.4815. 

241.12910.99886.9689. 
262.75689.34109.2616. 
2 84.07345.62406.8298. 
306.86078.19948.2847. 

329.30297.14247.9393. 

351.98588.98339.3535. 
374.89688.86400.4044. 
398.02458 26149.3624. 
421.35866.95421.3259. 
444.88978.26514 6048. 
468.60936.87056.479;. 
492.50958.63954.6190. 
516.58322.09826.1269. 
540.82361.20667.5295. 
565.22459.20470.1654. 
589.7804^.33690.9860. 
614.48580.30437.7387. 
6 39 - 3357 2 3 22 55 °*o6. 
66 4-3 2 553-6B 741.5328. 
689.45087.77060.3828. 

714.70764-37846 569*- 

740.09197 42162.3279. 
765.6:022 85067.1998. 
791.22896.82108 4658. 
816.97493.05636.3600. 
842 83506.38337.0506. 
868.80641.41777.2588. 
894.8S 621.38085.1630. 
921.07182.03166.5465. 
947-3 6 o7170083.7526. 
978-75050.41416.4285. 
000.23889*09583.9930. 


• * 1026.82368.84245.7267. 

• • I0 53-5028o.26oo9.6230‘. 
. . 1080.27422.85779.2496. 

• • 1J07* 1 3604*49151-6763- 
. . 1134.08640.85351.350^. 
. . 1161.12355.00246.5923, 
. . 1188.24576.93048.6770. 
. . 1215.45143.16339.6251. 
. . 1242.73896.39114.8380* 
. . 1270.10635.12561.593u 

• • i2 97-553 6 3-3 8 3 2 4-8209. 

. . 1325.07790.39038.2121. 

• • 1352.67830.30922.0491. 

• • x 3 So 35351-98269.6983. 

. * 1408-10228.69662.7898. 

■ • , 435-9 2 3379577 , - , i 2 4- 
. . 1463.81561.28607.3923^ 

■ • i 49 i * 77784 *° 2 i 19-6951. 

■ • *5*9 80895.14015 3428. 

. 1547 90787.08720.18S8. 

. * I 576.O7355.6 ! 385.9540. 

• I604.3O499 62866.277O. 

• 1632.601 2 1.05589.2142. 

• l66o 96124.70260.3147. 

. I 689.38418.I 2236.1001- 
. I7I7.869II.552I3 0134- 
. I746.4i5i7.6908l.2925. 

• 1 775-02151.70397.9157. 

• 1803.68731.06935.9463; 

• l8 3 2 *4i 1 75-493.71.5144. 

. 1861.19406.82372.5655? 

• 1890.03348.96156 379T. 

• J 9 l8 9 2 927.78485.4396. 

• 1947-88071.07073,5663. 

•, 1976.88708.42376.3542. 

. 2005.94771.20741.9152* 

. 2035.06192 47899.6883. 

. 2064.22906 92766.7182. 

• 2093-44850 81552.2793. 

. 2122.71961.92143.1027. 

. 2152.041 79 48752.7013- 
. 2181.41444.16819 4477. 

. 2210.83697.98139.1145* 

. 2240.30884.26218.5633. 

. 2269.82947.61838.1577.. 
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If we would examine thefe Numbers, or continue the Table farther 
on, we have that excellent Rule communicated to the Author by 
Mr. James Stirling ; publiffied in his Supplement to the Mifcellanea 
Analytical and by Mr. Stirling himfelf in his Metbodus Deferential,s 
Prop. XXVIII. M 

Let 2;—~ be the lall: Term of any Series of the natural Num- 

** hers 1, 2, 3, 4, 5.2; — -• —43429448 *90325 the red- 

“ procalof Neper's Logarithm of 10 : Then three or four Terms of 


<c this Series z Log. 2; — az—- A — A --Ilf-1- 

. B 2.122 tli.iuCEi 32.I2LO ' I28l680&7 

— &c. added to 0.399089934179, &c. which is half the Loga- 
r, thm of a Circumference whole Radius is Unity, will be the Sum 
of the Logarithms of the given Seri es 3 or the Logarithm of the 

“ Produd: 1x2x3 X4X5 - XZ — 

The Coefficients of all the Terms after the firll two being formed 
as follows. 


3+ — 

~ — AJ rZ^ 

J77T = A -f- 10B + 5C 
~~-^ 6 = AJ r 2i£-f 35 C + ?D 

- = ■ A + 3 65 + 126C + 84D + 9 £. 

&c. 


In which the Numbers 1, 1, 1, &c. 3, 10, 21, 36, &c. 5, 35, 126, 
&c. that multiply A , B y C, &c. are the alternate Uncial of the odd 
Powers of a Binomial. Then the Coefficients of the feveral Terms 


will be L x a —-— , L 3 x 5— —7 5 v n _ 31 & r 

2 2.12 2 x 8.360 > 2 i xC —321260> ° cc * 

bee the general Theorem and Demonftration in Mr. Stirling's Propo¬ 
rtion quoted above. 


N°. V. 

Some ZJfeful Cautions. 

One of the moft frequent occaffons of Error in managing Pro¬ 
blems of Chance, being to allow more or fewer Chances than really 
there are ; but more efpecially in the firft Cafe, for the fault lies com¬ 
monly that way, I have in the Introdu&ion taken great care to fettle 
the Rules of proceeding cautioufly in this matter ; however it will not 
be amifs to point out more particularly the danger of being miffaken. 

Suppofe 
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Suppofe therefore I have this Queflion propofed; There are two 
Parcels of three Cards, the firft containing King, Queen, and Knave 
of Hearts, the fecond the King, Queen, and Knave of Diamonds, 
and that I were promifed the Sum S, in cafe that in takinz a Card 
out of each Parcel, I fhould take out either the King of Hearts, or 
the King of Diamonds, and that it were required I fhould determine 
the value of my Expectation. 

If I reafon in this manner; the Probability of taking out the King 
of Hearts is therefore ~f is my due upon that account; the 
Probability of taking out the King of Diamonds is alfo j, and 
therefore that part of my Expectation is ~f as the other was, and 
confequently my whole Expectation is j/ ; this would not be a le¬ 
gitimate way of reafoning: for I was not promifed that in cafe I 
fhould take out both Kings, I fhould have the Sum 2/,' but barely 
the Sum/ Therefore we mud argue thus; the Probability of taking 
out the King of Hearts is j, the probability of miffing the King 
of Diamonds is j , and therefore the probability of taking out the 
King of Hearts, and miffing the King of Diamonds is - x — = — 

for which reafon that part of my Expectation which arifes from the 
probability of taking out the King of Hearts, and miffing the Kino- 

of Diamonds is for the fame reafon that part of my Expectation 
which arifes from the probability of taking the King of Diamonds and 
miffing the King of Hearts is j/, but I ought not to be deprived of the 
Chance of taking out the two Kings of which the probability is -L 
and therefore the value of that Chance is |/ ; for which reafon, the 
value of my whole Expectation is ±/+ lf + L f= ±y whic ’ h ^ 

lefs b y 7J than \f- 

But fuppofe I were propofed to have 2/given me in cafe I took 
out both Kings, then this latl Expcdation would be -/ which 
would make the whole value of my Expectation to be -f -\- 
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One may perceive by this fingle inftance, that when two Events 
are fuch, that on the happening of either of them I am to have a 
Sum /, the probability of that Chance ought to be eftimated by the 
Sum of the Probabilities of the happening of each, wanting the pro¬ 
bability of their both happening. 

But not to argue from particulars to generals. Let x be the pro¬ 
bability of the happening of the firft, and y the probability of the 
happening of the fecond, then x X i — y or * — xy will reprefent 
the probability of the happening of the firft and failing of the fe¬ 
cond, and^ x i — x or y — xy will reprefent the probability of the 
happening of the fecond and failing of the firft, but xy reprefents 
the happening of both ; and therefore * — xyy — xy xy or 
* jp. y — xy will reprefent the probability of the happening of 
either. 

This conclufion may be confirmed thus; i — * being the pro¬ 
bability of the firft’s failing, an d i — y the p robability of the fe- 
cond’s failing, then the Product i — xx i jr or i —at— y-\-xy 
will reprefent the probability of their both failing; and this being 
fubtraCted from Unity, the remainder, viz. x-\-y — xy will repre¬ 
fent the probability of their not both failing, that is of the happen¬ 
ing of either. 

And if there be three Events concerned, of which the Probabili¬ 
ties of happening are refpeCtively x, v, then multiplying i — * 
by j —y and that again by i —z , and fubtraCting the Product from 
Unity, the remainder will exprefs the probability of the happening of 
one at leaft of them, which confequently will be xy -\-z — xy 
. _ —yz + xyz ; and this may be purfued as far as one pleafes. 

A difficulty almoft of the lame nature as that which I have ex¬ 
plained is contained in the two following Queftions: the firft is 
this j 

A Man throwing a Die fix times is promifed the Sum / every time 
he throws the Ace, to find the value of his Expectation. 

The fecond is this; a Man is promifed the Sum /if at any time 
in fix trials he throws the Ace, to find the value of his Expecta¬ 
tion. 

In the firft Queftion every throw independently from any other 
is entitled to an Expectation of the Sum/ which makes the value 

of the Expectation to be 7/ + 7/ + 7/ + 7/+ if 4 " 7/=/; 
but in the fecond, none but the firft throw is independent, for 
the fecond has no right but in cafe the firft has failed, nor has 

the 
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the third any right but in cafe the two firft have failed, ^nd fo 
on; and therefore the value of the Expectation being the Sum ex¬ 
pected, multiplied by the Sum of the Probabilities of the Ace’s be¬ 
ing thrown at any time, exclufive of the Probabilities of its having 

been thrown before, will be + -77-7-/ + 

7^r/+ that is near1 / 7/ 

We may alfo proceed thus; the probability of the Ace’s being 
miffed fix times together is ■£ X { X £ x £ X f X £ = , 

and therefore the probability of its not being miffed fix times, that 
is of its happening fome time or other in 6 throws is 1- 777 

= , and confequently the value of the Expectation is -7 - - 7 - 

as it was found before. 

Another Inftance may be, the computing the Odds of the Bet, 
'That one of the 4 Flayers at Whift jhall have above 4 Trumps. The 
Solution one might think was by adding all the Chances (in the Ta¬ 
bles pag. 177) which the 4 Gamefters have for 5 or more Trumps ; 
and this would be true, were every Gamefter to lay for himfelf in 
particular. But as it may happen that two of the Gamefters have 
above 4 Trumps, and yet, as the Bet is commonly laid, only one 
Stake is paid, half the Number of thefe laft Chances (computed by 
Prob. XX.) is to be fubtraCted: which reduces the Wager nearly 
to an equality. 


N°. VI. 

A Jhort method of calculating the value of Annuities on Lives, from Tables 
of Obfervations, In a Letter to W. Jones Efq\ Phil. Tranf. N°. 473. 

Although it has been an eftablifhed cuftom, in the payment of 
Annuities on Lives, that the laft rent is loft to the heirs of the late 
poffeffor of an annuity, if the perfon happens to die before the ex¬ 
piration of the term agreed on for payment, whether yearly, half- 
yearly, or quarterly: neverthelefs, in this Paper I have fuppofed, 
that luch a part of the rent fhould be paid to the heirs of the late 
poffeffor, as may be exactly proportioned to the time elapfed between 
that of the laft payment, and the very moment of the Life’s expir¬ 
ing ; and this by a proper, accurate, and geometrical calculation. 

I have been induced to take this method, for the following rea- 
fons; firft, by this fuppofition, the value of Lives would receive but 

X x an 
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an inconfiderable increafe j fecondly, by this means, the feveral inter¬ 
vals of life, which, in the Tables of Obfervations, are found to have 
uniform decrements, may be the better connected together. It is 
with this view that I have framed the two following Problems, with 
their Solutions. 


PROBLEM I. 

To find the •value of an Annuity , fo circumftantiated , that it Jhall be on 
a Life of a given age ; and that upon the failing oj that life, fuch a 
fart of the rent Jhall be paid to the heirs of the late pojfejfor of an An¬ 
nuity, as may be exaftly proportioned to the time intercepted between 
that of the laft payment, and the very moment of the life's failing. 

Solution. 

Let n reprefent the complement of life, that is, the interval of 
time between the given age, and the extremity of old-age, 
fuppofed at 86. 

r the amount of 1 1 . for one year. 
a, the Logarithm of r. 

P the prefent value of an Annuity of i /. for the given time, 
i^the value of the life fought. 

Then —--— — 0 . 

r —l a.n 

Demonstration. 

For, let z reprefent any indeterminate portion of n. Now the Pro¬ 
bability of the life’s attaining the end of the interval z , and then fail¬ 
ing, is to be exprefled by L , (as (hewn in my book of Annuities 

upon Lives) upon the fuppofition of a perpetual and uniform decre¬ 
ment of life. 

But it is well known, that if an Annuity certain of i /. be paid 

i 

during the time z, its prefent value will be P = or — 


r —I xr' * 

And, by the laws of the Do&rine of Chances, the Expe&ation of 
fuch a life, upon the precife interval z, will be exprefled by —— 

—; which may be taken for the ordinate of a curve, whofe area 

«r*xr—I 

is as the value of the life required. 


In 
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In order to find the area of this curve, let = n X r — i ; and 
then the ordinate will become j — ~ , a much more commodious 
expreflion. 

Now it is plain, that the fluent of the firft part is j : but as the 
fluent of the fecond part is not fo readily difcovered, it will not be im¬ 
proper, in this place, to fliew by what artifice I found it; for I do 
not know, whether the fame method has been made ufe of by others: 
all that I can fay, is, that I never had occafion for it, but in the parti¬ 
cular circumftance of this Problem. 

Let, therefore, r 2 = *; hence z Log. r = Log. *; therefore z 

Log. r = (Fluxion of the Log. x =) —, or a z = — ; confequently 
2 = -^—, and —: but the fluent of —L is (-— —) 

ax r x axx axx ' ax ' 

- l —; and therefore the fluent of-- will be -|- — 1 — . 

9 fr 1 pot,* 

The fum of the two fluents will be -7 - 1 —j but, when z = o, the 

P 1 par* 1 

whole fluent fhould be = o; let therefore the whole fluent be j 

+ 7 ^ + ? =0 - 

Now, when z = o, then— = 0, and —- becomes -L (forr 2 =i,) 

P <*-pr up \ ' 

confequently -L q = o ; and q =-L-: therefore the area of 

a curve, whofe ordinate is - \ will be (- - - -4 -— =) - — 

_ p pr 'p ap * ctpr z ' p 

1 — ^ x ~*r 

But Pz= -^Z ~ l —therefore 1 — -L — r — 1 x P, and 
the expreflion for the area becomes -^==r-— : And putting n in- 

ftead of z, that area, or the value of the life, will be exprefled by 
— I-- ^E.D. 

Thofe who are well verfed in the nature of Logarithms, I mean 
thofe that can deduce them from the Do&rine of Fluxions and infi¬ 
nite Series, will eafily apprehend, that the quantity here called a, is 
that which fome call the hyperbolic Logarithm ; others, the natural 
Logarithm : it is what Mr. Cotes calls the Logarithm whofe modulus 
is 1 : laftly, it is by fome called Nepers Logarithm. And, to fave 
the reader fome trouble in the pra&ice of this lafl: theorem, the mod 
neceflary natural Logarithms, to be made ufe of in the prefent dif- 
quifition about Lives, arc the following: X x 2 If 
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If r= i. 04, then will a = o. 0392207. 
r ~ I -°5> - - - a = 0.0487901. 
r = j.ot), - - - a = 0. 0582589. 

It is to be obferved, that the Theorem here found makes the 
Values of Lives a little bigger, than what the Theorem found in the 
fii ft Problem of my book of Annuities on Lives, does ; for, in the 
prefentcafe, there is one payment more to be made, than in the other j 
however, the difference is very inconfiderable. 

Bur, although it be indifferent which of them is ufed, on the 
fuppofltion of an equal decrement of life to the extremity of old-age ; 
yet, if it ever happens, that we fhould have Tables of Obfervations* 
concerning the mortality of mankind, intirely to be depended upon* 
then it would be convenient to divide the whole interval of life into 
fuch fmaller intervals, as, during which, the decrements of life have 
been obferved to be uniform, notwithftanding the decrements in fome 
of thofe intervals ftiould be quicker, or flower, than others j for then 
the Theorem here found would be preferable to the other; as will be 
fhewn hereafter. 

That there are fuch intervals, Dr. Halley's Tables of Obfervations 
fufficiently fhew ; for inftance; out of 302 perfons of 54 years of age, 
there remain, after 16 years fthat is, of the age of jo) but 142 • 
the decrements from year to year having been conftantly 10 ; and 
the fame thing happens in other intervals; and it is to be prefumed, 
that the like would happen in any other good Tables of Obfervations. 

But, in order to fliew, in fbme mealure, the ufe of the preceding 
Theorem, it is neceflary to add another Problem; which, though its 
Solution is to be met with in the firft edition of my book of Annui¬ 
ties on Lives, yet it is convenient to have it inferted here, on account 
of the connexion that the application of the preceding Problem has 
with it. 

In the mean time, it will be proper to know. What part of the 
yearly rent Jhould be paid to the heirs of the late pojfefor of an Annuity , 
as may be exattly proportioned to the time elapfed between that of the laf 
payment , and the very moment of the life's expiring. To determine 

this, put A for the yearly rent; ^ for the part of the year intercepted 
between the time of the laft payment, and the inftant of the life’s fail- 

1 

ing ; r the amount of 1 /. at the year’s end : then will A be the 
fum to be paid. 


PRO- 
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PROBLEM II. 

fTo find the Value of an Annuity for a limited internal of life , during 
'which the decrements of life may be confidered as equal . 

Solution. 

Let a and b reprefent the number of people living in the beginning 
and end of the given interval of years. 
s reprefent that interval. 

P the Value of an Annuity certain for that interval. 

^the Value of an Annuity for life fuppofed to be neceflarily ex- 
tindl in the time s ; or (which is the fame thing) the Value 
of an Annuity for a life, of which the complement is s . 

Then P —^,will exprefs the Value required. 


Demonstration. 

For, let the whole’interval between a and b be filled up wdth arith¬ 
metical mean proportionals ; therefore the number of people liv¬ 
ing in the beginning and end of each year of t' e given interval s will 
be reprefented by the following Series; viz. 

_ sa — a+b sn — za-\-ib sa — Ha-\-xb sn —4*-4 -xb , 

a -7-•-7-•- - ;-. &C. to b. 

Confequently, the Probabilities of the life’s continuing during r, 
2, 3, 4, 5, &c- years will be exprefled by the Series, 

-1 1 _ ■ . , . 


sa n-\-b sn—2 -\-~b sa — -f- \b sn—b 


&C. 


to 


■- . . « 

Wherefore, the Value of an Annuity of 1 /. granted for the time s y 
will be exprefled by the Series 

sa—n+b , sa—zn+zb , sa— 7 , -H * , sn— da+ b A 

sar ' ^ sar 1 - “l" sar i H ^4 , &C. tO -^7 

this Series is diviflble into two other Series’s, viz 

I ft- ^ + ^ + ^ + ^.^0 + ^ • 

2l/ '7 )< 7 + 7+ ZT "T ^r> ® c - t0 7T- 
Now, fince the firft of thefe Series’s begins with a Term whofe 
Numerator is s —i, and the fubfequent Numerators each decreafe by 
unity; it follows, that the laft Term will be = o ; and confequent¬ 
ly, that Series exprefles the Value of a life neceflarily to be ex- 
tin& in the time s. The fum of which Series may be efleemed as a 
given quantity; and is what I have exprefled by the fymbol ^in, 
Problem i. 

The 
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The fecond Series is the difference between the two following 
Series's,_ 

7 X 7 4- -rr + "TT + 7T + & c - to 7 - . 

7X~ + ^'+ ^ ^ to + ^ ; 

Where, neglecting the common multiplier - , the firfl Series is the 


Value of an Annuity certain to continue s years; which every mathe¬ 
matician knows how to calculate, or is had from Tables already com- 
pofed for that purpofe: this Value is what I have called P ; and the 
fecond Series is ^ 

Therefore 5 ^-f- 7 X P —i^will be the Value of an Annuity on a 


life for the limited time. ^ E. D. 

It is obvious, that the Series denoted by ^ muff of neceflity have 
one Term lefs than is the number of equal intervals contained in s ; 
and therefore, if the whole extent of life, beginning from an age 
given, be divided into feveral intervals, each having its own particu¬ 
lar uniform decrements, there will be, in each of thefe intervals, the 
defeCt of one payment; which to remedy, the Series ^muft be cal¬ 
culated by Problem 1. 


Example. 

Io find the Value of an Annuity for an age of 54, to continue 16 years , 
and no longer . 

It is found, in Dr. Halleys Tables of Obfervations, that a is 302, 
and h 172 : now n~s— 16; and, by the Tables of the Values of 

Annuities certain, P—10.8377} alfo (by Problem 1.) j^== (-d -— 

— z=) 6.1168. Hence it follows (by this Problem), that the Value 

of an Annuity for an age of 54, to continue during the limited time of 
16 years, luppofing intereft at 5 per cent, per annum } will be worth 
(^,+ 8.3365 years purchafe. 

From Dr. Halley's Tables of Obfervations, we find, that from the 
age of 49 to 54 inclufivc, the number of perfons, exifting at thofe 
feveral ages, are, 357, 346, 335, 324, 313, 302, which compre¬ 
hends a fpace of five years; and, following the precepts before laid 
down, we {hall find, that an Annuity for a life of 49, to continue for 
the limited time of 5 years, intereft being at 5 per cent, per annum , is 
worth 4.0374 years purchafe. 


And, 
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And, in the fame manner, we fhall find, that the Value of an An¬ 
nuity on a life, for the limited time comprehended between the ages 
of 42 and 49, is worth 5.3492 years purchafe. 

Now, if it were required to determine the Value of an Annuity 
on life, to continue from the age of 42 to 70, we mud proceed 
thus: 

It has been proved, that an Annuity on life, reaching from the 
age of 54 to 70, is worth 8.3365 years purchafe; but this Value, 
being eflimated from the age of 49, ought to be diminifhed on two 
accounts: Firft, becaufe of the Probability of the life’s reaching 
from 49 to 54, which Probability is to be deduced from the Table 
of Obfervations, and is proportional to the number of people living 
at the end and beginning of that interval, which, in this cafe, will 
be found 302 and 3 57: The fecond diminution proceeds from a dis¬ 
count that ought to be made, becaufe the Annuity, which reaches 
from 54 to 70, is eftimated 5 years fooner, viz. from the age of 49, 

and therefore that diminution ought to be exprefled by j fo that 
the total diminution of the Annuity of 16 years will be exprefled 
by the fraction , which will reduce it from 8.3365 years pur¬ 
chafe to 5*5259; this being added to the Value of the Annuity to 
continue from 49 to 54, viz. 4.0374, will give 9.5633, the Value 
of an Annuity to continue from the age of 49 to 70. For the fame 
reafon, the Value 9.5633, eftimated from the age of 42, ought 
to be reduced, both upon account of the Probability of living from 
42 to 49, and of the difcount of money for 7 years, at 5 per cent . 
per annum , amounting together to 3.8554, which will bring it down 
to 5.7079; to this adding the Value of an Annuity on a life to con¬ 
tinue from the age of 42 to 49, found before to be 5.3492, the fum 
will be 11.0571 years purchafe, the Value of an Annuity to continue 
from the age of 42 to 70. 

In the fame manner, for the laft 16 years of life, reaching from 
70 to 86, when properly difeounted, and alfo diminifhed upon the 
account of the Probability of living from 42 to 70, the Value of 
thofe laft 16 years will be reduced to 0.8; this being added to 
11.0571 (^ e Value an Annuity to continue from the age of 42 
to 70, found before), the fum will be 11.8571 years purchafe, the 
Value of an Annuity to continue from the age of 42 to 86 ; that is, 
the Value of an Annuity on a life of 42 ; which, in my Tables, is but 
11.57, upon the luppofition of an uniform decrement of life, from an 
age given to the extremity of old-age, fuppofed at 86. 

It 
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It is to be obferved, that the two diminutions, above-mention¬ 
ed, are conformable to what I have faid in the Corollary to the fecond 
Problem of the firft edition, printed in the year 1724. 

Thofe who have fufficient leifure and /kill to calculate the Value 
of joint Lives, whether taken two and two, or three and three, in 
the fame manner as I have done the firft Problem of this tra£l, will be 
greatly affifted by means of the two following Theorems: 

If the ordinate of a curve be -~n its area will be — —~— 

r * a z a x r l 

Z 

v»r 1 * 

If the ordinate of a curve be -~*j its area will be --~— 

2 x 2* 

<tV* qi z 


N°. VII. 
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Table III. by M. de Parcieux. 


Ag< 

Living 

A g‘ 

Living. 

Age 

Living. 

Age 

living. 

Age 

-iving. 

I 

**** 

2 ] 

806 

T 1 

65O 

6l 

450 

8l 

IOI 

2 


22 

798 

42 

643 

62 

437 

82 

8S 

3 

IOOO 

2 3 

790 

43 

636 

h 

423 

83 

7 i 

£ f 

97 ^ 

2 4 

7 8s ( 

44 

629 

64 

409 

84 

59 

5 . 

948 

25 

774 

45 

622 

6 5 

3 95 

85 

48 

c 

93 ^ 

26 

766 

4 < 

6I5 

66 

30Q 

86 

38 

7 

9*5 

2/ 

7 S 8 

vl- 

607 

67 

364 

87 

29 

\\ 

902 

2b 

75 ° 

4 $ 

599 

68 

347 

88 

22 

5 

890 

29 

742 

49 

590 

69 

329 

89 

16 

id 

880 

3c 

734 

cc 

581 

7 C I 

31Q 

90 

11 

11 

872 

3 1 

7 26 

5 >: 

57 1 7 i 

291 

9 1 

7 

1 2 

866 

32 

7 i£ 

5 2 

560 72 

27 ! 

92 

4 

*3 

860 

33 

710 

53 

549173 

2 5 r 

93 

2 

M 

854 

34 

702 

54 

538 

74 

231 

94 

1 

‘*5 

848 

35 

694 

55 

5 26 

75 

2i r 

95 

C 

16 

842 

3 6 

686 

5 6 

5*4 

76 

19I 

96 

* 

*7 

8 35 

37 

678 

57 

502 

77 

'73 

97 

* 

hi 

828 

38 

671 

58 

489 

78 

*54 

98 


l 9 

821 

39 

664 

59 

476 

7 V 

1 36 

99 


2C 

814 

4 £ 

657 

6c 

463 

Q c 

118 

100 



1 able IV. by Meffieurs Smart and Simpfoti. 


2_ 

Living. 
1280 } 
87O < 

Age 

Living. 

Age 

Living. 

Age 

Living. 


Civi^ 

1 

47 

480 

33 

358 

49 

212 

6 S 

99 

2 

700 

l8 

474134 

349 

5° 

204 

66 

93 

3 . 

6 35 

T 9 

468 

35 

34 ® 

5 1 

196 

6 7 

87 

4 

600 

20 

462^6 

33 1 

52 

188 

68 

81 

5 

580 

21 

455 

37 

L 

322 

53 

i8q 

69 

75 

6 

564 

22 

448 

3*3 

54 

i 7 2 

7o 

69 

7 

55 1 

23 

44 ' 

39 

3°4 

55 

,6 5 

71 

64 

8 

54i 

24 

424 

40 

2y/ 

56 

* 5 8 

72 

59 

9 

532 

25 

426 

k 1 

284 

57 

I 5 l - 

73 

54 

id 

524 

26 

4l8 

42 

274 

5 8 

*44 

7 4 

49 

1 j 

5 r 7 

27 

4IC 

b 

264 

59 

f 37 

,75 

45 

12 

510 

28 

4°2 

4+ 
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APPENDIX. 

Remarks on the foregoing Tables. 

The firft Table is that of Dr. Halley, compofed from the Bills of 
'Mortality of the City of Brejlaw, the beft, perhaps, as well as the 
firft of its kind; and which will always do honour to the judgment 
and fagacity of Its excellent Author. 

Next follows a Table of the ingenious Mr. Krrffcboom, founded 
chiefly upon Regifters of the Dutch Annuitants, carefully examined 
and compared, for more than a century backward. And Monfcur de 

Parcieux by a like ufe of the Lifts of the French Tontines , or long 
Annuities , has furnifhed us Table III; whofe numbers were likewife 
verified upon the Necrologies or mortuary Regifters of leveral religious 

houfes of both Sexes. , _ „ , 

To thefe is added the Table of Meffieurs Smart and Simplon , adapt¬ 
ed particularly to the City of London ; whofe inhabitants, tor leafons 
too well known, are fhorter lived than the reft of mankind. 

Each of thefe Tables may have its particular ufe : The Second or 
<Xhird in valuing the better fort of Lives, upon which one would chufe 
to hold an Annuity; the Fourth may lerve for Lond n, or for Lives 
fuch as thofe of its Inhabitants are fuppofed to be: while Dr Halley s 
numbers, falling between the two Extremes, feem to approach near¬ 
er to the general courfe of nature. And in Cales of combined Lives, 
two or more of the Tables may perhaps be ufefully employed. 

Befides thefe, the celebrated Monfieur de Buffon f has lately given 
us a new Table, from the adtual Obfervations of Monfieur du I re de 
S. Maur of the French Academy. This Gentleman, in order to ftrike 
a juft mean , takes three populous parifhes in the City of Paris , and 
fo many country Villages as furnifh him nearly an equal number of 
Lives: and his care and accuracy in that performance have been 
fuch as to merit the high approbation of the learned Editor. It was 
therefore propoied to add this Table to the reft; after having purged 
its numbers of the inequalities that neceflarily happen in fortuitous 
things, as well as of thofe arifing from the carelefs manner in which 
Ages are given in to the parifh Clerks; by which the years that are 
multiples of io are generally overloaded. 

But this having been done with all due care, and the whole re¬ 
duced to Dr Halley' s Denomination of 1000 Infants of a year old ; 
there r.fidt d only a mutual confirmation of the two Tables; Mr. 
du Pre's 'Fable making the Lives fomewhat better as far as 39 years, 
and thence a fmall matter worfe than they are by Dr. Halley' s. 

We may theretore retain this laft as no bad ftandard for mankind 
in general j till a better Police, in this and other nations, fliall furnifh 
+ Hijloire Naturette, Tome IL i 
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‘he proper Data for correfting it, and for exprefling the Decrements 
or Lire more accurately, and in larger numbers. 

For which purpofe, the parifh Regifters ought to be kept in a better 
manner, according to one or other of the Forms that have been pro- 
pofed by Authors. Or, if we iuppofe the numbers annually born to 
have been nearly the fame for an age part, the thing may be done at 
once, by taking the numbers of the living, with their ages, through¬ 
out every Parifh in the Kingdom : as was in part ordered fome time 
a S° the Right Reverend the Bifhops: but their Order was not uni- 
verfally obeyed ; for what rcafon we pretend not to guefs. Certain it is 
that a Cctifus of this kind once eftablifhed, and repeated at proper in¬ 
tervals, would furnifh to our Governours, and to ourfelves, much im¬ 
portant inftrudtion of which we are now in a great meafure deftitute • 
Especially if the whole was diftributed into the proper ClaJTes of mar- 
ned and unmarried, indujlrious and chargeable Poor, Artificer* of eve- 
ry kind, Manufacturers> &c. and if this was done in each County 
City, and Borough, feparately ; that particular ufeful conclufions 
might thence be readily deduced ; as well as the general ftate of the 
Nation difeoveredj and the Rate according to which human Life is 
wafting from year to year. See, on this fubjett, the judicious Ob- 
fervations of Mr. Corbyn Morris , addrefled to Thomas Potter Efq; in 
the year 1751. ^ 




















